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PREFACE OF THE EDITOB. 



The ** Elements of Geometry and Trigonometry/' 
by M. Le Chevalier Legendre, are so well known, 
and have been so highly esteemed in every part of 
Europe, that no apology can be required for pre- 
senting a translation of them to the English reader. 
The cMiginal work has undergone no fewer than 
eleven large impressions, and its distinguished author 
is at present occupied in preparing the twelfth edi- 
tion for the press. 

.Upon announcing to M. Legendre my intention 
of superintending an English translation of his Ele- 
ments of Geometry, and requesting his sanction and 
assistance, he kindly transmitted to me the following 
materials, with which the present edition has been 
enriched. 

I. A new demonstration of the solidity of the 
pyramid, discovered by M. Queret of St Male, which 
is substituted in place of the former demonstration, 
and forms Prop. XVII. and XVIII. of Book VI.* 



M. Queret has been anticipated in this demonstration by the late 
Professor Playfair. 



vi PREFACE. 

II. A reply to the objections of Mr Leslie against 
M. Legendre's theory of parallel lines. 

III. A defence of the same theory by M. Le Baron 
Maurice. 

Besides these additions communicated by the au- 
thor, an Introduction on Proportion, by the translator, 
has been prefixed to the work, and several valuable 
trigonometrical tables have been added from the 2Vi- 
gonom^trie qfCagnolu 

The greatest improvement, however, which has 
been made in this edition consists in the substitution 
of wooden cuts in the text, in place of the engraved 
plates which accompany all the editions of the origi- 
nal work. This improvement, which will be found 
of great use both to the teacher and the student, 
was considered indispensable in an English vr(xk. 

D. B. 

EoiNBUBOH, August I, 18^. 
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ON PROPORTION. 

The doctrine of proportion belongs properly to Arithmetic, 
and ought to be explained in Works which treat of that science. 
Its object being to point out the relations which subsist among 
magnitudes in general, when viewed as measured^ or represent- 
ed by numbers^ the connexion it has with Geometry is not more 
immediate than with many other branches of knowledge, ex- 
cept indeed as Geometry affords the largest class of magnitudes 
capable of being so measured or represented, and thus offers the 
widest field for reducing it to practice. Owing, however, to our 
general and long-continued employment of Euclid's Elements, 
uie fifth Book of which is devoted to proportion, our common 
systems of Arithmetic, and even of Algebra, pass over the sub- 
ject in silence, or allude to it so slightly as to afford no adequate 
information. For the sake of the British student, therefore, it 
will be requisite to prefix a brief outline of the fundamental 
truths connected with this department of Mathematics ; at least 
in so far as a knowledge of them is essential for understanding 
the work which follows. 

The proper mode of treating proportion has given rise to 
much controversy among mathematicians; chiefly originating 
from the difliculties which occur in the application of its 
theorems to that class of magnitudes denominated incommeri^^ 
surable^ or having no common measure, Euclid evades this 
obstacle; but his method is cumbrous, and, to a learner, dif- 
ficult of comprehension. All other methods have the disad- 
vantage of frequently employing the principle of reditctio ad 
absurdum^ a species oi reasoning, which, though perfectly conclu- 
sive, the mathematician wishes to employ as seldom as possible. 
The opposite advantages, however, have generally overcome 
this reluctance ; and Euclid's method is now almost entirely 
abandoned in elementary treatises. On this matter, we are 
happily delivered from the necessity of making any selection ; 
the author having himself provided for the application of pro- 
portion to incommensurable quantities, and demonstrated every 
case of this kind as it occurred, by means of the reductio ad 
absurdum. He has also in various parts of these Elements in- 
terspersed explanations of the sense in which geometrical mag- 
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For, by hypothesis, we have 1 ^ g Z ^ a f 5 ^^^ multiply- 
ing* together the terms which stand above each other, we 
obtain 

nq AB= mp AB; hence nq = mp ; hence nqC =. mpC. 
But by hypothesis we have 

w C = m D ; hence wgr C = mq D. 
Now we have abready shewn 

nqC z=. mp C; hence mp C = ?wgrD, hence^ C = qT>, 

III. The ratio or relation which is perceived to exist be- 
tween two magnitudes of the same kind, when considered as 
mere magnitudes, appears to be a simple idea, and therefore 
unsusceptible of any good definition. It may be illustrated by 
observing, that when we have A : B : : C : D, the ratio of A to 
B is said to be the sam>e as that of C to D. In Arithmetic, 
the ratio of two numbers is usually represented by their quo- 
tient, or by the fraction which results firom making the first of 
them numerator, and the second denominator. It is in this 
sense, that one ratio is said to be equai to or less or greater 
than another ratio. 

IV. The first and third terms of a proportion are called the 
antecedents ; the second and fourth the consequents. The first 
and fourth are likewise called the eixrtreme terms, or the ea:- 
iremes ; the second and third mean term^s or means. When 
both the means are the same, either of them is called a m£an 
proportional between the two extremes; and if in a series of 
proportional magnitudes each consequent is the same as the 
next antecedent, those magnitudes are said to be in catiUnued 
proportion. 

Thus if we have A : B : : C : D, A and C are antecedents, 
B and D are consequents ; A and D are extremes, B and C are 
means. If we have A : B : : B : C : : C : D : : D : E, B is a mean 
proportional between A and C, C between B and D, D between 
C and E ; and the magnitudes A, B, C, D, E are said to be 
in continued proportion, or sometimes, in geometrical progres- 
sion. 



* Unless one of the magnitudes A and B is a number^ they evidently 
cannot^ in a literal sense^ be multiplied together. The expression product 
of A and B must therefore^ in all such cases, be regarded as elliptical^ or 
employed merely for the sake of brevity. What is understood by it, the 
Author has explained at pp, 48. 49. 
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THEOREM I. 



If four moffnitudes are proportional, the product of the ex^ 
tremes tenU be equal to that of the means ; amd conversely, if 
two products are equal, any twofa^^tors composing the first witt 
form the extremes of a proportion, in which any two factors com- 
posing the second form the msans. 

First Suppose A : B : : C : D ; then is AD = BC. 

Find a common measure of A and B, if they have one : sup- 
pose it to be E ; and that A = w E, B = w E. Then we shall 
nave w A = m B ; and therefore {D^, 2.) w C = w D. Equal 
quantities multiplied by equal quantities yield equal products ; 
hence 

n Ax^D = wBxwC, or 

n m AD =^nm BC, or 

AD = BC * 

Secondly. If we have AD == BC ; then we are to prove that 
A:B::C:D. 

Find the common measure of A and B ; and suppose we 
have n A=m B. 

Now we have ADrrsBC, ) i i u- i • 

Also mB^nA J ' ^^"^^ ^y ^^IMpng. 

m DAB=w CAB, hence by dividing 
m jy=n C ; and therefore {Def 2.) "^ 
A : B : : C : D. 



* If A and B are incommensurable^ still we shall have AD=:BC. For^ 
if not, one of them must be greater : suppose AD greater, and that we have 
ADasBC+CF. By the method explained in Def. 2., find a measure of A 
which shall be less than F ; and suppose n A=m (B — B'), B'' being of 
oouree less than the measure, and ther^ore still less than F. By the same 
Definition, we shall have n C«m (D— D^), D' being a positive quantity. 
Hence we have 

n Ax »i(D— D')=x7i Cxm (B— B') ; that is 

n m AD— n m AD'=« m CB — n m CB' ; or dividing, 

AD —•AD' = CB— CB'; but by the supposition, we had 

AD = CB— CF. 

Hence AD— AD being less than AD, CB— CB must also be less than 
CB— CF ; hence CB' is greater than CF, and B' is greater than F. On 
the eontiary, however, it is less than F by hypothesis : hence that hypo* 
theds was ^ilse ; hence AD is not less than BC. We could shew in the 
same manner that it is not greater : hence it is equal to BQ. 
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For, the first analogy gives 

AD=BC, 
the second gives EH=FG ; 

therefore A D : EH = BC : FG by multiplication, 
or AE.DH=BF.CG. 
Hence, Theor. I., we have 

AE : BF : : CG : DH. 

And the same reasoning woiild extend to any number of ana- 
logies. 

C(yr. 1. If the second analogy were the same as the first, we 
should have A^ : B^ : : C^ : D* ; hence the squares of propor- 
tional numbers are proportional. The same is evidently true 
of the cubes or any other powers. 

Cor. 2. Suppose we have the continued proportion A : B : : 
B : C : : C : D ; then. 

First. Having A: B : : B : C, 
and A : B : : A : B, 

we shaU have A^rB^-.BAiBC ; 
or(Cor. ^. Theor. 11.) A* : B^ : : A : C. 

Hence in a continued proportion^ the Jirst is to the third a>s the 
square of the Jirst is to the square of the second. The ratio which 
A bears to C is sometimes called the duplicate of that which it 
bears to B. 

Secondly. Having A : B : : B : C, 

A : B : : C : D, 
and A : B : : A : B, 



we shall have A': B^ : : BCA: BCD; . 
or (Cor. 2. Theor. I.) A^ : B^- : A : D. 

Hence m continued proportionals^ the Jirst is to thejburth, a^s 
the cvbe of the Jirst is to the cube (f the second. The ratio 
A^ : B^, or A : D, is sometimes called the triplicate of A: B ; 
A* : B* the quadruplicate ; and so on. The law which continued 
proportionals observe in regard to such ratios is now apparent. 

By means of these Theorems, and their Corollaries, it is easy 
to demonstrate, or even to discover, all the most important facts 
connected with the doctrine of proportion. The facts given 
here will enable the student to go through these Elements, 
without any obstruction*on that head. 
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BOOK I. 

THE PRINCIPLES. 
Definitions. 




I. Geometry is the sdence which has for its object the 
measureoient of space. / 

Space has three dimensions, length, breadth, and height. 

II. A line is length without breadth. 

The extremities of a line are called points : a point, there* 
fore, occupies no space. 

III. A straight line is the shortest distance from one point 
to another. 

IV. Every line, which is not straight, or composed of strmght 
lines, is a curve line. 

Thus, A6 is a strsught line ; ACDB is a 
broken line, or one composed of straight 
lines ; and AUB is a curve line. 

V. A surface is that which has length and breadth, without 
height or thickness. 

VI. A plane is a surface, in which, if two points be assumed 
at will, and connected by a straight line, that line will lie wholly 
in the surface. 

VII. Every surface, which is not plane, or composed of plane 
surfaces, is a curve surface. 

VIII. A solid or body is that which combines all the three 
dimensions of space. 

IX. When two straight lines, AB, AC, c^ 
meet together, the quantity, greater or less, by 
which they are separated from each other in 
regard to their portion, is called an angle; the 
pomt of intersection A is the vertex of the j^. 
angle ; the lines AB, AC, are its sides. 

A 



2 
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The angle is sometimes designated simply by the letter at the 
vertex A ; sometimes by three letters BAG or CAB, the letter 
at the vertex being always placed in the middle. 

Angles, like all other quantities, are susceptible of addition, 
subtraction, multiplication, and division. Thus the angle DCE 
(see Fig. to Prop. 4.) is the sum of the two angles, DCB, 
BCE ; and the angle DCB is the difference of the two angles 
DCE, BCE. 

]^. When a straight line AB meets ano- b 

ther straight line CD, so as to make the adja- 
cent angles BAC, BAD equal to each other, 

each of those angles is called a right angle ; 

and the line AB is said to he perpendicular to c a M 

CD. 



XI. Every angle BAC, less than o 
a right angle, is an acuie an^ ; every 
angle DEF, greater than a nght angle, 
is an obtme angle. 





— B 



XII. Two lines are said iohe parallel^ when, 

being situated in the same plane, they cannot 

meet, how far soever both of them be produced. 

XIII. A pUme figure is a plane terminated on all 
sides by lines. 

If the lines are straight, the space they enclose 
is called a recfitioneal figure or polygouy and the 
lines themselves taken together form the contour 
or perimeter of the polygon. 

XIV. The polygon of three sides, the simplest of all, is called 
a tricmgle ; that of four sides, a quadilateral ; that of five, a 
pentagon ; that of six, a hexagtm ; and so on. 







XV. An equilateral triangle is one which has its three sides 
equal; an isosceles triangle, one which has two of its sides equal ; 
a scalene triangle, one which has its three sides unequal. 
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XVI. A right-angled triangle is one which 
has a right angle* The side opposite the right 
angle is called the hypotermse. Thus, ABC 
is a triangle right-angled at A; the side BC is n 
its hypotenuse. 

XVII. Among quadrilaterals^ we distinguish : 

The square^ which has its sides equal, and its angles 
right. (See Prop. 28. I.) 




The rectangle^ which has its angles right, with- 
out having its sides equal. (See the same Prop.) 



The parallelogram, or rAomdoid, which has 
its opposite sides parallel. 



The hzenge, or rhombus, which has its sides equal, 
without having its angles right. 




And, lasdy, the tr(»pez%um, only two of whose sides 
are parallel. 



XVIII. A diagonal is a line which joins the vertices of two 
angles not adjacent to each other. AC, in the diagram of Prop. 
28, is a diagonal. 

XIX. An equihieral polygon is one which has all its sides 
equal; an equiangular polygon, one which has all its angles 
equal. 

XX. Two polygons are mutually equilateral, when they 
have their sides equal each to each, and placed in the same 
order ; that is to sfnr, when following their perimeters in the 
same direction, the first side of the one is equal to the first side 
of the other, the second of the one to the second of the other, 
the third to the third, and so on. The phrase, muiuoMy equi- 
angular, has a corresponding signification. 

. In both cases, the equal sides,, or the equal angles, are named 
homdlogofus sides orauj^les. 

Note, In the first four books we shall treat exclusively of 
plane figures, that is, of figures traced on a plane surface. 
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Exphmaikm ^ Terms and Signs. 

An cuciom is a self-evident proposition. 

A theorem is a truth, whicn becomes evident by means of a 
train of reasoning called a demonstration, 

A problem is a question proposed, which requires a solution. 

A lemmu is a subsidiary truth, employed for the demonstra- 
tion of a theorem, or the solution of a problem. 

The common name, proposition, is applied indiflTerently to 
theorems, problems, and lemmas. 

A cmrouiiry is an obvious consequence deduced from one or 
several propositions. 

A scholium is a remark on one or several preceding proposi- 
tions, which tends to point out their connexion, their use, their 
restriction, or their extension. 

An hypothesis is a supposition, made either in the enuncia- 
tion of a proportion, or in the course of a demonstration. 

The sign = is the sign of equality ; thus, the expression 
A =:B , si^ifies that A is equal to B. 

To agmfy that A is smaller than B, the expression A^^B is 
used. 

To signify that A is greater than B, the expression A::;^B is 
used. 

The sign + is pronounced plus : it indicates addition. 

The sign — is pronounced minus : it indicates subtraction. 

Thus, A + B represents the sum of the quantities A and B ; 
A — B represents their difference, or what remains after B is 
taken away from A ; and A — B+C, or A + C — B, signifies, 
that A and C are to be added together, and that B is to be de- 
ducted from the whole. 

The sign x indicates multiplication; thus AxB represents 
the product of A and B. Instead of the sign X, a point is 
sometimes employed ; thus, A.B is the same thin^ as A x B. 
The same product is also designated without any intermediate 
ogn by AB ; but this expression cannot be employed, when 
there is any danger of confounding it with that of the line AB, 
the distance between the points A and B. 

The expression A X (B + C — D) represents the product 
of A by the quantity B-hC — D. If A+B were to be multi- 
plied by A — B+C, the product would be indicated thus, 
(A+B) X (A — B+C), whatever is enclosed within a par^i- 
thesis being considered as a single quantity. 

A number placed before a line, or a quantity, serves as a 
multiplier to tiiat line or quantity ; thus, 8 AB signifies that the 
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line AB is taken three times ; i A signifies the faalf of the 
angle A. 

The square of the line AB is designated by AB' ; its cube 
b^ AB^. What is meant by the square and the cube of a line 
will be explained in its proper place. 

The sign V indicates a root to be extracted ; thus, ^2 means 
the square-root of 2; /^/ AxB means the square-root of the 
product of A and B, or the mean proportional between them. 

Aivioms, 

1. Two quantities equal to a third ^are equal to each other. 

2. The whole is greater than its part. 

3. The whole is equal to the sum of the parts into which it 
has been divided. 

4. From one point to another, only one str^ught line can be 
drawn. 

5. Two magnitudes, lines, surfaces, or solids, are equal, if, 
when applied to each other, they coincide throughout thdr whole 
extent. 



/ 



PROPOSITION I. THEOREM. 

AU right a/nffles are egtud to each other. 

Let the straight line CD be perpendicular 
to AB, and GH to EF ; the angles ACD 
and EGH will be equal to each other. 

Take the four distances CA> CB, GE, 

GF all equal; the distance* AB will be A. c B 

equal to the distance EF, and the line EF 

bang placed on AB, so that the point E ^ 

falls on A, the point F may be made to fall 

on B. Those two lines will thus coincide 



entirely ; for otherwise there would be two ^ a v 

straight hues extending from A to B, which (Ax. 4.) is impos- 
sible : and hence G, the middle point of EF, will fall on C, 
the middle point of AB. The side GE being thus applied to 
CA, the side GH must fall on CD. For suppose, if possible, 
that it falls on a line CK different from CD : then, since by 
hypothesis (d^. 10.) the angle EGH=HGF, ACK would in 
that case be equal to ECB. But the angle ACE is greater than 
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C 



B 






ACD ; and ECB is smaller than BCD, and by hypotbens 
ACD=BCD; hence ACK is greater than KCB. Therefore 
the line GH cannot fall on a line CE different from CD ; there- 
fore it falls on CD, and the angle EGH on ACD ; therefore 
all right angles are equal to each other. 

PROPOSITION II. THEOREM. 

Every si/raigM line CD, which meets (mother AB, makes wiih 
it two adjacent a^ngles ACD, BCD, the sum of which is equal 
to two right a/ngles. 

At the point C, erect CE perpendicular to 
AB. The angle ACD is the sum of the angles 
ACE, ECD ; therefore ACD +BCD will be 
the sum of the three ACE, ECD, BCD: but 
the first of those three is a right angle, and 
the other two together make up the right 
angle BCE ; hence the sum of the two angles ACD and BCD 
is equal to two right angles. 

C(yr, 1. If one of the angles ACD, BCD is right, the other 
must be right also. 

Cor. 2. If the line DE is perpendicular to 
AB, in like manner AB will be perpendicular 
toDE. 

For, since DE is perpendicular to AB, 
the angle ACD must be equal to its adjacent 
one DCB, and both of them must be right. 
But since ACD is a right angle, its adjacent 
one ACE must also be right : hence the angle ACE=ACD ; 
hence AB is perpendicular to DE. 

Cor. 3. All the consecutive angles B AC, 
CAD, DAE, EAF formed on the same 
side of a straight line BF, are equal, 
when taken together, to two right angles; 
because their sum is equal to that of the 
two adjacent angles, BAC, CAF. 

PROPOSITION III. THEOREM. 

Two straight Unesy which have two points common to both, coin- 
cide with each other throughout their whole extent , and Jbrm 
one a/nd the same straight line. 

Let a and B be the two common points. 
In the first place, it is evident that the two 
lines must coincide entirelv between A and 
B,for otherwise there would be two straight 
lines between A and B, which is impossible 
{Ax. 4.). Suppose, however, that on being 
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psoddced, those lines be^n to separate at C, the one beccmiing 
CD, the other C£. From the point C draw the line CF, mak- 
ing with CA the right angle ACF. Now since ACD is a 
straight line, the angle FCD will be right'^(Prop. S. cor. 1,^ ; 
and since ACE is a straight Hne, the angle FCE will likewise 
be right. But the part FCE cannot be equal to the whole 
FCD ; hence the straight lines which have two points A and 
B common, cannot separate in any point of their production ; 
hence they form one and the same straight line. 

PROPOSITIOK IV. THEOREM. 

If two adjacent cmgieSj ACD, DCB, are tc^eiher equal to two 
right anglesj the two exterior sides^ AC, CB, wiU lie in the 
same straight line. 

For if CB is not the production of 
AC, let CE be that production : then 
the line ACE being straight, the sum 
of the angles ACD, DCE, will (Prop. 
%) be equal to two right angles. But, 
by hypothesis, the sum of the angles 
ACD, DCB is also equal to two right Angles : therefore, ACD+ 
DCE must be equd to ACD + DCB ; and taking away the 
angle ACD from each, there remains the part DCB equal to 
the whole DCE, which is impossible ; therefore, CB is the pro- 
duction of AC. 

PROPOSITION V. THEOREM. 

Whenever two straight lines AB, DE, intersect each other, the 
opposite or vertical a^igles, which theyjbrm, are equal 

Fob, since DE is a straight line, the 
sum of the angles ACD, ACE is equal 
to two right angles t and since AB is a 
straight Ime, the sum of the angles ACE, 
BCE is also equal to two right angles : 
hence the smn ACD+ACE is equal to the sum ACE+BCE. 
Take away from both the same angle ACE ; there remains the 
angle ACD, equal to its opposite or vertical angle BCE. 

It may be shewn, in the same manner, that the angle ACE 
is equal to its opposite angle BCD. 

Scholium. Tne four angles formed about a point by two 
straight lines which intersect each other, are together equal to 
four right angles : for the two angles ACE, BCE, taken to- 
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father, ate equal to two right angles ; and the other two, ACD, 
CD have the same value. 

In general, if any number of stnught 
lines C A, CB, CD, &c. meet in a point C, 
the sum of all the consecutive angles ACB, 
BCD, DCE, ECF, FCA, will be equal 
to four right angles: for if four right angles 
were formed about the point C, by means 
of two lines perpendicular to each other, 
the same space would be occupied, either 
by the four right angles, or by the successive angles ACB, BCD, 
I5CE, ECF, FCA. 




PROPOSITION VI. THEOREM. 



Two triangles are equal when an amgk^ a/nd the two sides which 
contain it in the one^ are respectively equal 4o an anffle and 
the two sides which contain it in the other. 




Lettheangle Abe equal 
to D, the siae AC equal 
to the side DF, the side 
AB equal to DE ; then 
will the triangle ABC be 
equal to DEF. 



For those triangles may be applied to each other, so that 
they shall perfectly coincidfe. If the side DE be placed on its 
equal AB, the point D will fall on A, and the point E on B : 
and, since the angle D is equal to the angle A, when the side 
DE is placed on AB, the side DF will take the direction AC. 
Besides, DF is equal to AC ; therefore, the point F will fall 
on C, and the third side EF will exactly cover the third side 
BC ; therefore (Ax. 5.), the triangle DEF is equal to the tri- 
angle ABC. 

Cor. When, in two triangles, these three things are equal, 
namely, the angle A=D, the side AB=DE, and the side 
AC=DF, the other three are equal also, namely, the angle 
B=£, the angle C=F, and the side BC=EF. 
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PROPOSITION VII. THEOREM. 

Two tricmgks a/re equals if two a/ngUs cmd the interjacent side 
of the one are equal to two a/ngles and the vnterjacent side of 
the other. 

Let the side BC (see the last fi^re) be equal to the side 
EF, the angle B to the angle E, and the angle C to the angle 
F ; then will the triangle DEF be equal to the triangle ABC. 

For, to bring about the superposition, let EF be placed on 
its equal BC ; the point E will fall on B^ and the point F on 
C. And, since the angle E is equal to the angle B, the side 
ED will take the direction BA ; therefore, the point D will be 
found somewhere in the line BA. In like manner, since the 
angle F is equal to the angle C, the line FD will take the di- 
rection CA, and the point D will be found somewhere in the 
line CA. Hence, the point D, occurring at the same time in the 
two straight lines BA and CA, must rail on their intersection 
A ; hence the two triangles ABC, DEF, coincide with each 
other, and are perfectly equal. 

Cin: Whenever, in two triangles, these three things are 
equal, namely, BC=EF, B=E, C=F, it may be inferred 
that the other three are equal also, namely, AB=D£, AC= . 
DF, A=D 

PROPOSITION VIII. THEOREM. 

In every triangle^ amy side is less than the swm of the other two. 

For the line BC, for example (see the preceding figure), is 
the shortest distance from B to C ; therefore, BC is less than 
BA+AC. 

PROPOSITION IX. THEOREM. 

(fy J^o^ ^ point O assumed within the triangle ABC, straight 
lines OB, OC, be drawn to the extremities of a side BC, the 
sum of these straight linss wiU be less thorn, that of the two 
other sides AB, AC. 

Let bo be produced till it meet the side AC 
in D. The line OC (Prop. 8.) is shorter than 
OD+DC : add BO to each, and we have B0+ 
OC^BO+OD+DC, or BO+OC^^-dBD+DC. 

In like manner, BD^BA+AD : add DC to 
each ; and we have BD+DC-^BA+ AC. But 
we have just found BO+OC-^BD+DC; there- ^ 
fore, still more is BO+OC^BA+AC. 
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PROPOSITION X. THEOREM. 

Ifihe two sides AB, AC, of the triangle ABC, are eq 
specHvely to the two sides DE, DF, of the triangle 
whiUj aJb the same iUme^ the amgU BAC contained 
Jbrmer, is greater tha/n EDF contained by the latter 
rmU the third side, BC of the first trumgUj be greaU 
the third EF of the second. 

Make the angleC AG 
«=D, take AG=DE, 
and join C6. The tri- 
angle GAC is equal to 
DEF (Prop. 6.), since, 
by construction, they 
have an equal ai^le in b 
each, contained by 
equal iddes ; therefore 
CG is equal to EF. 
Now, there may be three cases in the proposition, according 
as the point G falls without the triangle ABC, or upon its base 
BC, or within it. 

First Case. The straight line GC is shorter than GI+IC, 
and the straight line AB is shorter than AI+IB; therefore, 
GC+AB is shorter than GI+AI+IC+IB, or, which is the 
same thing, GC+AB ^-r AG+BC. Take away AB from the 
one side, and its equal AG from the other, there will remain 
GC -.^ BC; but we have found GC=EF, therefore, EF -^ BC. 




Second Case, If the point G 
fall on the side BC, it is evident 
that GC, or its equal EF, will be 
shorter ihan BC. 
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Third Ca>se. Lastly, if the point G 
fall within the triangle ABC, we shall 
have, by the preceding theorem, AG+ 
QCt^JiB+BC ; and, taking AG from 
the one side, and its equal AB from the 
other, there will remain GC-^BC, or Bi 
EF^BC. 

Sdhciium. Conversely, if the two sides 
AB, AC of the triangle ABC are equal 
to the two DE, EF of the triangle DEF, 
while the third side, CB of the first 
triangle, is greater than the third EF 
of the second ; then will the angle BAC 
of the first triangle be greater than the 
angle EDF of the second. 

For if not, the angle BAC must be equal to EDF, or less 
than it. In the first case, the side CB would (Prop. 6.) be 
equal to EF ; in the second, CB would be less than EF : but 
both of these results contradict the hypothesis; therefore, BAC 
is greater than EDF. 




PROPOSITION XI. THEOREM. 

Two tricmgles are equal, when the three sides of the one are re- 
spectively equqi to the three sides of the other. 

Let the side AB (see the diagram of Prop. 6.) be equal to 
DE, AC=DF, BC=EF; then is the angle A=D, B=E, 
C=F. 

For, if the angle A were greater than D, rince the sides AB, 
AC are respectively equal to DE, DF, it would follow, by the 
last proposition, that the side BC must be greater than EF : 
and, if the angle A were less than D, it would follow that the 
side BC must be less than EF. But BC is equal to EF ; there- 
fore the angle A can neither be greater nor less than D ; there- 
fore they are equal. In the same manner it may be shewn, 
that B is equal to E, and C to F. 

Scholium. . It may be observed, that the equal angles lie 
opposite to the equal sides : thus the equal angles A and D lie 
opposite to the equal sides BC and EF* 
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equal. 



PROPOSITION XII. THEOREM. 

tria/ngie^ the a/ngles opposite th 




Let the side AB be equal to AC, the angle C 
will be equal to B. 

Join A the vertex^ and D the middle point of 
the base BC. The triangles ADB, ADC, have all 
the ^des of the one respectively equal to those of 
the other, Aiy being common, AB=AC (hyp.) ® 
and BD=DC by construction ; therefore, by the last proposi- 
tion, the angle B is equal to the angle C. 

Cor, An eq^uilateral triangle is likewise equiangular, that is 
to say, has all its angles equal. 

Scholium, The equality of the triangles ABD, ACD, proves 
also that of the angle BAD to DAC, and of BDA to ADC ;* 
hence the latter two are right angles ; hence the line d/tawn 
Jrom the vertex of cm isocelea tricmgle to the middle point of its 
bcbse^ is perpendicular to that base^ cmd divides the angle at the 
vertex into two equal parts. 

In a triangle which is not isosceles, any side may be assumed 
indifferently as the base ; and the vertex is, in tnat case, the 
vertex of tne opposite angle. In an isosceles triangle, howev^, 
that side is specially assumed as the base, which is not equal to 
either of the other two. 

PROPOSITION XIII. THEOREM. 

Conversely, if two cmgles of a tria/ngU are equal, the sides op- 
posite them, will be equal, and the triamgle wUl be isosceles. 

Let the angle ABC be equal to ACB ; then 
will the side AC be equal to the side AB. 

For, if those sides are not equal, let AB be 
the greater. Take BD=AC, and join DC. 
The angle DBC is (Hyp,) equal to ACB ; the 
two sides DB, BC, are equal to the two AC, 
CB, by construction ; therefore (Prop. 6.), the j 
triangle DBC must be equal to ACB. But the 

Eart cannot be equal to the whole ; hence there is no inequality 
etween the sides AB, AC ; hence the triangle ABC is isosceles. 
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PROPOSITION XIV. THEOREM. 

Of two sides of a trtcmgU, the greater is thai which lies cpposUe 
the greater a/ngie ; cmd coivoerseh/^ of two a/ngies of a triangUj 
the greater is that which lies opposite the greater side. 

First, Let the angle C be greater than B ; then 
will the ade AB, opposite to C, be greater than AC, 
c^posite to B. 

Make the angle BCD=B. Then in the triangle 
BDC, we shall have BD=DC. (Prop. 18.) But 
the line AC is shorter than AD+DC, and AD+ 
DC=AD+DB=AB ; therefore, AB is greater than AC. 

Secondly. Suppose the side AB ::^ AC ; then will the angle 
C, opposite to AB, be greater than the angle B, opposite to AC. 

Tor» if we had C ^t^B, it would follow, from what has just 
been proved, that we must have AB ^^ AC, which is contrary 
to the hypothesis. If we had C=B, it would follow (Prop. 18.) 
that we must have AB=AC, which is also contrary to the hy- 
pothesis. Therefore, the angle C must be greater than B. 

PROPOSITION XV. THEOREM. 

From a given point A without the straight line DE, no more 
tha/n one perpendicular can be drawn to that line. 

For, suppose we can draw two, AB and 
AC. Produce one of them AB, till BF is 
equal to AB, and join FC. 

The triangle CBP is equal ABC ; for 
the angles CBF and CBA are right, the 
fflde CB is common, and the side BF==AB: 
therefore (Prop. 6.), those triangles are 
equal, and the angle BCF=BCA. The 
angle BCA is right, by hypothesis ; therefore BCF must be 
ri^t also. But if the adjacent, angles BCA, BCF are together 
equal to two right angles, the line ACF must (Prop. 4.) be 
straight ; from whence it follows, that between the same two 
points A and F, two straight lines can be drawn ; which is im- 
possible: hence it is equally impossible *that two perpendicu- 
iars can be drawn from the same point, to the same straight line. 

Schotiwrn. At one given point C, in the line AB, it is equally 
impossible to erect two perpendiculars to thatUne; for (seethe 
diagram of Prop. 2.), if CD and C£ were those two perpendicu- 
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law, the angle DCB would be right, as well as BCE, and the part 
would thus be equal to the whole. 

PROPOSITION XVI. THEOREM. 

If from a point A (see the precedmg figure), situaied ToUhout 

the straight line DE, a perpendicular AB be letJaU on thai 

straight line, and several obliqtie lines AE, AC, AD, be 

drawn to several points in the same line. 
First, The perpendicular AB will be shorter than amy oblique 

line. _ 

Secondly, The two oblique lines, AC, AE drawn on diffbreni 

sides of the perpendicular, at equal distances BC, BE, zoitt 

be equal. 
Thirdly, Of two oblique lines, AC, AD, or AE, AD, dnrawn 

aipUa^swre, the one which lies Jarther from the perpendicular 

Tvittbe tite longer. 

Produce the perpendicular AB till BF is equal to AB, and 
join FC, FD. 

First. The triangle BCF, is equal to the triangle BCA, for 
they have the right angle CBF=:CBA, the side CB common, and 
the Ade BF=BA ; hence the third ades, CF and AC are equal. 
But ABF, bdng a straight line, is shorter than ACF, which is 
a broken line ; therefore AB, the half of ABF, is shorter than 
AC, the half of ACF : therefore the perpendicular is shorter 
than any oblique line. 

Secondly. If we suppose BE=BC ; since we have, farther, 
the side AB common, and the angle ABE=ABC, the triangle 
ABE must be equal to the trian^e ABC ; hence the sides AE, 
AC are equal ; hence two oblique lines equally distant from the 
perpendicular are equal. 

Thirdly. In the triangle DFA, the sum of the lines AC, 
CF, is less (Prop. 9.) than the sum of the sides AD, DF ; 
therefore AC, the half of the Une ACF, is shorter than AD, the 
half of the line ADF ; therefore such oblique lines as he CEUthest 
from the perpendicular are longest. 

Cor. 1. The perpendicular measures the true distance of a 
point from a line, because it is shorter than any other distance. 

Cor. S. From the same point three equal strmght lines can- 
not be drawn to the same straight line ; for if there could, we 
should have two equal obUque lines on the same side of the per- 
psQdicuIar, which is impossible. 
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PROPOSITION XVII. THEOREM. 

If from C, the middle point of the straight Ime AB, the Jme 
£F be drawn perpevidlumlaT to this straight Ime, then (first) 
every poi/nt of the perp&rvdmdar zM be equally distant f'om 
the two extremities of AB ; a/nd (secondly) every point situ- 
ated without the perpendHcular will be unequaUy dUsta/nt from 
those esctremities, 

first. Since we suppose AC=CB, the two 
oblique lines AD, DB, are equally distant from 
the perpendicular, and therefore equal. So, 
likewise, are the two oblique lines AE, £B, the 
two AF, FB, and so on. Therefore every 
point in the perpendicular is equally distant 
irom the extremities A and B. 

Secondly, Let I be a point out of the per- 
pendicular. If lA and IB be joined, one of 
those lines will cut the perpendicular in D ; 
from which drawing DB, we shall have DB=DA. But the 
straight line IB is less than ID+DB, and ID+DB=ID+ 
DA=:IA; therefore IB-*i::IA; therefore every point out of 
the perpendicular is unequally^ distant from the extremities A 
and B. 





PROPOSITION XVIII. THEOREM. 

Two right-angled tria/ngles are equal, when the hypotenuse and 
a side of the one are respectively equal to the hypotenuse and 
a side of the other. 

Suppose the hypotenuse 
AC=DF, and the side AB 
=DE ; the right-angled tri- 
angle ABC will be equal to 
the right-angled triangle 
DEF. 

Their equality would be manifest, if the third sides BC ^nd 
EF were equal. If posable, suppose that those sides are not 
equal, and that BC is the greater. Take BG = EF ; and 
jmn AG. The triangle ABG is equal to DEF; for the 
right angles B and E are equal, the side ABM^B, anid BG==: 
EF ; hence these triangles are equal (Proj^ 6.), and conse- 
quently AG=DF. Now (Hyp.) we have DF=AC ; and there* 
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fore AG=AC. But TProp. 16.) the oblique line AG cannot 
be equal to AG, which lies nearer the perpendicular AB ; there- 
fore it is impossible that 6C can differ from £F ; therefore the 
triangles ABC and DEF are equal. 

r 

PROPOSITION XIX. THEOREM. 

If two straight lines AC, BD, (see the next figure), are per" 
pendiculanr to a third AB, they wiU be parallel, in other 
wards (Def. 12.), they will never meet, how Jar soever both 
of them be produced. 

For if they could meet in a point O, on either side of AB, 
there would be two perpendiculars OA, OB, let fall from the 
same point, on the same straight line, which is imposfflble. 

PROPOSITION XX. LEMMA. 

If the straight Une BD is perpendicular to AB, and if another 
straight line AE makes with AB the acute angle B AE, then 
the straight lines BD, AE, if produced sufficiently , will meet. 



From any point F, taken in 
the direction AE, let FG be 
drawn perpendicular to AB. 
The point G cannot fall on A, 
for the angle FAB is less than 
a right angle ; it can still less 
fall on H in the production of 
BA, for then there would be 
two perpendiculars EA, EH, 
drawn from the same point 
E to the same straight line 
AH. Hence the point G must 
fall, as the figure represents, 
in the direction AB. 



Now, let another point L be taken in the line AE, at a dis- 
tance AL greater than AF, and let LM be drawn from it per- 
pendicular to AB. We can prove, as in the preceding case, 
that the point M cannot fall on G, or in the direction GA ; it 
must fall therefore in the direction OB ; so that the distance 
AM will, of necessity, be greater than AG. 

I observe farther, that if the figure be constructed with care, 
and AL be taken double of AF, we shall find that AM is ex- 
actly double of AG ; in like manner, if AL is taken triple of 

6 




BOOK I 



*.... . 



n 



AF, we shall find that AM is triple of AG; and, in general, 
that there is always the same proportion between AM and AG, 
lus betweeti AL and AF. This proportion being settled, it fol* 
kri^ii noi <^y that the straight line AE, if pioduced sufficient- 
ly, will meet BD, but also that the distance on AE, of this 
point of ooncourse, may be accurately assigned. . It will be the 
fourUi term of the proportion, AG : AB : : AF : us, 

Scfiollumf The prece<£ng investigation, being founded on a 
property which is not deduced from reasoning aloncj but di^ 
fx>verea by measurements made on a figure constructed acco- 
rately,. has noti the same character of ligorousness with the 
other demonstrations of elementary geometry. It is ^ven here 
merely as a rimple method of arriving at a conviction of the 
truth of the proportion. For a strictly rigorous demonstration 
we refer to the second Note. 



PEOPOSITION XXI. THEOREM. 

I / 

If two s^aigkt Unes, AC, BD, Jbrm with a third AB, tteo m- 
tertar cmgles CAB, ABD, whose stmt is equal to two right 
angieSf ^ lines AC, BD, zviU he parallel* 

From G, the middle 
point of AB, draw the 
straight line EGF per- 
pendicular to AC. It 
will also be perpendicular 
to BD. For the sum 
GAE+GBD is {Hvp>i 
equal to two right angles ; 
the sum GBF+GBD is 
(Prop. 2.) likewise equal 
to two right an^es ; and 
taking away GrBD from 
bothj there remains the 
angle GAE=GBF. A- 
gam, the angles AGE, 
BGF are equal (Prop. 5.), 
therefore the triangles 
AGE and BGF have each 
a ride and two adjacent angles equal; therefore (Prop. 7.) 
they are thanselves equal, and the angle BFG is equal to 
AEG: but AEG is a right. angle by construction; therefore 
the line AC, BD, being perpendicular to the same straight line 
EF, are parallel (Prop. 19). 
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PBOPOSITION XXH. THEOREM.- 

jy^ tux) straight lines AI, BD, make with a third AB, two m- 
tmar angles BAI, ABD, whose sum is less iJum two righl 
angles, the lines AI, BD zciU meet if produced. 

Draw the straight line AC (see the preceding figure), making 
the angle CAB«=ABF, in other words, so that the angles CAJS 
ABD, taken together, may be equal to two right angles ; and 
complete the rest of the construction, as in the foregoing theorem. 
Since AEK is a right angle, AE the perpendicular is shorter 
than AK the oblique line; hence (Prop. 14.) in the tri- 
angle AEK, the angle AKE, oppo^te the ade AE, is less 
than the right angle AEK, opposite the side AK. Hence the 
angle IKF, equd to AKE, is less than a right angle ; hence 
(Prop. 20.) the lines KI and FD will meet if produced. 

Scholium. If the lines AM, BD make with AB two angles 
BAM, ABD, the sum of which is greater than two right an^es, 
those lines will not meet above AB, but they will bSow. For 
'the two anjgles BAM, BAN are together equal to two right 
angles, andso are the two ABD, ABF ; hence those four angles 
are together equal to four right angles. But BAM, ABD lure 
together greater than two right angles; therefore the remain- 
ing angles BAN, ABF are together less than two; thei^ore 
the straight lines AN, BF will meet if produced. 

Cor. Through a given point A, no more than one line can 
be drawn parallel to a ^ven line BD. For there is but one 
line AC, which makes the sum of the two angles BAC+ABD 
equal to two right angles ; and this is the parallel required. 
Every other line AI or AM would make the sum of tne in- 
terior angles less or greater than two right angles ; therefore it 
would meet BD. 

PROPOSITION XXIII. THEOREM. 

(f tzffo paraUels AB, CD are m£t hy a seca^ EF, the sum of 
the interior angles AGO, GOC wiU be equal to two riglU 
angles. 

For if it were more or less, the 
two straight lines AB, CD would 
meet on the one side or the other 
(Prop. 22.), and wmild not be pa^ 
ralleL 

Cor. 1. If GOC is a right 
angle, AGO will be a right angle 
also ; therefore every line perpen- 
dicular to one of two parallels is perpendicular to the other. 
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Cor. 2. Since the sum AGO-f GOC is equal to two right 
angles, and the sum 60D+60C is also equal to two, if GOC 
be taken from both, there will remain the angle AGO=GOD. 
Berides (Ptop. 5.), we have AGO=BGE, and GOI>=COF ; 
hence the four acute angles AGrO, BGE, GOD, COF are 
equal to each other. The same is tlie case with the four ob* 
tuse angles AGE, BGO, GOC, DOF. It may be obsenred> 
moreover, that, in adding one of the acute angles. to one of the 
obtuse, the sum will always be two right angles. 

Scholivm. The an^es just spoken of, when compared with 
each other, assume dinerent names. AGO, GOC, we have al<* 
ready named interior angies on the same side ; BGO, GOD 
have the same designation ; AGO, GOD are called alternate 
interior angles, or simply. aUemate ; so also are BGO, GOC : 
and lastly llGB, GOD, or EGA, GOC are called, re^)ecdve« 
ly, the opposite exterior cmd interior angles ; and EGB, COF, 
or AGE, DOF the cdtemate eooterior angles. This being pre^ 
mised, the following propositions may be considered as already 
demcmstrated. 

First. The interior angles on the same idde are together 
equal to two riglit angles. 

Second. The alternate interior angles are equal ; so likewise 
are the opposite exterior and interior, and the alternate exterior 
angles. 

Conversely, if in this second case, two angles of the same 
name are equal, the lines to which they refer will be parallel. 
Suppose, for example, the angle AGO=GOD. Since GOC+ 
GOD is equal to two right angles, AGO+GOC must also b^ 
equal to two, and (Prop. ^1.) the lines AG, CO must be 
parallel. 

PROPOSITION XXIV. THEOREM. 

Two lines AB, CD, parallel to a third, are parallel to each other. 

Draw PQR perpendicular to EF, and 
cutting AB, CD. Since AB is parallel to 
EF, PR will be perpendicular to AB (Prop. 
28. Cor. 1 .) ; and since CD is parallel to 
EF, PR will for a like reason be perpendi- 
cular to CD. Hence AB and CD are per- 
pendicular to the same straight line ; hence 
(Prop. 19.) they are parallel. 
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PROPOSITION XXV. THEOREM,. 

Twopa/raUels are every where equaUy distcmt 

Two parallels AB, CD being c H 
given, ii through two points as- 
sumed at pleasure, the straight 
lines EG, FH be drawn perpen- 
dicular to AB, those straight A. 
lines will (Prop. ^.) at the same 
lime be perpendicular to CD : 
and we are now to shew that they will be equal to each other. 

For, if GF be joined, the angles GFE, fGH, considered in 
reference to the parallels AB, CD, will be alternate interior 
angles, and therefore (Prop* ^3* Schol.) equal to each other. 
A£o, because the straight lines EG, FH are perpendicular to 
the same straight line AB, and consequently parallel, the angles 
EGF, GFH, considered in reference to the parallels EG, FH, 
will be alternate interior angles, and therefore equal. Hence 
the two triangles EFG, FGH have a common side, and two ad- 
jacent angles in each equal ; hence these triangles (Prop. 7.) are 
equal ; hence the side EG, which measures the distance of the 
parallels AB and CD at the point E, is equal to the side FH, 
which measures the distance of the same parallels at the point F. 

PROPOSITION XXVI. THEOREM. 

If two amgles BAC, DEF have their aides paraUeH^ each to each, 
and Jyvng in the same direction, those amgles mU he equal. 

Produce DE, if necessary, tiU it meets y /d 

AC in G. The angle DEF is equal to / j. / « 

DGC (Pw)p. 28.), since EF is parallel to / Z 

GC ; and the angle DGC is equal to -^ / ^ 

BAC, since DG is parallel to AB: hence ^ •</' " -ii 

the angle DEF is equal to BAC. us T 

Scholium. The restriction of this proposition to the case 
where the side EF lies in the same direction with AC, is neces- 
sary, because if FE were produced towards H, the angle DEH 
would have its sides parallel to those of the angle BAC, but 
would not be equal to it. In that ca^, D£H and BAC would 
be together equal to two right angles. 
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In every triangle^ the svm of the three angies is equal io two 
right cmgles. 

Let ABC be any trknsle. Produce the side 
C A towards D ; and, at the point A, draw A£ 
parallel to BC. 

Since AE, CB are parallel, and CAD cuts 
them, the exterior angle DAE will be equal to 6 ^ a> 

its interior opposite one ACB ; in like manner, since AE, CB 
are parallel, and AB cuts them, the alternate interior angles 
ABC, BAE will be equal : hence the three angles of the 
triangle ABC make up the same sum as the three angles, CAB, 
BAE, E AD ; hence (Prop. 2. Cor. 3.) that sum is equal to 
two right angles. 

Cor. 1. Two angles of a triangle being given, or merely thdr 
sum, the third will be found by subtracting that sum from two 
rig^t angles. 

Cor. 2. If two angles of one triangle are respectively equal - 
to two angles of another, the third angles will also be equal, 
and the two triangles will be mutually equiangular. 

. Cor. 3. In any triangle there can be but one right angle ; 
for if there were two, the third angle must be nothing. Still 
less can a triangle have more than one obtuse angle. 

Cor. 4. In every right-angled triangle, the sum of the two 
acute angles is equal to one right angfe. 

Cor. 5. Since every equilateral triangle (Prop. 12.) is also 
equiangular, each of its angles will be equal to the third part of 
a right angle ; so that if the right angle is expressed by unitjr, 
the angle of an equilateral triangle wul be expressed by f . 

Cor. 6. In every triangle ABC, the extenor angle BAD is 
equal to the sum of the two interior opposite angles B and C. 
rov^ AE being parallel to BC, the part BAE is equal to thp 
angle B, and the other part DAE is equal to the angle C. 

PROPOSITION XXVIII. THEOREM. 

The sum of all the interior an^s of a polygon is equal to as 
many times two right angles^ as there are units in the num^ 
ber of sides diminished by two. 

Let ABCDEFG be the proposed polygon. 
If from the vertex of any one angle A, diagonals b 
AC, AD, AE, AF, be drawn to the vertices 
of all the opposite ansles, it is plain that the aI 
polygon will be divided into five triangles, if it 
has seven »des ; into six triangles, if it has eight ; 




fti GEOMETRY. 

and) in general, into as manj triangles, all but two, as the poly- 
gon has sides ; for those triangles may be consider^ as having 
the point A for a common vertex, and for bases, the several 
sides of the polygon, excepting the two which form the angle A. 
It is evident, also, that the sum of all the angles in those tri. 
angles does not differ from the sum of all the angles in the pa* 
lygon: hence the latter sum is equal to as many times two 
right angles as there are triangles in the figure ; in other words, 
as there are units in the number of sides mminished by two. 

Cor. 1. The sum of the angles in a quadrilateral is equal to 
two right angles multiplied by 4—2, which amounts to four 
right angles : hence if all the angles of a quadrilateral are equal, 
each of them will be a right angle ; a conclusion which sane* 
tions our seventeenth Definition, where the four angles of a 
quadrilateral are asserted to be right, in the case of the rect- 
angle and the square. 

Cor. 2. The sum of the angles of a pentagon is equal to two 
right angles multipUed by 5 — ^S, which amounts to six right 
angles : hence when a pentagon is eqiuangular, each angle is 
equal to the fifth part of six right angles, or to | of one right 
angle. 

Cor. S. The sum of the angles of a hexagon is equal to 
2 X (6 — 2)y or ei^ht right angles : hence in the equiangular hexa- 
gon, each angle is the sixth part of eight right angles, or | of 
one. 

Scholium. When this proposition is applied to po- ^ — X 
lygons which have re-entrant angles, each re-entrant j ^ 

angle must be regarded as greater than two right / . / 

angles. But to avoid all ambiguity, we shall hence- \ ^^ 
forth limit our reasoning to polygons with salient ^^"^"""'"^ 
angles, which might otherwise be named convex polygons. 
Every convex polygon is such that a straight line, drawn at 
pleasure, cannot meet the contour of the pmygon in more than 
two points. 

PROPOSITION XXIX. THEOREM. 

The opposite sides and angles of a parallelogram are equal. ■. 

Draw the diagonal BD. The triangles 
ADB, DBC have a common side BD ; since 
AD, BC are parallel, they have also the angle 
ADB=DBC (Prop. 23.); and since AB, CD a 
are parallel, the angle, ABD=BDC : hence they are equal 
(Prop. 7) ; hence the side AB, opposite the angle ADB, is 
equal to the side DC, opposite the angle DBC ; and in Uke 
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maimer, AD the third Ade is equal to BC : hence the opposite 
sides of a parallelogram are equal. 

Again, since the triangles are equal, it follows that the angle 
A is equal to the angle C ; and also that the ai^le ADC, com- 
posed of the two ADB, BDC, is equal to ABC, competed of 
the two DBC, ABD : hence die opposite angles of a parallelo- 
gram are equal. 

Cor. Therefore two parallels AB, CD, included between two 
other parallels AD, BC, are equal. 

PBOPOSITIOX XXX. THEOREM. 

Ifffie cpposUesidesqfa quadrikUeral ABCD areeqttaly namehf, 
AB=CD, €md AD=BC, the equal sides will be paraUdy 
and the ^figure will be a parallelogram. 

For, having drawn the diagonal BD (see the preceding 
figure), the triangles ABD, BDC have all the sides of the one 
equal to the corresponding »des of the other ; therefore they 
are equal ; therefore the angle ADB> opposite the side AB, is 
equal to DBC, opposite CD ; therefore (Prop. 9&.) the side AD 
is parallel to BC. For a like reason, AB is parallel to CD : 
therefore the quadrilateral ABCD is a parallelogram. 

PROPOSITION XXXI. THEOREM. 

If two opposite sides AB, CD of a quadrilateral are equal and 
paraUdy the remaining sides wiU also be equal amd pa/raUel^ 
and the figure ABCD wSl be a parallelogram. 

Draw the diagonal BD (see the last figure). Since AB is 
parallel to CD, the alternate angles ABD, BDC are equal 
(Prop. 23.); moreover, the side BD is common, and the side 
AB — PC ; hence the triangle ABD is equal (Prop. 6.) to DBC; 
hence the side AD is eq^ual to BC, the angle ADB to DBC, 
and consequently AD is parallel to BC; hence the figure 
ABCD is a parallelogram. 
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' piioposiTioN xxxn. THE^IRiM: ; ^ 

Th^ t^^ diagwois ACt DB of a parattdogrcm divide each 
oiher into equal parts. :/.. 

For, comparing the triangles ADO, 
COB, we find the side AI)=CB, the 
angle ADO=CBO (Prop. 23.), and 
theangleDAO==OCB;hence(Prop. ^ 
7.) those triangles are equal ; hence 
AO, the side opposite the angle ADO, is equal to OC opposite 
OBC ; hence dso DO is equal to OB. 

Scholium. In the case of the rhombus, the sides AB, BC 
being equal, the triangles AOB, OBC hieiTe all the ndes df ife 
one equal to the corresponding sides of the other, aikl are there- 
fore equal ; whence it follows that the angles AOB» BOC are 
equal, and therefore, that the two diagonals of a rhombus cut 
each other at right angles. 
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THE CIRCLE, AND THE MEASUREMENT OF ITS AV6t.ES. 

Definitions. 

I. The circtm/erence of a circle is a 
curve line, all the points of which are 
equally distant from a point within, call- 
ed the centre. 

The circle is the space terminated by 
this curf e line. 

Note. In common language, the circle 
is sometimes confoundedwith its circum- 
ference : but the correct expression may 
always be easily recurred to, if we bear in 
mind that the circle is a surface which has length and l»*eadtb, 
while the circumference is but a line. 

II. Every straight line, CA, CE, CD, drawn from the centre 
to the circumference, is called a radius or semidiameter ; every 
line which, like AB, passes through the centre, and is termi- 
nated on both sides by the circumference, is called a diameter. 

From the definition of a circle, it follows that all the radii 
are equal ; that all the diameters are equal also, and each 
double of the radius. 

5 




III. A portion of the cirraniference^ such as FHO, is called 
an arc, 

- rJ^hit^chord qc* mibtense <^ aa arc is the straight line FGt, 
which joins its two extremities. 

IV. A segment/tniixe. sucfiice, or portion of a circle^ ixidud- 
ed between an arc and its chord. ; 

Note. In all ca^es, .the same ohprd FG belongs to two arcs, 
FHG, FEG, and consequently also to two segments : but the 
smaller one is always meant, unless.the contrary is expressed* 

V* A sector is the part of the circle included between an arc 
DE, and the two radii CD, CE, drawn to the extremities of 
the arc. 

VI. A lUie is said to be inscribed in a circle, 
when its extremities are in the circumferenoe, 
^AB. 

An inscribed angle is one which, like BAC, 
bas its vertex in the circumference, and is 
formed by two chords. 

An inscribed triangle is one which, like 
BAG, has its three angular points in the cir- 
cumference. 

And, generally, an inscribed fgure i9 one, of which all the 
angles have their vertices in the circumference. The cirde is 
said to circumscribe such a figure. 

VII. A HCOflKlk is a line which meets the dr«- 
citniference in two pcnnts. AB is a secant. 

VIII. A ta/ngent is a line which has but 
one point in com^Km with the circumfearence. 
CD 18 a tangent. ^ 

The point M is called ^e point of contact. 

IX. In like manner, two circumferences touch each other 
when they have but one point in common. 

X. A polygon is circumscribed about a circle , when all its 
ddes are tangents to the circumference (see the diagram of 
Prop. 6. IV.) : in the same case, the drde is said to be inscrib^^ 
in the polygon. 
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PROPOSITION I. THEOREM. 

iher^S^meter AB divides the cirde and Us circumfirince 
into two equal pa/rts. 

For, if the figure AEB be applied to AFB, 
their common base AB retaining its position, 
the curve line AEB must fall exactly on the 
icurve line AFB, otherwise there would, in 
the one or the other, be points unequally dis* 
tant from the centre, which is contrary to the 
definition of a circle. _ 

PROPOSITION IL THEOREM. 

Every chord is less than the diameter* 

For, if the radii AC, CD (see the last figure) be drawn to 
the extremities of the chord AD, we shall have the straight line 
AD^-iAC+CD, or AD.-rAB. 

Cor. Hence, the greatest line which can be inscribed in a 
circle is equal to its diameter. 

PROPOSITION III. THEOREM. 

A straight line cannot meet the circu/ir^erence of a circle in more 
than two points. 

For, if it could meet it in three, those three points would be 
equally distant from the centre ; and hence, there would be three 
equal straight lines drawn from the same point to the same 
straight line, which is impossible (Prop. 16. I.). 

PROPOSITION IV. THEOREM. 

In the same circle^ or in equal circles^ equal a/rcs are subtended 
by equal chords ; and, conversely^ equal chords subtend equal 
arcs* 

If the radii AC, EO are 
equal, and the arcs AMD, 
ENG ; then the chord AD 
will be equal to the chord 
EG. 

For, since the diameters 
AB, EF are equal, the semi- 
circle AMDB may be ap- 
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plied exactly to the semicircle ENGF, and the curve line 
AMDB will coincide entirely with the curve line ENGF. But 
the port AMD is equal to the nart £NG (Hyp.); hence the 
point D/will fall on G; hence tne chord AD is equal to the 
chord EG. 

Conversely, supposing again the radii AC, EO to be equal» 
if the chord AD is equal to the chord EG> the arcs AMDs 
ENG will be equal. 

For, if the radii CD, OG be drawn, the triangles ACD, 
£0G, having all their sides respectively equalj namely, 
AC===EO, CD=OG, and AD=EG, are themselves equal; 
and, consequently, the angle ACD is equal EGG. Now, placing 
the semicircle ADB on its equal EGF, since the angles ACD, 
EGG are equal, it is plain that the radius CD will fall on the 
radius OG, and the pomt D on the point G; therefore the aro 
AMD is equal to the arc ENG. 

PROPOSITION V, THEOREM. 

I» the same circle^ or in equal circles^ a greater arais stibtended 
by a greater chord, and conversehfy — the arcs being always 
supposed to be less than a senddrcumference. 

Let the arc AH be greater than AD (see the preceding 
figure) ; and draw the dbords AD, AH, and the radii CD, 
CH. The two sides AC, CH of the triangle ACH are equal 
to the two AC, CD of the triangle ACD, and the angle ACH 
is greater than ACD ; hence (Prop. 10. I.) the third side AH 
is greater than the third AD ; hence the chord, which subtends 
the greater arc, is the ^eater. 

Conversely, if the chord AH is greater than AD, it will fol- 
low, on comparing the same triangles, that the angle ACH is 
greater than ACD ; and hence, that the arc AH is greater 
man AD. 

Schclmm. The arcs here treated of are each less than the 
semicircumference. If they were greater, the reverse pro^ 
perty would have place ; as the arcs increased, the chords would 
diminish, and conversely. Thus, the arc AEBD beins greater 
than AEBH, the chord AD of the first is less than uie chord 
AH of the second. 
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PROPOSITION VI. THEOREM. 

TVte radiui CG, at right angies to a diord AB, divides it, tmd 
the subtended a/rc AGB, each into two equal parts. 

Draw the radii CA, CB. These radii 
considered with regard to'theperpendicu- 
lar CD, are two equal oblique lines; hence 
(iProp. 16. I.) they lie equally distant 
from that perpendicular : hence AD is 
equal to Al). 

Again, ance AD, DB are equal, CG is ^ 
a perpendicular erected from the middle of 
AB; hence (Prop. 17. 1.) every point of 
this perpendlicular must be equally dis- 
tant from its two extremities A and B. Now, G is one of those 
points ; therefore AG, BG are equal. But, if the chord AG 
is equal to the chord GB, the arc AG will be equal to the arc 
GB ; hence, the radius CG, at right angles to the chord AB, 
divides the arc subtended by that chord into two equal parts at 
the pomt G. 

Scholium. The centre C, the middle point D of the chord 
AB, and the middle point G of the arc subtended by this 
chord, are three points situated in the same line perpendicular 
to the chord. But two points are suiBeient to determine the 
position of a straight line ; hence every straight line .whkb 
passes through two of the points just mention^, will necessarily 
piss through the third, and be perpendicular to the chord. 

It follows^ likewise, that the perpendicular^ raksed Jrom the 
middle of a dhord, parses through the centre^ and Arough the 
middle of the arc subtended by mat chord. 

For this perpendicular is identical with the one let fall from 
the centre on tne same chord, since both of them pass throu^ 
the middle of the chord. 

PROPOSITION VII. THEOREM. 

Through three given points A, B, C, not in the same straight 
line, one circumference m^Jiy always he made to pass, and but 
one. 

Join AB, BC; and bisect those 
str^ght lines by the perpendiculars 
DE, FG : we assert first, that DE 
and FG, will meet in some point O. 

For, they must necessarily cut each 
other, if they are not parallel. Now, 
suppose they were parallel, the line 
AB, which is perpendicular to DE, 
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^^uld also be perpendicular to Ffi :<93. 1.) ; and the «ndb K 
would be a ri^t angle; but BK, the production joI nD^h 
Afferent from BF, because the three points A» B, C are not in 
the same straight line ; hence there would be two' perpendi- 
culars, BF, BE, let &il from the same point oh the same 
gtraight line, which (15. 1.) is impossible; benoe DE, F6 will 
always meet in some point O. 

And moreover, this point O, since it lies in the perpendicuUr 
DE is equally distant from the two points, A and B (17. 1.); 
the same point O, since it lies in the perpendicular F6, is ako 
equally distant from the two points B and C : hence the three dis- 
tances OA, OB, OC, are equal ; hence the circumference da- 
scribed from the centre O, with the radius OB, will pass 
through the three given points A, B, C. 

We have now shewn that one circumference can always be 
made to pass through three ^ven points, not in the samp 
straight line : we assert farther, that but one can be made tp 

pass. 

For, if there were a second circumference passing through 
the three given points A, B, C, its centre could not be out of me 
line DE (17. !•)> ^^^ ^^^^ ^^ would be unequally distant from 
A and B ; no more could it be out of the Ime tG, for a like 
reason; therefore, it would be in both the lines D£, FG. 
But two straight lines cannot cut each other in more than one 
point; hence there is but one circumference which can pasft 
through three given points. 

Cor. Two circumferences cannot meet in more than two 
points ; for, if tbey have tliree common points, they must have 
uesame centre, and form one and the same drcumference. 

PROPOSITION VIII. THEOREM. 

TzffO equal chords are equally distant from the cen^e; a/ndef 
two unequal chords , the less isjmrtherjrom the centre. 

First Suppose the chord AB=I)E. 
Bisect those chords by the perpendicu- 
lars CF, CG, and draw the radii CA, 

CD. 

In the right-angled triangles CAF, ©i 

DCG, the hypotenuses CA, CD are 
equal; and the side AF, the half of AB, 
is equal to the side DG, the half of DE: 
hence the triangles are equal (18. I.), 
and CF is equal to CG ; hence (frst) 
the two equal chords AB, DE, are ' 
equally distant from the centre. 
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Second^ Let the ctKnrd AH be greater than DE*. The aic 
AKH (5. II.) will be greater than DME : cut c^ from die 
former, a part equal to the latter, ANB = DME ; draw ihfi 
chord AB, and let fall CF perpendicular to this chinxl, and CI 
perpendicular to AH. It ut evident that CF is greater than 
CO, and CO than CI (16. 1.) ; therefore, CF is atiU greater 
Ihan CI. But CF is equal to C6, because the chords. AQf 
DE, are eoual ; hence we have CG :p^ CI ; hence of: twq nth 
equal chorosi the less is the further bom the centre. ^■ 

. • *■' 

PROPOSITION IX. THEOREM. 

7^ straight ^J^^ perpendicular to the radhia CA, andpaisHng 
Ihrofugh its extremity J is a tangent to the drcmr^irence. 

For (16. I.) every oblique line 2 a ' » © 

CE, is longer than the perpendicu- 
lar C A ; hence the point £ is with- 
out the drcle; hence BD has no 
point but A common to it with 
the circumference; hence BD 
{Def, 8. II.) is a tangent. 

Scholium. From a given point A, no more than cme tan- 
gent AD can be drawn to the circumference; for if another 
oouldbe drawn, it would not be perpendicular to the radius 
C A ; hence, in reference to this new tangent, the radius AC 
would be an oblique line, and the perpendicular let fall from 
the centre upon this tangent would be snorter than CA ; hence 
this supposed tangent would enter the circle, and be a secant. 

PROPOSITION X. THEOREM. 

Two parallels AB, DE, intercept eqtlal arcs MN, PQ, on the 
drcu/mference. 

There may be three cases. 

First. If the two parallels are secants, 
draw the radius CH perpendicular to 
the chord MP. It will, at tne same time, 
be perpendicular to NQ (23. 1.); there- 
fore, the pomt H (6. II.) will be at once 
the middle of the arc MHP, and of the 
arc NHQ ; therefore, we shall have the 
arc MH=HP, and the arc NH=HQ; 
and therefore MH— NH=HP— HQ ; 
in other words, MN=PQ. 
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Second. Wheii) of the two piraUels ]». 
AB, DE, one is a sedKUl^ tlieother a 
taiq^eiity draw the radius CH to the 
Doint of contact H; it wiQ be perpen- 
dictilar to the taneent DE (9. IL)^ 
ind also toits pamffel MP. Bat, ance 
CH is perpendicular tathe chcmi MP, 
the point H must be the middle of 
the arc MHP; therefore the arcs 
MH, HP, induded between the pa^ 
raUels ABj DE^ are equal. 

Third. If the two parallels D£, IL are tangents, the one at 
H, the other at K, draw the pandlel secant AB ; and, fh)tti 
what has just been diewn, we shall have MH=HP, MK=^KP ; 
and hence the whole arc HME=HPE. It is farther evi- 
dent that each of these ares is a semidbrcumference. 




PROPOSITION XI. THEOREM. 

If two circles cut each other in two points y the line which pcuses 
through their centres^ will be perpendicular to the chord which 
joins the points of mtersection, and wiU dkndeit into two 
equal parts. 

For the line AB, which joins the points of hitersectaon, is a 
chord common to the two drcles. Aid if a perpendicular be 





erected from the middle of this chord, it will pass (6L II.) 
through each of the two centres C and D. But no more than 
one straight line can be drawn through two points; hence the 
straight une, which passes through the centres^ will bisect the 
chord at right angles. 
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PROPOSITION XII. THBORSM. ' 

(f (he disUmce between the centres qftt(>o circles istess Aani^ 
mm of the rddiiy the greaJter radim b^iiig ^ ^ iumietimi 
Ues^umAe sum <^ the smaller and the dkki/im^i^^ 
centresy the two circles wiM cu4 each cffmr. 



. I 



Foil to make an mtersecticm potsiUe, the irinoi^ C A]3f (see 
the preceding figure) must w po(9aibl& H€m)^>. Vft^ Pf^ 
must we have CD .^ AC + AD, but aba the gnpateTi nu^H^ 
AD ..c^ AC + CD. And> whenever the triao^e lCA9^ ycan 
be conatructed,^ it laplaiti that the eitoles descviMfiroBa ihe 
^eatles Cund D9 will eut each other in A and B« ^. 



- f 



I' 



~  '.i f 



i,-j 



PROPO8ITIOK XIIL THBORBNi 'i 
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ffthe distamce CD, between the centres qftwoLdrcles is equal to 
the sum of their radii C A, AD, those two jcirdes ztnU touch 
eijuh other e^ictemaUy. 

" Thst will evidently have the point 
A common, and they will have no 
filler ; because if thjey had two points 
common, the distance between th^ir 
centres must be less than the sum of 
their radii. 




PROPOSITION XIV. THEOREM. 



If the distance CD, between the centres of two circks'y is equal to 
the difference qf their radii C A, AD, ^ose two cirdes wHl 
tovdh eaich other eoptemalfy. .:..,>( 



It is evident, as before, that they will 
have the point A common : they can have 
no other ; because, if they had, the greater 
radius AD (12. II.) must be less than the 
sum of the radius AC and the distance be- 
tween the centres, which it is not. 
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FSOPOSITIOH XV. THGOBBM. 

In the same ctrcfe, or in equid ctrdei, the equal anglet ACB, 

. DCE, havifng their verges *n the centre, wUercept equal 

area AB, DE, on the circumfh'ence : and conven^, if the 

area AB, DE are equal, the angles ACB, DCE »i^ tdto be 

equal. 

F^rat. Since the angles ACB« 
DCE are eqari, tbey may be 
placed upcHi each other; and 
nitce their jndes are equd, ^e 
prant A will eTidently fall on J), 
and the pcunt B on E. Bat, in 
that case, the arc AB must also 
fall en the arc BE ; for if tbey did not exactly crandde, tb«e 
would} in the one or the other, he ptnnts uneq^ually distant &om 
the centre ; which is impossible : hence the arc AB is equal to 
DE. 

Second^. If we suppose AB=DE, the angle ACB will be 
equal to DCE. For u those angles are not equal, let ACB be 
the greater, and let ACI be taken equal to DCE. From what 
has just been ^wn, we shall have AI=DE : hut, ij '^TP?' 
thesis, AB is equal to DE ; hence AI must be equal to AB, 
the part to the whole, wluch is absurd : hence the angle ACB 
is equal to DCE. 

FBOPOSITION XVL THBOBEM. 

In the aame circle, or tn equal circles, if two angles at the centre 

 ACB, DCE are to each other in the proportion {/" tuo v^ole 

numbers, the intercepted arcs AB, DE vb*B, be to each other 

in M« proportion of the same numbers, tmd we shall have the 

angle ACS, : an^ DCE : : arc AB : arc DiE. 




Suppose, for example, Uiat the angles ACB, DCE are to 
each other as 7 is to 4 ; or, which is mc! same diing, suppose 
that the angle M, wbaj] may serve as a common measure, is 
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contmned 7 times in the angle ACB and 4 tiiaes in DCE. The 
seven partial angles AC??!, mCn, nCp, &c., into which ACB 
i» divided, being each equal to an j of the four pankd aogka 
into which DCE is diyided ; each of the if3«ctial arcs A#i, ikfi, 
npy &C.J will (15. II.) 1)e equal to each M the partial arcs A^, 
ay^ &c. Therefore the whole arc AB will be to the whde arc DE 
as 7 is to 4. fiut the same reasoning would evidently apply, if 
in place of 7 and 4 any numbers whatever were empdj^ ; 
hence, if the ratio of the angles ACB, DCE can be expresged in 
whole numbers, the arcs AB, D£! will be to each other as liNi 
angles ACB, DCE. 

SchaUum. Conversely, if the arcs AB, DE ariB to each odm 
as two whole numbers, the angles, ACB| DCE will be to 
each othef as the same whole numbers, and we shall have 
ACB : DCE : : AB : DE. For the partial arcs. Am, mn^ bta 
and Day xgf^ &c being e^ual, the partial angles ACia, mCn^ 
&c and DC a?, xCy^ &c. will also be equal. 

PROPOSITION XVII. THEOREM. 

Whatever he the ratio of the two angles ACB, ACD, those heo 
migles witt cixom/s he to each oiher as the arcs AB, AD in^ 
tercep^ ietweeti their sides ^ and descrihedjrom their vertices 
^ eSfUreSy zMh equal ttuMi. 

Let the less angle be placed 
on the ^ater. If the pro- 
position IS not tnie^ the angle 
ACB will be to the angle 
ACD as the arc AB is to an 
arc greater or less than AD. 
Suf^pose this arc to be great- 
er, and let it be represented by AO ; we shall thus have the 
angle ACB : angle ACD : : arc AB : arc AO. Next conceive 
the arc AB t6 be divided into equal parts, each bt which is less 
than DO ; there will be at least one point of division between 
D and O ; let I be that point ; and join CI. The arcs AB, 
AI will be to each other as two whole numbers, and by the 
preceding theorem, we shall have the angle ACB : angle ACI :: 
arc AB : arc AI. Comparing these two proportions with each 
other, and observing that the antecedents are the same, we infer 
that the consequents are proportional, and thus we find the 
angle ACD : angle ACI : : arc AO : arc AI. But the arc AO 
h greater than ifce arc AI ; hence, if tins propordoh is true, 
the angle ACD mufet be j^e^ter than the angle ACI : t>n thte 
contmry, hoNr^ver, it is less; hence the angle ACB cahttot 




BOOK II. 35 

be to the angle ACD as the arc AB is to an arc greater than 
AD. 

By a inrooess of reasoning entirely similar, it may be shewn 
that the fourth term of the proportion cannot be less than AD ; 
hence it is AD itself; hence we have 

*Angle ACB rangle ACD: : arc AB: arc AD. 

Cor. Since the angle at the centre of a circle, and the aic 
interested by its sides, have suchi a comiexioni that if the one 
be augmented or diminished in any rado, the other will be aug« 
mented or diminished in the same ratio, we are authorised to 
establish the one of those magnitudes as the measure of the 
other ; and we shall henceforth assume the arc AB as the meiu 
sure of the ai^le ACB. It is only required that, in the com- 
parison of angles with each oth^, the arcs which serve to mea^ 
sure them, be described with equal radii, as all the foregoing 
pr<^X)8itions imply. 

Schdlivm 1. It appears most natural to measure a quantity 
by a quantity of the same species ; and upon this principle it 
would be convenient to refer all angles to the right angle; 
which, being made the unit of measure, an acute angle would 
be expressed by some number between and 1 ; an obtuse 
angle by some number between 1 and 2. This mode of ex- 
presang angles would not, however, be the most convenient in 
practice ; it has been found more dmple to measure them by 
arcs of a drcle, on account of the facility with which arcs can 
be made equal to given arcs, and for various other reasons. At 
all events, if the measurement of angles by arcs of a circle is in 
any degree indirect, it is still equdly easy to obtain the direct 
and absolute measure by this method ; since, on comparing 
th^ arc which serves as a measure to any angle, with the fourth 
part of the circumference, we find die ratio of the given angle 
to a right angle, whidi is the absolute measure. 

SchoUvm 3. All that has been demonstrated in the last 
three propositions, concerning the comparison of angles with 
arcs, hcJds true equally, if applied to the comparison of sectors 
with arcs ; for sectors are not only equal when their angles are 
so, but in all respects proportional to their angles ; hence two 
secUyrs ACB, ACD, taken in the same circle^ or in equal circles^ 
are to eachoiher as the arcs AB, AD, the bases qftnose sectors. 
It is hence evident that the arcs of the circle, which serve as 
a measure of the different angles, may also serve as a measure 
of the different sectors, in the same circle, or equal circles. 
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PROPOSITION XVIIL THEOREM. 

The inscribed imgle BAD ie measured by Judf {he arc BD, iih 
eluded between its sides. 

Let us first suppose that the centre of 
the drcle lies within the angle BAD. Draw 
the diameter AE, and the radii CB, CD. 

The apgle BCE, bang exterior to the 
triangle ABC, is equal to the sum of the 
two interior angles CAB, ABC (28.1): but|^ 
the triangle B AC bdng isosceles, the angle 
CAB is equal to ABC; hence the angle 
BCE is double of BAC. Since BCE lies at » 

the centre, it is measured by the arc BE ; hence BAC will 
be measured by the half of BE. For a like reason, the 
angle CAD will be measured by the half of ED ; hence B AC4- 
C AD or BAD will be measured by the half of BE + ED or of 
BD. 

Suppose, in the second place, that C the 
centre lies without the angle BAD. Then, 
drawing the diameter AE, the angle BAE 
will be measured by the half of BE ; the 
angle DAE by the half of DE : hence their 
difference BAD will be measured by the 
half of BE minus the half of ED, or by the 
half of BD. 

Hence eveiy inscribed angleis measuredby 
the half of the arc included between its sides. 
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Cor. 1. All the angles BAC, BDC, 
inscribed in the same segment are equal ; 
because they are all measured by the half 
of the same arc BOC. 



Cor. 2. Every angle BAD, inscribed in a 
semidrcle, is a right angle ; because it is mea- 
sured by half the semicircumference BOD, 
that is, by the fourth part of the whole circum- 
ference. 

To demonstrate the same property another 
way, draw the radius AC : the triangle BAC 
is isosceles, hence the angle BAC:=:ABC ; the triangle CAD is 
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also isosceles, hence the angle CAD=ADC; hence BAC+CAD, 
or BADrrABD+ADB. But if the two angles B and D of 
the triangle ABD are together equal to the third BAD, all the 
three angles will be together equal to twice BAD ; we already 
know that they are equal to two right angles ; therefore BAD 
is equal to one. 

Cor. 3. Every angle BAG (see the ^tiagram of Cor. 1.) in- 
scribed in a segment greater than a semicircle, is an acute angle ; 
fcr it is measured by the half of the arc BOG, less than a senu- 
circumference. 

And every angle BOG, inscribed in a segment less than a 
semicircle, is an obtuse angle ; for it is measured by the half of 
the arc BAG, greater than a semicircumference. 

Cor. 4. The opposdte angles A and G, of 
an inscribed quaarilateral ABCD, are to- 
gether equal to two right angles : for the 
anglesBADis measured by half the arc BGD, 
the angle BGD is measured by half the arc 
BAD ; hence the two angles BAD, BGD, 
taken together, are measured by the half of 
the circumference ; hence their sum is equal 
to two right angles. 

PROPOSITION XIX. THEOREM. 

The angle 3ACyjftynned by a tcmgent cmd a chordy is meas\ 
by theha^qf^ arc AMDG, included between its sides. 

From A, the point of contact, draw 
the diameter AD. The angle BAD is 
light (9. II.) and is measured by half the 
drcumference AMD ; the angle DAG is 
measured by the half of DG: hence 
BAD + DAG, or BAG is measured by 
the half of AMD plus the half of DG, or 
by half the whole arc AMDG. 

It might be shewn, in the same manner, 
that the angle GAE is measured by half the arc AG included 
between its sides. 
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PROBLEMS £E]uATINa TO THE FlftST TW<^ ^pQKS. 



PROBLEM L 

To divide the given straight line AB into txoo equal parts^ 

From the points A and B as centres, with 
a radius greater than the half of AB, de- 
scribe two arcs cutting each other in B ; the 
E>int B will be equaUy distant from A and 
. Find, in like manner, above or beneath 
die line AB, a second point E, equally dis — |. 






tant frcmi the points A and B ; through ^ 
the two points D and E, draw the line DE : 
it will bisect the line AB in C. 



» 
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For the two points D and E, being e^h 
equally distant from the extremities A and B^ must both lie in 
the perpendicular raised from the middle of AB- But only 
one straight line cw pass through two giycA po^Qts ; bpnp^ ^e 
line DE must itself be that perpendicular^ which PMis A9 iota 
two equal parts at the point C. 

PROBLEM IL 

At a given point A, in a given straight line BC, to erect a per- 
pendicular to that Une, 

Take the points B and C at equal dis- vL 

tances from A ; then from the points B and 
C as centres, with a radius greater than BA, 
describe two arcs intersecting each other ki 
D ; draw AD : it will be the perpendicular ^ 
required. 

For the point D, being, equally distant from B and C^ beJoDgs 
to the perpendicular raised from the middle of BC ; tbenfi|re 
AD is that perpendicular. 

Scholium. The same construction serves for making a Pght 
angle BAD, at a given point. A, on a ^ven sdiiaght l^i|e BC. 

PROBLEM IIL 

From agivenpovnt A, without the straight line BP, to ytJoU 
a perpendtcuiar on that line. 

From the point A as a centre, and with 
a radius sufficiently great, describe an arc 
cutting the Une BD in the two points B 
and D; then mark a point E, equally 
distant from the points B and D, and 
draw AE : it will be the perpendicular re- 
quired. 





For, the two points A and E are each equally distant from 
the pcHnts B and D ; henoB the liiK9 AfS is a perpendicular pass- 
ing through the middle of BD. 

PROBLEM IV. 

At the point A in ihe line AB, to make an a/ngle equal to the 
given angle K. 

From the vertex E as a c^tre, ^ ^ OOD. 

with any radius^ describe the arc 
IL9 terminating in the two sides 
of the angle ; from the point A as ^' 
a centre, with a cjistance AB equal 
to EI, describe the indefinite arc BO ; then take a radius equal 
to the chord LI, with which, from the point B as a centre^ de- 
scribe an arc cutting the indefinite one BO, in D ; draw AD ; 
and the angle DAB will be equal to the given angle E. 

For the two arcs BD, LI have equal rami, and equal chords ; 
hence they are equal (4. II.); hence the angles BAD, lEL 
meamired Dy them are equal. 

PROBLEM V. 

To divide a given angle, or a given arc, into two equci parts. 

FirsL Let it be required to divide the arc 
AB into two equal parts. From the points 
A and B as centres, ynih the same radius, 
describe two arcs cutting each other in D ; 
through the point D and the centre C, 
draw CD : it will bisect the arc AB in the 
point E. 

For the two points C and D are each 
equfdly dUtant firom the extremities A and 
B of the diord AB ; hence the line CD 
bisects the chord at right angles ; hence (6. II.) it bisects the 
arc AB in the point £, 

Secondly. Let it be required to divide the angle ACB into 
two equal parts. We begin by d^scribm^, from the vertex C 
as a centre, the arc AB ; which is then bisected as above. It 
is plfdn that the line CD will divide the angle ACB into two 
equal parts. 

Scholium. By the same construction, each of the halves AE, 
£B may be divided into two equal parts ; and thus by succes- 
sive subdivisions, a given angle or a ^ven arc may be divided 
into four equal parts, into eight, into sixteen, and so on. 
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PROBLEM VI. 

Through a given point A, to draw a parallel to a given 
straight line BC. 

From the point A as a centre, with ^r W * 

a radius sufficiently great, describe the 

indefinite arc EO ; nom the point E 

as a centre, with the same ramus, de« ^ mx» 

scribe the arc AF ; take EO:f=AF, o 

and draw AD : this will be the pa« 

rallel required. 

For, jcnning AE, the alternate an^es A£F, EAD are £id. 
dently equal ; dierefore (23. I.) the lines AD, EF ar^ pa. 
rallel. 




PBOBLBM VIL 

Two amg^s A and B of a triangle being given, tojind the third. 



Draw the indefinite line DEF; 
at the point E, make the angle 
DEC = A, and the angle 
CEH=:CB: the remaining angle 
HEF will be the third angle 
required ; because those three g- 
angles are together equal to two 
ri^t angles. 




PROBLEM VIIL 



Tzffo sides B and C of a triangle^ and the a/ng^ A ti^i^hthi^ 
contain^ being given, to describe the triungk. 

Having drawn the indefinite line 
DE ; at the point D, make the angle 
EDF equal to the riven angle A; 
then take DG==:B, DH=C, and draw 
GH; DGH will be the triangle re- 
quired. 




■^n 
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PROBLEM IX. 

A Me and two a/ngka tfa triangle being gwmy 0'deecribe the 
trimgle. . '^ 

The two angles will either be both adja- 
cent to the given aide, or the one .mfl^ 
cent and the other (^poate : in the latter 
case, find the tlurd angle (Frob« 7.) ; and 
the twaadjaoa^t angles will thus be known : ^ 
in the former case, draw the straight line 
DE equal to the given side ; nt the poihtD^ make an angle EDF 
equal to one of uxq adjacent angles, and at £, an. angie DEG 
equal to the other; the two lines DF, EG-^ wUl cut i^ch other 
in H ; and DEH will be the triangle required. f 

PROBLEM X. 

The three rides A, B, C q^ a iria^igk being given^ to describe 
the tria/ngk. 

Draw DE equal to the Ade A; 
from the point JS as a centre with a 
radius equal to th^ second side B^ 
describe an arc ; from D as a c^tre 
with a radius equal to the third i»de 
C, describe another arc intersecting D 
tlMs fcMrmer in F ; draw DF, EF ; and j^^ 
DEF will be the triangle required. 




Bk 



Scholium. If one of the ades were C ►- ^— h 

greater than the sum of the other ; , , ; 
two, the arcs would not intersect eacli other : but die solutiqn 
will always be possible, vfhea the sum of two ades, anyhow 
taken, is greator than the thira. 
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PBOBLEH Xir. 

7%-oitgk a given pohit to drim a tangent to a givmcirt^. 



Ifthe oireii poiot Alies la the circum- 
ference, £«w tne radiu« CA, and erect AD 
perpendicular to it : AD (9. II.) will be the 
tangent required. 



If the point A lies without the circle, 
j(nn A aiM the centre by the straight line 
CA ; bisect CA in O; from O ae a centre, 
with the radius OC, describe a circle inter- 
aectinff the given drcumfi^rence in B ; 
join AB: this will be the tangent required. 

For, drawing CB, the au^e CBA being I 
inscribed in a senucircle is a ri|t^t angk \ 
(18. II.) ; th^^fbre AB is a perpendicu- 
lar at the extremi^ of the radius CB ; 
therefore it is a tangent. . 

Scholium. When the point A lies with- 
out the circle, there will evidently be always two equal tangents 
AB, AD, pasuDg through the point A : they are equal, be- 
cause the ' right-angled triangles CBA, CDA have the hypo- 
tenuse CA common, and the side CB=CD ; hence they are 
equal : hence AD is equal to AB, and also the anele CAD to 
CAB. ^ ^ 

PBOBLEH XV. 

To inscribe a cirde in a given triangie ABC. 

Bisect the angles A and B, by 
the lines AO and BO, meeting in 
the point ; fixnn the point O, 
let fall the perpendiculars OD, 
0£, OF, on Ute three ndes of the 
triangle: these peipendiculars will 
allbe equal. For, byconstruction, ^ 
we have the angle 'DAO=OAF, 
the right angle ADO=AFO ; hence the third angle AOD ' 
is equal to the third AOF. Moreover, the si(w AO is 
common to the two triangles AOD, AOF ; and the angles ad- 
jacent to the equal side are equal : hence the triangles them- 
selves are eqiuu; and DO is equal to OF. In the same man- 
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ner it may be shewn that the two triangles BOD, BOE are 
equal ; therefore OD is equal to OC ; therefore the three per- 
pendiculiffs OD, OE, OF are all equal • 

Now, if from the point O as a centre, with the radius OD, 
a circle be described, this circle will evidently be inscribed in 
the triangle ABC ; for the side AB, being perpendicular to the 
radius at its extremity, is a tangent ; and the same thing is true 
of the sides BC, AC. 

Scholivm. The three lines which bisect th^ angles of a tri- 
angle meet in the same point. 

PROBLEM XVI. 

On a given straigM line AB, to describe a segm&nt containmg 
a given angle C, tJuxt is io say^ a segment such tiiat aU the 
cm^s inscribed in it shall be egtud to the given ofigie C. 
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Produce AB towards D ; at the point B, make the angle 
DBE?=C ; draw BO perpendicular to BE, and GO perpendi- 
cular to AB, and bisecting it ; and from the point O, where 
those perpendiculars meet as a centre, with a aistance OB de* 
scribe a circle : the required segment will be AMB. 

For since BF is a perpendicular at the extremity of the ra- 
dius OB, it is a tangent, and the angle ABF (19. II.) is mea- 
sured by half the arc AEB. Also the angle AMB, being an 
inscribed angle, is measured by half the arc AKB : hence we 
have AMB=ABF=£BD=C : hence all the angles inscribed 
in the segment AMB are equal to the given angle C. 

Scholium. If the pven angle were right, the required seg- 
ment would be the semicircle described on the diameter AB. 
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PBOBLBM XVU. 

Topid ike numerical taiio of two given ^ralght Uhei AR9 
CBy those Jmea being supposed to have a common tneasure. 

From the gteater AB cut off a part eqilal io the less 
CD, as mniij times a^ Jposaible ; for example, twtoe, with 
the remainder BE. 

From the line CD, cut off a part equal to the remain- 
der BE, as many times as possiole ; once, for example, ' 
with the remunaer DF. 

From the 6rst remainder BE, cut off a part eaual to 
the second DF, as many times as poadble ; once, for ex* I 
aniple, inith the remainder B6. . ^ 

From the second reminder DF, cut off a part equal 
to B6 the third, as manj times as posdUe. 

Continue tliis process, till a remainder occur, which is _ 
contained exactiy a certain number of tibaes in the pre- 
ceding one. ^ 

Then this hat remainder will be the common measure of the 
proposed lines ; and regarding it as unity, we shall easily find 
the values of the jpreceding remainders ; and, at last, those of 
the two proposed fines, and hence their ratio in numbers. 

Suppose, for instance, we find 6B to be contained exactly 
twice in FD ; B6 will be the common measure of the two pro- 
posed lines. Put B€h=:l ; we shall have FD==ft : but EB 
contains FD once, plus 6B ; therefore we have £B==3 : CD 
contains EB once^ plus FD ; therefore we have CD=s5 : and, 
iasUy, AB contains CD twice, plus £B ; therefore we have 
AB=sl3 ; hence the ratio of the lines is that of 13 to & If 
the line CD were taken for unity, the line AB would be y ; 
if AB were taken for unitVi CD would be ^j. 

SchoHumt. The . methoa just explained is the same as that 
employed in arithmetic to find the common divisor of two num- 
bers : it has no need, therefore, of any other demonstration. 

How far soever the operation be continued, it is possible that 
no remainder may ever oe found, which shaJl be contained an 
exact number of times in the preceding one. When this hap- 
pens, the two lines have no common measure, and are said to 
DC incommen^wrcMe. An instance of this will be seen after- 
wards, in the ratio of the diagonal to the side of the square. In 
those cases, therefore, the exact ratio in numbers cannot be 
found : but, bv neglecting the last remainder, an approximate 
ratio will be obtained, more or less correct, accordmg as the 
operation has been continued a greater or less number of times* 
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Two at^gies Xand B betnggivenf iojhid fheit tmmcn nUOHifif 
y^ikej^ hmf$ Me, and kjf meaum qfU iMr rmlioin ^mmbers. 

With equal radii describe the 
ai«6 CD) BiP, to Beayt as mei^ 
sures for the angles : proceed af- 
Utrwwtd$ in the oompittisoii of the 
area CD> EF, A» in the last ptp^* 
blem, since an arc may be cut off 
from an arc of the sai^ radiits^ . 
as a straight line from a slirai^^t line- We shall thus arrive at 
the common measure of the $rcs CPi, £F, if thejr IfAve ao0^ 
and thereby at thdr ratio in numbers. This ratio (17. II.) 
will be the same as that of the given angles ; and if DO b the 
common measure of the arcs, D AQ will be that of the angles. 

SdioRttm. According to this method^ the absolute value of an 
angle may be found by comparing the arc which measures it to 
die whole drcumference. If the arc CD, for example, is to 
the drcumference as 8 is to 25» the angle A will be ^ of four 
right angles, or }| of one right angle. 

It may ako happen that the arcs compared have no common 
measure ; in whicn case, the numerical ratios of the an^es will 
only be found approximatdy with more or less correctness, ac* 
coraing as the operation has been continued s greater or less 
number of times. 
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THB PB9F0BTI0NS W FIGUBEg. 

t 

Definitions^ 

1. We shatl give the name eqaivdlenl Jlgures to such as 
have equal surfaces. 

Two figures may be equivalent though very dissimilar : a 
drcle, for instance, may be equivalent to a square, a triangle to 
a redtangle. 

The denomination, eqiud figwresy we shall reserve for such 
as, t^hen applied to each other, coincide in all their points : of 
this kmd are two c^les, which have equal radii ; two tiiangles, 
irfaioh luKve idl thtir udes equal respectively^ Ivc 
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II. Two figures are similar^ when they have thdr angles 
equal each to each, and their homologwia &ides propcnrtional. By 
homologous sides, are understood those which have a corre- 
landing position'' in the two figures, or ^iiich lie adjacent to 
equal ang^. Hiose angles themselves ate called homologoics 

Two equal figures are always similar ; but two similar figures 
may be very unequal. 

III. In two dirorent orcles, similar arcSj sectors^ segmefUSy 
are those which correspond to equal angles at the centra 

Thus, if the angles A and O be equal, 
the arc BC will be similar to the arc DE, 
the sector ABC to the sector ODE, &e. 




IV. The allude of a paraliek^ram is the 
perpendicular EF which measures the dis- 
tance of two opposite sides AQ, CD, taken 
as bases. '^ 



V. The aUUude of a triangle is the 
perpendicular AD let fall from the 
vertiex of an angle A, on the opposite 
side BC taken as a base. 
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VI. The aUittideof a trapjesium is the perpen- 
dicular EF drawn between its two parallel sides 
AB, CD. 

VII. The area and the surface of a figure are terms very 
nearly synonimous. The area designates more particularly the 
supenicial extent of the figure, in so far as it is measured, or 
compared to other surfaces. 

Note. For understanding this Book, and those that follow, the 
reader will require to be master of the theory of proportions, 
for which we refer him to the common treatises on arithmetic 
and algebra.* We shall only make one remark, which is of great 
importance for determining the true meaning of propositions, 
and dissipating any obscurity that inay occur either in the 
enunciations or the proofs. 

The proportion A : B : : C : D being given, it is well known 



* A short sketch of the subject has been preixed tQ th^)^^Btnt tr»usla« 
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that the product of the extremes AxD is equal to the product 
of the means B X C. 

This truth is inc^sputable, tso far as concerns numbers : it is 
equally so in regard to ma^tudes of any kind, provided they 
are expressed, or imagined to be expressed, in numbers ; and 
this we are at ail times entitled to imagine. If A, B, C, D, for 
example, are lines, we may concdve that one of those four Imes, 
or a nfth, if requisite, serves as a common measure to diem all, 
and is taken for unity : then A, B, C, D, represent each a cer- 
tain number of units, integer or fractional, commensurable or 
incommensurable ; and the proportion between the lines A, B, 
C, D, becomes a proportion of numbers, 

Tpe product of the lines A and I), which is also named their 
rectdn^y is therefore nothing else than the number of linear 
units contained in A, multiplied by the number of linear units 
contained in D; and it is easy to see that this product 
may, indeed must, be equal to that which results in a similar 
manner from the lines B and C. 

The magnitudes A and B may be of one spedes, for ex- 
ample, lines ; and C and D of another species, for example, 
sunaces : in such cases, those magnitudes must always be re- 
garded as numbers ; A and B will be expressed in linear units, 
C and D in superficial units ; and the product AxD will be a 
number like the product B x C. 

Generally, in every operation connected with proportions, if 
the terms of those proportions be always lookea upon as so 
many numbers, eacn of the kind proper to it, there will be 
no difficulty in conceiving the operations, and the consequences 
which result from them. 

We must also premise, that several of our demonstrations 
are grounded on some of the ampler operations of algelxa, 
which are themselves dependent on admitted axioms. Thus, 
if we have A=B+C, and if each member is multiplied by the 
same quantity M, we may infer that AxM=BxM+CxM; 
in like manner, if we have A=B+C, and D=E-— C, and if 
the equal quantities are added together, then expunging 
the +C and -**C, which destroy each other, we infer that 
A+D=B+£, and so of others All this is evident enough 
of itself; but in case of .difficulty, it will be useful to consult 
some algebraical treatise, and thus tp combine the study of the 
two sciences. 
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PROPOSITION I. THEOREM. 

ParcMelograms which have equal bases and equal altittides are 
equivalent. 

Let AB be the common base of 2 — S-S — ^ ^^-^ — c e 
the two parallelograms ABCD, 
ABEF: and since they are supposed 

to h^ve the same altitude, their up- _ 

per bases DC, FE will be situated 

Doth in one straight line parallel to AB. Now, from the nature 
of parallelograms, we have AD=BC, and AF=BE ; for the 
same reason, we have DC=AB, and FE=AB; hence 
DC=FE : hence, if DC and FE be taken away from the same 
line DE, the remainders CE and DF will be equal. 

It follows (11. 1.) that the triangles DAF, CBD, are mutually 
equilateral, and consequently equal. 

But if from the quaorilateral ABED, we take away the triangle 
ADP, there will remain the parallelo^am ABEF : and if from 
the same quadrilateral ABED, we taSe away the triangle CBE,^ 
there will remain the parallelogram ABCD. Hence these two 
parallelogr^s ABCD, ABEF, which have the same base and 
altitude, are equivalent. 

Cor. Every parallelogram is equivalent to the rectangle 
whipb has the same base and the same altitude. 



PROPOSITION II. THEOREM. 

Every triangk ABC is hdfqfthe parcittehgram ABCD, which 
has the same base and the same altitude. 

For (31. I.), the triangles ABC, 
ACD are equal. 

Cor. 1. H^ice a triangle ABC is 
half of the rectangle BCEF, which has 
the same base CB, and the same alti- 
tude AO: for the rectangle BCEF is 
equivalent to the parallelogram ABCD. 

Cor. 2. All triangles, which have equal bases and altitudes, 
are equivalent. 
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PROPOSITION III. THEOREM. 

Two recUmgks having the same aUititde are to each other as 
their bases. 

Let ABCD, AEFD be two rect- 
angles having the common altitude 
AD : they are to each other as their 
bases AB, AE. 

Suppose, first, that the bases are 
commensurable, and are to each other, 

for example, as the numbers 7 and 4. If AB is divided into 7 
equal parts, AE will contain 4 g£ those parts : at each point of 
division erect a perpendicular to the base ; seven partial rect- 
angles will thus be formed, all equal to each other, because all 
have the same base and altitude. The rectangle ABCD will 
contain seven partial rectangles, while AEFD will conttun four : 
hence the rectangle ABCD is to AEFD as 7 is to 4, or as 
AB is to AE. The same reasoning may be appUfd- to any 
other ratio equally with that of 7 to 4 : hence, whatevtt be that 
ratio, if its terms be commensurable, we shall have 

ABCD : AEFD : : AB : AE. 

Suppose, in the second place, that the bases ^ 
AB, AE are incommensurable : it is to be 
shewn that still we shall have 

ABCD : AEFD : : AB : AE. 

For if not, the first three terms continuing 
the same, the fourth must be greater or less 
than AE. Suppose it to be greater, and that we have 

ABCD : AEFD : : AB : AO. 

Divide tlie line AB into equal parts each less than EO. 
There will be at least one point I of division between E and 
O : from this point draw IK perpendicular to AI : the bases 
AB, AI will be commensurable, and thus, from what is proved 
above, we shall have 

ABCD : AIKD . : AB : AI. 

But l^ hypothesis, we have 

ABCD : AEFD : : AB : AO. 

In these two proportions the antecedents are equal ; hence 
the consequents are proportional, and we find 

AIKD : AEFD : : AI : AO. 

But AO is greater than AI ; hence, if this proportion is cor- 
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rect, the rectangle AEFD must be greater than AIKD : on 
the contrary, however, it is less ; hence the proportion is im- 
possible ; hence ABCD cannot be to AEFD as AB is to a line 
greater than AE, 

Exactly in the same manner, it may be shewn that the fourth 
term of the proportion cannot be less than AE ; therefore it is 

equal to AE. 

Hence, whatever be the ratio of the bases, two rectangles 
ABCD, AEFD, of the same altitude, are to each other as their 
bases AB, AE. 

PROPOSITION IV. THEOREM. 

Any two recta/ngies ABCD, AEGF, are to each other as the 
products qfthe bases multiplied hy the altitudes^ so that we have 
ABCD : AEGF : : ABx AD : AEx AF. 

Having placed the two rectangles, 
so that me angles at A are vertical, 
{Koduce tfie sides GE, CD till they 
meet in H. The tworectangles ABCD, 
AEHD, having the same altitude, 
are to each other as their bases AB, 
AE : in like manner the two rect- 
angles AEHD, AEGF, having the same altitude AE, are to 
eadi other as their bases AD, AF : thus we have the two pro- 
portions, 

ABCD: AEHD : : AB: AE, 

AEHD : AEGF : : AD : AF. 

Multiplying the corresponding terms of those proportions to- 
gether, and observing that the mean term AEHD may be 
mnitted, since it is a multiplier common to both the antecedent 
and the consequent, we shall have 

ABCD: AEGF : :ABxAD: AEx AF. 

SckoRum. Heaot the product of the base by the altitude 
fliay be assumed as the measure of a rectangle, provided we 
understand by this product, the product of two numbers, one 
of which is the numoer of linear units contained in the base, 
the other the numbtt of linear units contained in the altitude. 
X Still this measure is not absolute but retire : it suj^poses 
that the area of any other rectangle is computed in a similar 
manner, by measun^g its ^des with the same linear umt ; a 
second product b thus obtained^ and the ratio of the two pro- 
ducts is the san)o as that of the rcdai^^ agrvcalily to the into- 
position jiisi dctttiMStialed. 
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For example, if the base of the rectangle A contains three 
units, and its altitude ten, that rectangle will be representai by 
the number 3x10, or 30, a number which Gtgnifies nothing 
while thus isolated ; but if there is a second rectangle B, the 
base of which cont^os twelve units, and the altitude seven, this 
second rectanele will be represented by the number 12x7=84; 
and we shall nencc be entitled to conclude that the two rect- 
angles are to each other as 30 is to 84 ; and therefore, if the 
rectangle A were to be assumed as the unit of measurement in 
surfaces, the rectangle B would then hare |§ for its absolute 
measure, in other words, it would be equal to f j of b superfi- 
cial unit. 

It is more common and more 
^mple, to assume the square as 
the unit of surface ; and to select 
that square, whose side is the 
unit of length. In this case, 
the measurement whicJi we have regarded merely as relative, 
becomes absolute : the number 30, for instance, by which the 
rectangle A was measured, now represents 30 superfidal units, 
or 30 of those squares, which have each of their udes eqiuil to 
unity, as the diagram exhibits. 

In geometry the product of two lines is frequently confound- 
ed wiui their rectangle, and this expres^n has passed into 
arithmetic, where it serves to designate the product of two un- 
equal numbers, the expression square being employed to de- 
^gnate the product of a number multiplied by itself. 

The arithmedcal squares of 1, 2, 3, 
Etc. are 1, 4, 9, he. So likewise the 
geometrical square constructed on a 
double line is evidently four times as 
great as on a single one; on a triple 
Une, is nine times as great, he. 

PROPOSITION V. THEOREM, 
The area of' any pa7(Jiehgram is equal' to the jtrod^^t tf its 

base by its attitude. 

For the parallelogram ABCD is equivalent F_D_ E ' C 
(1. III. Cor.) to the rectangle ABET?, which 
has the same base AB, and tlic same altitude 

BE; but this rectangle (4. III. SchoL) is 

measured by ABx BE; therefore AB x BE is •*• 
equal to the area of the parallelogram ABCD. 

Car. Parallelograms of the same base are to each other as 
llieir altitudes ; and parallelt^ams of the same altitude are to 
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each other as their bases: f(nr if A, B, C are any three magni- 
tudes, we have always AxC : BxC : : A : B« 



iUaJHtude. 



PBOPOSITION VI. THBOREM. 

tria/ngle is equal to the product < 




For, the triangle ABC (2. III.') is half of 
the parallelogram ABCE, which has the 
same base BC, and the same altitude AD : 
but the surface of the parallelogram (6. III.) 
is equal to BC x AD ; hence that of the tri- 
angle must be |BC x AD, or BC x * AD. 

Cor. Two tnangles of the same altitude are to each other as 
their bases, and two triangles of the same base are to each other 
as their altitudes. 

PROPOSITION VII. THBOREM. 

TTie area of the trapezium ABCD is equal to its altitude £F, 
muUy[>Ued by the half sum of its parallel bases, AB, CD. 

Through I, the middle point of the fflde 
BC9 draw EL parallel to the opposite ade 
AD ; and produce DC till it meet KL. 

In the triangles IBL, ICE, we have the 

side IB=IC, by construction ; the angle . 

LIB=CIE ; and (23. I.) since CE and ^ ^ 
BL are parallel, the angle IBL=ICE ; hence the triangles are 
equal ; hence the trapezium ABCD is equivalent to the paral- 
lelogram ADEL, and is measured by EFx AL. 

But we have AL=DE ; and since the triangles IBL and 
ECI are equal, the side BL=CE : hence AB+CD=AL+ 
DE=2 AL ; hence AL is the half sum of the bases AB, CD ; 
hence the area of the trapezium ABCD is equal to the altitude 
EF multiplied by the half sum of the bases AB, CD, a result 

which is expressed thus : ABCD=EF x — "^ . 

Scholium. If through I, the middle point of BC, the line 
IH be drawn parallel to the base AB, the point H will also be 
the middle of AD. For, because the figure AHIL is a parallelo- 
gram, as DHIE is likewise, their' opposite sides being parallel, 
we have AH=IL, and I)H=IE; but since the triangles 
BIL, CIE are equal, we already have IL=IE; therefore 
AH=DH. 
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It may be observed, that the line HI=AL is equal to 

AB+CD , ^ 

— 5 ; fienoe the area ot the trapezium may also be ex- 
pressed by £F X HI : it b therefore equal to the altitude of the 
tr^xium multiplied by the line which connects the middle 
points of its unparallel sides. 



PROPOSITION VIII. THEOREM. 

If a tine AC is divided into tufo parts AB, BC, ttie square 
described on the whole line AC, will inclvde the square de- 
scribed on the part AB| the square described an the part BC, 
anid twice the recta/ngle contained under AB, BC ; a pro^ 
perty Tffhich is thv>s expressed : 

AC* or (AB+BC)*=AB*+BC«+2 AB x BC. 

Construct the square ACDE ; take AF=AB ; 
draw F6 parallel to AC, and BH parallel to 
AE^ 

The square ACDE is divided into four parts; 
the first ABIF is the square described on AB, 
nnce we made AF=AB : the second I6DH 
is f;)ie .square described on BC ; for since we have ACA^^E, 
and AB=AF, the difference AC— AB must be equal to the 
difference AE — AF, which ^ves BC=EF ; but IG is equd 
to BC, and D6 to &F, dnce the lines are parallel ; therefore 
IGDH is equal to the square described on BC. And those two 
squares being taken away from the whole square, there remain 
the two rectangles BCGrt, EFIH, each of which is ideasured 
by AB X BC : hence the proposition is true. 

Scholium. This property is equivalent to the property de- 
monstrated in algebra, for obtaining the square of a binomial, 
and expressed thus : 

{a+bf = a^+9.ab+b\ 




Proposition ix. thbobbh. 

If the Une AC is the difference of the too Imes AB, BC, the 
sgtutre described on AC will be equivalent to the square itf 
AB, plus <Ae square of BC, minus totce th£ retiangle <xm- 
tmned by AB and BC ; thai is to say, we shall have 
ACV (AB — BC)» = AB'+BC — 2 AB x BC. 

Construct the square ABIF ; take 
AE= AC ; draw CG pai^lel to BI, T 
HK pEurallel to AB, ana complete the '^ 
square EFLK. 

The two rectangles CBIG, GLKD 
are each measured ^y AB x BC ; take 
them -away from Uie whole figure 
ABILEEA, which is equivalent to 
AB*-t-BC% there will evidently remain the square ACDE; 
hence our theorem is true. 

Scholium. This proposition is equivalent to the algebraical 
formula, (a — by = a''^2ab+l^. 
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PROPOSITION X. THBOBGM. 

The rectati^ amiained by t/ie sum and the c^erence of two 
lines, is equcd to the difference of Ste s^iares of those Imes : 
thus we have (AB+BC) x (AB — BC) = AB*— BC*. 

On AB and AC, construct the squares £~ 
ABiF, ACDE ; produce AB till the 
produced part BK is equal to BC ; and ^ ~ 
complete the rectangle AKLE. 

The base AK of the rectangle is the 
sum of the two lines AB, BC ; its alti- 
tude AE is the difference of the same 
lines ; therefore the rectangle AKLE is ' 
equal to (AB+BC) x (AB — BC). But this rectangle is 
composed of the two parts ABHE+BHLK ; and the part 
BHLE is equal to the rectangle EDGE, because BH is equal to 
DE, and BK to EF; henceAKLE is equal to ABHE+EDGF. 
These two parts make up the square ABIF minus the square 
DHIG, which latter is the square described on BC : hence we 
have (AB+BC) X (AB — BC) = AB'^ — BC*. 

Scholium. This proposition is equivalent to the algebr^cal 
formula, (a+i) (o---6)=a* — S*. 
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PROPOSITION XL THEOREM. 

The sqtuire described on the hypotemise (f a right-^m^d tru 
an^ is eguivaient to the sum of the squares described on the 
two sides. 

Let the triangle ABC be rigbt- 
angled at A. Having formed 

Snares on the. three sides, let 
1 from A, on the hypotenuse, 
the perpendicular AD, which j^^ 
produce to E ; and draw the 
diagonals AF, CH. 

The angle ABF is made up 
of the an^le ABC, together 
with the ri^t angle CBF ; the 
angle CBH is made up of the 
same angle ABC, togeuier with 
the right angle ABH ; hence 
the angle ABF is equal to HBC. 

But we have AB=BH, sides of the same square ; and BF=BC, 
for the same reason : therefore the triangles ABF, HBC have 
two sides and the included angle in each equal ; therefore (6. 1.) 
th^ are themselves equal. 

The triangle ABF (2. III.) is half of the rectangle BDEF 
(BE, for the sake of brevity), because they have the same 
base BF, and the same altitude BD. The triangle HBC is in 
hke manner half of the square AH : for the angles BAC, BAL 
being both right, AC and AL form one and the same stridght 
line parallel to HB ; and consequently the triangle HBC, and 
the square AH, which have the common base BH, have also 
the common altitude AB, hence the triangle is half of the 
square. 

The triangle ABF has already been proved equal to the 
triangle HBC ; hence the rectangle BDEF, which is double of 
the triangle ABF, must be equivalent to the square AH, which 
is double of the triangle HBC. In the same manner it may be 
proved, that the rectangle CDEG is equivalent to the square 
AI. But the two rectangles BDEF, CDEG, taken together, 
make up the square BCGF : therefore the square BCGF, de- 
scribed on the hypotenuse, is equivalent to the sum of the 
squares ABHL, ACIK, described on the two other sides ; in 
other words, BC^^AB^+ACl 

Cor, 1. Hence the square of one of the sides of a right- 
angled triangle is equivalent to the square of the hypotenuse 
diminished by the square of the other side ; which is thus ex- 
pressed : AB'=BCi— AC^. 
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Cor. % It has just been shewn that the square AH is equal 
to the rectangle BDEF : but by reason of the common altitude 
BF, the square BC6F is to the rectangle BDEF as the basa 
BC is to the base BD ; therefore we have 

BC^: AB2::BC:BD. 
Hence the square of the hypotenuse is, to the square of one of 
the sides about the right angle, as the hypotenuse is to the seg- 
ment adjacent to that side. The word segment here denotes 
that part of the hypotenuse, which is cut on by the perpendicu- 
lar let fall from the right angle : thus BD is the segment ad- 
jacent to the ^de AB ; and DC is the segment adjacent to the 
side AC. We might have, in like manner, 

BC^: AC^:: BC: CD. 

C(yr. 3. The rectangles BDEF, DCGE, having likewise the 
same altitude, are to each other as their bases BD, CD. But 
these rectangles are equivalent to the squares AB% AC^ ; there- 
fore we have AW : AC^ : : BD : DC. 

Hence the squares of the two sides containing the right angle, 
ure to each other as the segments of the hypotenuse, which lie 
adjacent to those sides. 



Cor. 4. Let ABCD be a square ; and AC its 
diagonal : the triangle ABC being right-angled 
and isosceles, we shall have AC*=AB*+BC*= 
2AB* : hence the square described on the diago- 
nal AC, is double of the square described on the 
side AB. 

This property may be exhibited more plainly, by drawing 
pandlels to BD, through the points A and C, and parallels 
to AC, through the points B and D. A new square EF6H 
will thus be formed, equal to the square of AC. Now EFGH 
evidently contains eight triangles each equal to ABE ; and 
ABCD contmns four such triangles : hence EFGH is double 
of ABCD. 

Since we have AC^ : AB* ; : 2 : 1 ; by extracting the square 
roots, we shall have AC : AB : : ^2 : 1 ; hence the diagonal of 
a square is incommensurable with its side ; a property which will 
be explained more fully in another place. 
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PROPOSITION XIL THEOREM. 

In a tricmgle ABC, if the a/ngie C is acute, the square of the 
opposite side wiU be less them the sum of the squares of the 
sides whioh contain the a/ngle C ; and (AD being drawn per- 
pendictdar to BC), the difference wiU be equal to twice the 
recta/ngle BD ^ CD : so thoit we shaU have 

AB* = AC^+BC^ — 2 BC X CD. 

There are two cases. 

First, When the perpen- 
dicular falls within the tri- 
angle ABC, we have BD= 
BC— CD, and consequent- 
ly (9. III.), BD«=BC*+ 
CD« — 2BCxCD Add- 
ing AD^ to each, and ob- 
serving that the right-angled triangles ABD, ADC give AD + 
BD2 = AB2, and AD2+Ciy=AC*, we have AB* = BC2+ 
AC«-2BCxCD. 

Second. When the perpendicular AD falls without the tri- 
angle ABC, we have BD = CD — BC; and consequently 
(9. III.) BD2 = CD^+BC^ — 2 CD X BC. Adding AD^ to 
both, we find, as before, AB2=BC«+AC* — 2 BC x CD. 

PROPOSITION XIII. THEOREM. 

In a triangle ABC, if the angle C is obtuse, the square of the 
opposite side AB, zinU be greater than the sum of the squares 
of the sides, which contaAip the a/ngle C ,• a/nd (AD being 
drawn perpendicular to BC), the difference wiU be equal to 
txmce the rectangle BC X CD : so that we shall have 

AB«==AC«+BC*+2BCxCD. 

The perpendicular cannot fall within the A 
triangle ; for if it fell at any point such as 
E, the triangle ACE would have both the 
right angle E, and the obtuse angle C ; which 
is impossible (27. 1.) : hence the perpendicu- 
lar falls without; and wehaveBD=BC + CD. 
From this (8. III.) there results BD2=BC2+ CD^+2 BCxCD. 
Adding AD^ to ooth, and reducing the sums as in the last 
theorem, we find AB2=BC^+ AC^+2BC x CD. 

Scholium. The right-angled triangle is the only one in which 
the squares of two sides are together equal to the square of the 
third ; for if the angle contained by thc^two sides is acute, the 
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sum of their squares will be greater than the square of the op- 
posite side ; if obtuse, it will oe less. ; 

PROPOSITION XIV. THEOREM. 

In any tricmgle ABC, if a straight line AE be drawn Jrxmi 
the vertex to the middle of the ba^se, we shall have 

AB«+AC2=2AE«+2BE«. 

On BC, let fall the perpendicular AD." 
The triangle AEC (12. III.) gives 

AC2=AE2+EC2— 2EC xED 
The triangle ABC (13. III.) gives 

AB2=AE2+EB2+2EBxED b ^^ 

Hence, by adding the corresponding sides 
together, and observing that EB and EC are equal, we have 

AB'+AC*=2AE-+2EB2 
Cor, Hence, m every paraUelogram the squares of the sides 
a/re together equboH to the squares mthe diagonals. 

For the diagonals AC, BD bisect each -^ 
other (32. 1.); consequently the triangle ~ 
ABC^ves \ "'vE 

AB2+BC*=2AE2+2BE^ 
The triangle ADC gives, in Uke manner, 

ADHDC2=2AEH2DE2 
Adding the corresponding members together, and observing 
that BE and DE are equal, we shall have 

ABHADHDC2+BC^=4AEH4DE2. 
But iAE^ is the square of 2AE, or of AC ; 4DE^ is the 
square of BD : hence the squares of the sides are together equal 
to the squares of the diagonals. 

PROPOSITION XV. THEOREM. 

The line DE, drawn parallel to the base of the triangle ABC, 
divides the sides AB, BC proportionally ; so that we liave 
AD : DB : : AE : EC. 

Join BE and DC. The two triangles BDE, 
DEC havuig the same base DE, and the same 
altitude, since both their vertices lie in a line pa- 
rallel to the base, are equivalent (2. III.). 

The triangles ADE, BDE, whose common 
vertex is E, have the same altitude, and (6. 3.) 
are to each other as their bases : hence we have 
ADE : BDE : : AD : DB. 
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The triangles ADE, DEC, whose common 
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vertex is D, have also the same altitude, and are to each other 
as their bases ; hence 

ADE : DEC : : AE : EC. 

But the triangles BDE, DEC are equal; and therefore, 
since those proportions have a common ratio, we obtain 

AD : DB : : AE : EC. 

Cor, 1. Hence, componendo^ we have AD+DB: AD:: 
AE+EC: AE,or AB : AD : : AC : AE; and also AB : BD : : 
AC : CE. 

Cor. 2. If between two straight lines AB, CD, any number 
of parallels AC, EF, GH, BD, &c. be drawn, those straight 
lines will be cut proportionally, and we shall have AE : CF 
: : EG : FH : : GB : HD. 

For, let O be the point where AB and 
CD meet. In the tnangle OEF, the Kne 
AC being drawn parallel to the base EF, 
we shall have OE : AE : : OF : CF, or 
OE: OF: : AE : CF, In the triangle OGH, 
we shall likewise have OE : EG : : OF : FH, 
or OE : OF : : EG : FH. And by reason 
of the common ratio OE : OF, those two 
proportions give AE : CF : : EG : FH. It 
may be proved in the same manner, that 
EG : FH : : GB : HD, and so on ; hence 
the lines AB, CD are cut proportionally by the parallels AC^ 
EF, GH, &c, 

PROPOSITION XVI. THEOREM. 

Conversely J if the sides AB, AC, are cut proportionally hy the 
line DE, so that we have aB : DB : : AE : EC, the line DE 
wiU he parallel to the ba>se BC. 

For if DE is not parallel to BC, suppose that 
DO is. Then, by the preceding theorem, we shall 
have AD : BD : : AO : OC. But by hypothesis, 
we have AD : DB : : AE : EC : hence we must 
have AO : OC :: AE :EC, or AO : AE :: OC : EC; 
an impossible result, ^ce AO, the one antecedent, 
is less than its consequent AE, and OC, the other 
antecedent, is greater than its consequent EC. Hence 
the parallel to BC, drawn from the point D, cannot differ from 
DE ; hence DE is that parallel. 

Scholium. The same conclusion would be true, if the pro- 
portion AB : AD : : AC : AE were the proposed one. For 
this proportion would give us AB— AD : ^D : : AC— AE : AE, 
or BD : AD : : CE : AE. 
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PROPOSITION XVII. THEOREM. 

The line AD, which bisects the angle BAC g/* a triangle j dl. 
vides the base BC into two segments BD, DC proportional to 
the adjacent sides, AB, AC ; so that we have BD : DC : : 
AB : AC. 

Through the point C, draw CE ^ 
parallel to AD till it meet BA pro- 
duced. 

In the triangle BCE, the line AD 
is parallel to the base CE; hence 
(16. III.) we have the proportion, 

BD : DC : : AB : AE. . 
But the triangle ACE is isosceles : 
for ance AD, CE are parallel, we 
have the angle ACE = DAC, and the angle AEC=BAD 
{2S. I.); and by hypothesis DAC=BAD; hence the angle 
ACE=AEC, and consequently (13. I.) AE=:AC. In place 
of AE in the above proportion, substitute AC, and we shall 
have BD : DC : : AB : AC. 

PROPOSITION XVIII. THEOREM. 

Two equiangidar triangles have their homologous sides propor- 
tional, and are similar. 

Let ABC, CDE be two triangles which 
have their angles equal each to each, name- 
ly, BAC=CDE, ABC=DCE flud ACB 
=DEC; then the homologous sides, or 
the sides adjacent to the equal angles, 
will be proportional, so that we shall have 
BC : CE : : AB : CD : : AC : DE. 

Place the homologous sides BC, CE in the same straight 
line ; and produce the ades BA, ED till they meet in F. 

Since BCE is a straight line, and the angle BCA is equal to 
CED, it follows (23. I.) that AC is parallel to DE. In like 
manner, since the ang^p ABC is equal to DCE, the line AB is 
parallel to DC. Hence fhe figure ACDF is a parallelogram. 

In the triangle BFE, the line AC is parallel to the base FE ; 
hence (15. III.) we have BC : CE : : BA : AF ; or, putting 
CD in the place of its equal AF, 

BC : CE : : BA : CD. 

In the same triangle BEF, if BF be considered as the base, 
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CD is parallel to it ; and we have the proportion BC : C£ : : 
FD : DE ; or putting AC in the place of its equd FD, 

BC : CE : : AC : DE. 

And finally, since both those proportions contmn the same 
ratio BC : CE, we have 

AC : DE : : BA : CD. 

Thus the equiangular triangles B AC, CDE have their homo- 
logous sides proportional. But according to the second Defini- 
tion, two figures are amilar when they have their angles re- 
spectively equal, and their homologous sides proportion^ ; con- 
sequently the equiangular triangles BAC, CDE, are Wo simi- 
lar figures. 

Cor, For the similarity of two triangles it is enough that 
they have two angles equal each to each ; smce the third will also 
be equal in both, and the two triangles will be equiangular. 

Scholium. Observe that, in similar triangles, the homolc^us 
sides are opposite to the equal angles ; thus the angle ACB be- 
ing equal to DEC, the side AB is homologous to DC ; in like 
manner, AC and DE are homologous, because opposite to the 
equal aiu^les ABC, DCE. When the homolc^ous sides are de- 
termine^ it is easy to form the proportions : 

AB : DC :: AC : DE : : BC : CE. 

PROPOSITION XIX. THEOREM. 

Two tria/nffles, which have their homologous sides proportional^ 
a/re eqmcmgvlanr cmd similar. 

Suppose we have BC : EF :: AB: 
DE : : AC : DF ; then will the tri- 
angles ABC, DEF have their angles 
equal, namely, A=D, B=E, C=:F. 

At the pomt E, make the angle 
FEG=B, and at F, the angle 
EFG= C ; the thiid G will be equal 
to the third A, and the two triangles ABC,*EF6 will be equi- 
angular. Therefore, by the last theorem, we shall have 
BC : EF : : AB : EG ; but by hypothesis, we have BC : EF : : 
AB : DE ; hence EG=DE. By the same theorem, we shall 
also have BC : EF : : AC : FG ; and by hypothesis, we have 
BC : EF : : AC : DF ; hence FG=D^t Hence (11. I.) the 
triangles EGF, DEF, having their three sides respectively equal, 
are themselves equal. But by construction, the triangles EGF 
and ABC are equiangular : hence DEF and ABC are also cq||i> 
angular and similar. 
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Scholium 1. By the last two proportions, 
it appears that in triangles, equality among 
the angles is a consequence of proportion- 
ality among the ades, and conyersely ; so that 
one of those conditions sufficiently determines 
the similarity of two triangles. The case is 
different with regard to figures of more than 
three sides : even in quadrilaterals, the proportion between the 
sides may be altered without altering the angles, or the angles 
be altered without altering the proportion between the sides ; 
and thus proportionality among the ddes cannot be a conse- 
quence of equality among the angles of two quadrilaterals, at 
vice versa. It is evident* for example, that by drawing EF 
parallel to BC, the angles of the quadrilateral AEFD, are 
made equal to those of ABCD, though the proportion between 
the sides is different ; and, in like manner, without changing the 
four rides AB, BC, CD, AD, we can make the point B ap- 
proach D or recede from it, which will change the angles. 

SchoLvum S. The two preceding proportions, which in strict- 
ness form but one, together with that relating to the square of 
the hypotenuse, are the most important and fertile in results 
of any in geometry : they are almost sufficient of themselves for 
every application to subsequent reasoning, and for solving every 
problem. The reason is, that all figures may be divided into 
triangles, and any triangle into two right-angled triangles. 
Thus the general properties of triangles include, by implica- 
tion, those of all figures. 

PROPOSITION l^X. THEOREM. 

TTwo trkmgles which have an equal a/ngle incltided between pro- 
portional sides, are similar. 

Let the angles A and D be equal ; 
if we have AB : DE :: AC : DF, the 
triangle ABC is rioular to DEF. 

Take AGr=DE, and draw GH pa- 
rcel to BC. The angle AGH (23. 1.) 
will be equal to the angle ABC ; and 
the triangles AGH, ^BC will be equi- 
angular : hence we shalf have AB : AG 
: : AC : AH. But by hypothesis, we have AB : DE : : AC : DF; 
w^ by construction, AG=DE : hence AH==DF. The two 
mangles AGH, DEF have an equal angle included between 
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equalBides ; thec^fore thej are equal ; but the triangle AGH Is 
similar to ABC ; therefore DEF is also sunOaar to ABC. 

PROPOSITION XXI. THEOREM. 

Twd'trifmglesy which hwoe their homologous sides paraUdi or 
perpendicular to each other, are simila^^ . 

First. If the side AB is parallel to PE, 
and BC to EF, the angle AfiC (26. I.) will 
be equal to DEF ; if AC is parallel to DP, 
the angle ACB will be equal to DFE, and 
also BAG to EDF ; hence the triangles ABC, 
DEF are equiangular ; hence they are siinilar. 

Secondly. If the side D£ is perpen- 
.dicular ttr ABi and the side DF to AC, 
the two angles I aiid H of the quadri- 
lateral AIDH will be right ; and since 
(g8.^L) alL the fotir a&g^ are together 
equal to ibur right angles, the jcemaining 
two lAH, IDH will be together equal 
to two right angles*. But the two aiiglje9 
EDF, IDH are also equal to two right angles : hence the angle 
£DF is equal to I AH or BAC. In like manner, if th^ thitti 
side EF is perpendicular to the third BC, it may be shewn that 
the angle DFE is equal to C, and DEF to B : hence the tri- 
angles ABC, DEF, which have the sides of the one perpendi- 
cu&r to the corresponding sides of the other^ are equianguli^* 
and similar. 

Schdivm. In the case of the sides bemg parallel^ the bpmo^ 

logous »des are the parallel ones : in the case of thdr being per« 

"pendicular, the* homologous sides are the perpendicular ones. 

Thus in the latter case DE is homologous wim AB, DF with 

AC, and EF with BC. 

The case of the perpendicular ades might pres6ilt a relative 
position of the two triangles different from that exhibited in the 
diagram : but the equality of the respective angles might still 
be aemonstrated, either by means of quadrilaterals like AIDIJ 
having two right an^es, or by the comparison of two triaijgles 
having two of their angles vertical, and a right ai^le in ea<^ 
Besictes, we might always conceive a triangle DEFto be con- 
structed within the triangle ABC, and such that its sides should 
be parallel to those. of the triangle compared w^h .^JBC ; ^atid 
then the demonstration given m.the text Wbuld apply. '^' 



fi6 



GEOMETRY. 




PROPOBITION XXU. THBORBBI. 

The lines AF, AG, S^. drawn anyhow through the vertex qfa 
triangle, wM divide BC the base, and DlEparaOel to the hau, 
tfi the same proportion ; so thai we shall have DI : BF : : 
IK:FG::KL:GH, &c. 

For ance DI is parallel to BF, the 
triangles* ADI and ABF are equiangu- 
lar; and we have DI : BF : : AI : .AJ* ; 
and ance IK is parallel to FG, we have 
in like manner AI : AF : : IE : FG ; 
hence, the ratio AI: AF bring onnnion, 
we shall have DI:BF:: IE: FG. In 
the same manner we shall find 
IK: FG: : EL : GH ; and so with the 

other segments : hence the line D£ is divided at the pmnts 
I, K, L, as the base BC at the pomts F, G, H. 

Cor, Therefore if BC were mvided into equal parts at the 
points F, G, H, the parallel DE would also be divided into 
equal ports at the points I, K, L. 

PROPOSITION XXIII. THEOREM. 

Ifjrom the right angle Aqf a right-angled triangle, the per- 

pendicular AD be let fall on the hypotemise ; then. 
First, Tftf two parHal triangles ABD, ADC, txnU be simihr 

to each other aJnd tb the whole triangle ABC ; 
Secondly, Either side AB or AC wiU be a mean, proportional 

between the hypotenuse BC and the adjacent segment BD or 

DC ; and. 

Thirdly, The perpendicular AD vsiU be a mean proportional 
between the two segments BD and DC. 

First. The triangles BAD and BAC 
have the common angle B, the right 
anjgle BDA=BAC, and therefore the 
third angle BAD of the one equal to the 
third C of the other : hence those two tri- 
angles are equiangular and amilar. In the 
%me manner it may be shewn that the triangles DAC and 
BAC are similar ; hence all the three triangles are similar and 
equiangular. 

Secm^* The triangles BAD, BAC being similar, their ho- 
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mdc^us sides are {»x)pordondL But BD in the Httle triangle 
and BA in the large one are homologaus, because they lie op- 
poate the equal angles BAD, BCA; the hypotenuse BA of 
the little triangle is homologous with the hypotenuse BC of the 
large triangle : hence the proportion BD : BA : : BA : BC, 
By the same reasoning, we should find DC : AC : : AC : BC ; 
hence each of the sides AB, AC is a mean proportional between 
the hypotenuse and the segment adjacent to that side. 

Thirdly, Since the triangles ABD, ADC are similar, by 
comparing their homologous sides^ we have BD: AD: : AD : DC; 
hence, the perpendicular AD is a mean proportional betwemi 
the segments DB, DC of the hypotenuse. 

SchcMvm, . Since BD : AB : : AB : BC, the product of the ex-- 
tremea will be equal to that of the means, or AB^=BD.BC. 
For the same reason we have AC^^=DC.BC ; therefore AB* 
+ AC«=BD.BC + DC.BC=(BD+DC).BC=BC.BC=BC* ; 
or the square described on the hypotenuse BC is equal to the 
squares described on the two sides AB, AC. Thus we again 
arrive at the property of the square of the hypotenuse, by a 
path very dil&rent from that which fcnrmerly conducted us to 
It ; and thus it appears that, in strict speaking, the property of 
the square of the hypotenuse is a consequence of the more ge- 
neral property, that the sides of equiangular triangles are pro. 
portional. Thus the fundamental propositions of geometry are 
reduced, as it were, to this single one, that equiangular triangles 
have thar homologous sides propbrtioiial. 

It happens frequently, as in this instatice, that by dedudng 
consequences from one or more propositions, we are led back to 
some proportion already proved. In fact, the chief character- 
istic of geometrical theorems, and one indubitable proof of their 
certmnty is, that, however we combine them together, provided 
only our reasoning be correct, the results we obtmn are always 
perfectly accurate. The case would be different, if aHy pn>po« 
tttion were false or only approximately true ; it would nrequent- 
ly happen that on combining the propositions together, the 
error would increase and become perceptible. Examples of this 
are to be seen in all the demonstrations, in which the reducHo 
ad ahsvrdum is employed. In such demonstrations, where the 
object is to shew that two quantities are equal^ we proceed by 
shewing that if there existed the smallest inequality between the 
quantities, a trsun of accurate reasoning would lead us to a ma- 
nifest and palpable absurdity ; from which we are forced to 
conclude that the two quantities are equal.% 
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Car. If fnHn d point A, in the circumference of 
a circle, two chords AB, AC be drawn to the 

^tremities of a diameter BC» the triangle BAC 

(Prop. 18. II.) willber^t-angledatA; hence, » » 
firsts the perpendicular AD is a mean proportional between the 
iv/o mgments BD, DC, cf^ diamettr^ or what aimounts to the 
same, Aiy=BD.DC. 

Hence also, in the second place, the cfwrd AB is a meampto^ 
portional between the diameter BC andihe adjacent segment BD^ 
or what amounts to the same, AB^=BD.BC. In like raanner, 
we have AC^^=CD.BC; hence AB«: AC* : : BD : DO; andcdto- 
paring AB«and AC^ to BC^ we have AB«:BC*::BD:BC, alid 
AC* : BC* : : DC : BC. Those proportions betweeto the squafk^ 
of die sides compared with each other, or with the square of tte- 
hjrpotaduse, have already been given in the third and footih 00- 
rcmaries of Prop. 1 L 

PROPdSltlON XXIV. THEOREM. 

Tzvo triaaiglesj hwovng am equal a/ngie, are ioeaih other as the 
rectangies of the Sides which contain that angle. Thus the 
triasigkABC is to thetriangie ADl^astherettangleAB.Mi 
isto^ rectamgte AD.AE. 

, Draw BE. The triangles 
AiBE, AD£, having the com- 
mofi vertex E9 have the dame 
altitude^ and consequently 
(Prop. 6.) are to each other as 
ih&t bases : that is^ 

ABE : ADE : : AB : AD. 
In like manner, 

Ai3C:ABE::AC:AE. 
Multiply together the corresponding terms of those proportions, 
omit^-ng the common term ABE ; we have 

ABC : ADE : : AB.AC : AD.AE. 

Cor. Hence the two triatieles would be equivaleilt, if the 
i^etai^le AB,AC were equal to the rectangle AD.AE, or if 
we had AB : AD : : AE : AC ; which would happen if DC 
were parallel to BE. 
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PROPOsrrioN xxv. theorem. 

Two similar triangles are to each other as the squares ^ their 
hantokjgoits sides. 

Let the a^le A be equal to D9 and the ^ 
angle B=E. Then, first, by reason of 
the equal angles A and D, aocordmg to 
the last proposition, we shall have 

ABC : DEF : : AB.AC : DE.DF. 
Also, because the triangles are sinular, 

AB : DE :: AC : DR 
And multiplying the terms of this proportion by the oorr^- 
spondmg terms of the identical proportion, 

AC:DF::AC:DF, 
there will result 

AB. AC : DE.DF : : AC* : DF*. 
Consequently, 

ABC : DEF : : AC* : DF*. 
Therefore two similar triangles ABC, DEF are to each other 
as the squares of the homologous sides AC, DF, or as the 
squares 01 any other two homologous sides. 

PROPOSITION XXVI. THEOREM. 

Two similar polygons a/re composed of the same rmniber (ftri- 
amgjles svmUareach to eachf a/ad similarly situoited. 

From any angle A, in 
the polygon ABCDE, 
draw diagonals AC, AD 
to the other angles. From 
the corresponding angle 
F, in the ot^er polygon 
FGHIK, draw diagonals 
FH, FI to the other angles. 

These polygons being similar, the angles ABC, FGH, whi^h 
are homologous, must be equal [Dtf. S.)) ^^^ ^^ ^lAes AB, BC 
must also be propordonal to FG,GH,tliatis, AB : FG: : BC: GH. 
Wherefore the triangles ABC, FGH have each an equal angle, 
contiuned between proportional ddes ; hence they ar^ similar ; 
hence the angle BCA is equal to GHF. Take away thesp 
equal angles from the equal angles BCD, GHI ; there remams 
ACD=FHI. But since the triangles ABC, FGH are similai:, 
we li4ve AC : FH : : BC : GH ; and {Def. %) since the poly- 
gons are similar, BC : GH : : CD: HI ; hence AC : FH : : CD : HI. 
But the angle ACD, we thready know, is equal to FGd ; hence 
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- • PROPOSITION XXX. THEOREM. 

Iffnm ike samepmnt O wUhout a cirde^ a tangmd OA and a 
' iecant OC he drceam^ ihe tangent mU be a mean propdr-^ 
' Manai between the secant and its eoctemci segment ; Aat isy 

we shall have OC : OA : : OA : OD ; or^ which is the same 

things OA'=OC.OD. 

• For, joining AD and AC, the triangles 
OASiy O AC nave the angle O common ; also 
the angle OAD, formed by a tangent and a 
chord, has for its measure (19. II.) half of the 
arc Al); and the angle C has the same measure: 

hence the angle OAI>=C ; hence the two tri- ^ " T^ 

aiiigles are similar, and we have the proper- V / 

tibn, OC : OA : : OA : OD, V ^ 

winch gives OA^=OC. OD. 

PROPOSaiTION XXXJ. THEOREM,* 

In a triangle ABC, if the angle A is bisected by the Une AD, 
ihe rdtangle of the sides AB, AC wiU be equal to the rec^ 
angle of the segments BD,DC, tcgether mih Ae square tfAJi^ 
the bisecting line. 

Describe a drde through the three points 
Ay B, C ; produce AD till it meets the dr- 
cumfereAce, and join CE. 

The triangle BAD is amilar to the tri- 
angle EAC; for by hypothesis the angle 
BAD=EAC; also the angle B=E, ance 
they both have fcnr measure half of the arc 
AC ; hence these triangles are amilar, and 
the homologous sides give the proportion, 
BA:AE::AD:AC; hence BiLAC=DRAD; but ATU^ 
AD+DE, and multiplying each of these equals by AD, we 
bave AE.AD=AD*+ AD.DE ; now AD.DE=?BD.DC (28! 
in.) ; hence finally, 

BAAC=Aiy+BDJX:. 




•iniisimd the three sacceeding propodtioQs aie not immediatoly oon« 
neoed with tbe cbam of geometrical investigation. They msv be omitted 
or bot, as die leada diooses.— £0. 




/« every iriangie ABC^ Ike .reobmgie qfiAe two tides AB, AG 
'.ig egufif tfyihe ret^migU ctmt<mi^:by ^ diameter CE ^ the 
circumscribed circle, emd the perpendicuiar AD leiJaB- upon 
the tfiird side BC ^ .. , , 

For, joining AE, the triangles ABB, A^C 
are right-angled, the one at D, ' llie other at TL 
A ; also the angle B=E ; these llian^es arp 
therefore Bimilar, and thev rive the proportion, 
AB:CE:: AD: AC;- and hence ABAC= 
CE.AD. 

Cor. If these equal quantities be multiplied by the same 
quantity BC there will result AB.AC.BC=CE.AU.BC ; now 
AX).BC is double of the surface of the triangle (6. III.); there- 
fore the product t^ike three sides of a triartMe it equal to ita 
smrfbee fouttipUed inf twice the diameter of the circumscribed 
pime. 

The product of three lines is sometimes called a solid, for a 
jxaaosa Uiat shall be seen afterwards. Its value is ea^y coo. 
ceived,' br hnagimng that the Gnes are reduced into numbers, 
and maltiplyiDg these numbea^s together. 

SchoUvin. It ma;^ also be demonstrated, that the surface of a 
tnaogle is equal to its perimeter multiplied by half the radius of 
the insc^bed curcle. 

For the triangles AOB, BOC, 
AOC, which have a oommon ver- 
tex at O, hare for their omimon 
^utude the radius of die inscribed 
circle ; hence the sum of these 
triangles will be equal to the mm 
of th? bases AB, BC, AC, multi- 
plied by half the isdins OD ; ' 
hence th<l surface of tiie triangle ABC is equal to the peri^ 
n^er multiphed bv hzdf the rauus of the inscribed circle. 
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PROI^OSITION XXXIli.' l^ftBOREM. 

In every inscribed quadrilateral ABCO, ^ rectangle of ihe 
two diagmals AC, BD i* eqtud to the sum of the rettanglee 
qfihe opposite sides ; so that we have 

AC.BD=AB.CD+AD.BC. 

Take the arc CO=AD, and draw BO 
meeting the diagonal AC in I. 

The angle ABD=CBI, since the one 
has for its measure half of the arc AD, 
and the other half of CO equal to AD ; 
the angle ADB=BCI, because they are 
both inscribed in the same segment AOB ; 
hence the triangle ABD is dmilar to 
the triande IBC, and we have the pro- 
portion AD : CI : : BD : BC ; hence AD.BC=CI.BD. Again, 
the triangle ABI is similar to the triangle BDC ; for the arc 
AD being equal to CO, if OD be added to each of them, 
we shall have the arc AO=DC ; hence the angle ABI is espial 
to DBC ; also the angle BAI to BDC, because th^ are in- 
scribed in the same segment; hence the triangles ABI, iPBp 
are idmilar, and the homologous sides give the pEQppfrtapi), 
AB : BD : : AI : CD ; hence AB.CD=AI.BD. 

Adding the two results obtained, and observing that.AI3D 
+CI.BD=(AI+CI).BD=AC.BD, we shall have AD.BC+ 
AB.CD=AC.BD. . 

Scholium, Another theorem concerning the inscribed quadri- 
lateral may be demonstrated in the same manner : 

The similarity of the triangles ABD and BIC gives the pro- 
portion BD : BC : : AB : BI ; hence BI.BD=BC.AB. If 
CO be joined, the triangle ICO, similar to ABI, will be simi- 
lar to BDC, and will give the proportion BD : CO : : DC : 01 ; 
henceOI.BD=CO.DC,or,becauseCO=AD,OI.BD=Ai).DC. 
Adding the two results, and observing that BI.BD+OI.BD is 
the same as BO.BD, we shall have BO.BD=AB.BC+AD.lk;. 

If BP had been taken equal to AD, and CEP beien drawn, 
a nmilar train of reasoning would have given us 

CP.CA=AB.AD+BC.CD. 

But the arc BP being equal to CO, if BC be added to each 
of them, it will follow that CBP=BCO ; the chord CP is 
therefore equal to the chord BO, and consequently BO.BD 
and CP.C A are to each other as BD is to CA ; hence, 
BD : CA : : AB.BC+AD.DC : AD.AB+BC.CD. 
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Thereforie the two diagonals of an inscribed quaidrilaUral are 
to each other, as the siinis of the rectangles under the sides zM(^ 
meet at their extremiUes. 

These two theorems may serve to find the diagonals when 
the sides are ^ven. 

PROPOSITION XXXIV. THEOREM. 

Let V he a given point within a circle upon the radius AC, and 
let a point Q be taken extemaOy upon the samve radius pro^ 
ducedy so that CP : CA : : CA : CQ ; if from any point M 
qfffie circumference straight lines MF, MQ be drawn to the 
two points F and Q, tiiese straight lines wiU every where 
have the same ratio, or MP : MQ : : AF : AQ. 

For by hypothesis, CP : C A:': 
CA : CQ ; or substituting CM 
for CA, CP t CM : : CM : CQ; 
hence the triangles CPM, CQM, 
have each an equal angle O con- ^ 
tained by proportional sides; 
hence they are similar ; and 
hence the third side MP is to 
the third side MQ, as CP is to CM or CA. But (dividend 
do), the proportion CP : CA : : CA : CQ pves CP : CA : : 
CA— CP : CQ— CA, or CP : CA : : AP : AQ ; therefore 
MP : MQ : : AP : AQ. 




PROBLEMS RELATING TO THE THIRD BOOK. 

PROBLEM L 

To divide a given straight Une into any number of equal partSf 
or into parts proportional to given lines. 

First. Let it be proposed to divide the line 
AB into five equal parts. Through the ex* 
tremity A, draw the indefinite straight line 
AG ; and taking AC of any magnitude, ap- 
ply it five times upon AG ; join the last point 
of division G ana the extremity B, by the 
straight Une GB ; then draw CI parallel to 
GB: AT will be the fifth part of the line AB ; 
and thus, by applying AI five times upon AB, 
the line AB will be divided into five equal 
parts. 
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. ForAnce CI is parallel to GB, the Mdes AG, AB (15. III.) 
Are cut {m)portionaUy in C and I. But AC is the fifth part of 
AG, hence AI is the fifth part of AB. 
; Secmdlp. Let it be pror 
posed to mvide the line AB , 
into parts proportional to 
the given hues P, Q, R. 
Xhrpugb A, draw the inde*. 
fi^te line AG; make AC:?:P, &> 
CD=Q, DE=;=E ; join the 
extremities E and B; and 
through the points C, D draw CI, DF parallel to EB ; the Hne 
AB will be divided into parts AI, IP, FB proportional to the 
given lines P, Q, R. 

For, by reason of the parallels CI, DP, EB, the parts AI, 
IF, FB are proportional to the parte AC, CD, DE ; and by 
4X)nstruction, these are equal to the given lines P| Q, St* 

PROBLEM IL 

To find ajburth proportixynai to three given TAfnes A^ B, C. 

Draw the two indefinite 
lin^s DE, DF, forming any 
angle with each other. Up- 
on DE take DAs=A, and 
DB=B ; upon DP take 
DC=G; join AC; and 
through the point B, draw ^ 
BX parallel to AC; DX wiU ' 
be the fourth proportional required : for dnoe BX is parallel to 
AC, we have the proportion DA : DB : : DC : DX ; now the 
three first terms of that proportion ai^ equal to the three givai 
lines ; consequently DX is the fourth proportional required. 

Cor. A tmrd proportional to two given lines A, B, may be 
found in the same manner, for it willbe the same as a fourth 
proportional to the three lines A, B, B. 

PBpBL^M III. 

Tofirid a rnean proportional between two given lines A and B. 

Upon the indefinite line DS", t^e 
pE=A, and EF=?B ; upon the whoje 
fineDF,as a diameter, describe the semi.* 
circle DGF ; at the point E, erect upon 
the diameter the perpendipular ^G 
meeting the circumrerence in G ; EG B 
will be the mean proportional required. 





BOOK'UI. 



•rtf 




For the perpendicular £Cr| let fall' from a point in the cir- 
cumference upon the diameter, is a mean proportipoal between 
D% t)F, the two segments of the diameter (25. Itl.); anci 
these segments are equal to the given lines A and B. 

PROBLEM IV. 

To divide the given Une AB into two part9, Mich thai the greater 
part shall be a mea/n. proportional between the whde line and 
the other part. 

At the extremity B of the line 
AB, erect the perpendiculat' BC 
fxfoii. t6 tbd half of AB ; from the 
pdilt C as ^ centre, with th6 
nn^\3B CB describe a semicircle ; 
draw AC cutting the circumference __ 
in D; and take AF= AD: the line -^ 
AB will be divided at the point T in ttle tnanner required ; that 
is, we shall have AB : AF : : AF : FB. 

For AB, being perpendicular to the radius at its extremity, 
is a tangent ; ana if AC be produced till k again m^ets tihe ciiv 
cumference in E, we shall have (30. III.) AE:AB::AB: AD; 
hence, dividendo, AE — AB : AB : : AB-^At) : AD. But 
since .the radius is the half of AB, the diameter DE is equal to 
AB, and consequently AE — ABi=AD^=AF; also, because 
AFt^AD, Vfe have AB— AD=FB; hence AF: Aft::FiB: AD 
dr AP ; trherice^'in'CertenJio^ AB : AF : : AP : FB. 

Scholium. This sort of division of the line AB is calliecl divi- 
sion in extreme and mean, ratio : the use of it will be perceived 
in a future part of the work. It may farther be observed, that 
tbe secdnl AlS i6 divided in extreme and meftii ratio At fiafe 
point D ; for, nince AB^DE, we have AE : DE : : DE : AD. 

PROBLEM V. 

Through a given point A, in the given aatgt^ BCJ)> to dra)x> 
the Une BD, so that the segments AB, AD, comprehended 
between the point A amd the two sides of the angU^ shall be 
equal. 

Through the point A draw AE parallel 
to CD, ihake BE=M:!E, and through the 

Eints B and A draw BAD ; this will 
the line required. 

For, AE being parallel to CD, we have 
BE : EC : : BA : AD ; but BE=EC ; 
therefore BA=AD. 
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PROBLEM VI. 

To describe a square that shall be equivalent to a given paroi- 
lelogram or to a given triangle. 

First. Let ABCD be the 
given parallelogram, AB its 
hBLBQy D£ its altitude : be- 
tween AB and DE find a 
mean proportional XY ; 
then will the square con- 
structed upon XY be equi- 
valent to the parallelogram ABCD. 

For by construction, AB : XY : : XY : DE ; therefore 
XY^=AB.DE ; but AB.DE is the measure of the paralleio- 
gram, and XY' that of the square; consequently they are 
equivalent. 

Secondly. Let ABC be the 
given triangle, BC its base, 
AD its altitude: find a mean 
proportional between BC and 
the half of AD, and let XY be 
that mean ; the square con- 
structed upon X Y wdl be equi- 
valent to the triangle ABC. 

For since BC : XY : : XY 




■nr 



i AD, it follows that 
BC. I AD ; hence the square constructed upon XY is equi- 
valent to the triangle ABC. 



PROBLEM VIL 

Upon the given line AD, to describe a rectangle 
shaU be equivalent to a given rectangle ABFC. 

Find a fourth propor- 
tional to the three lines ^ 
AD, AB, AC, and let AX 
be that fourth proportion- 




al; a rectangle constructed x 

with the lines AD and AX ^ ^ 

will be equivalent to the rectangle ABFC. 

For since AD : AB : : AC : AX, it follows that AD. AX^ 
AB.AC ; hence the rectangle ADEX is equivalent to the 
rectangle ABFC. 
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PROBLBM VIIL 

To find two Unes which shaU heme the same ratio to each other, 
as the rectaaigle of the two given lines A amd B has to the 
rectangle t^ihe two given Unes C ami D. 

Let X be a fourth proportional to the three A»- 1 

lines B, C, D ; then will the two lines A and b \ i 
X have the same ratio to each other as the ct— — i 
rectangles A,B and CD. j^ i 

For, since B : C : : D : X, it follows that 



C.I>=B.X; hence A.B : CD : : A.B : B.X ^' ' 

Cor, Hence to obtain the ratio of the squares constructed 
upon the given lines A and C, find a third proportional X to 
the lines A and C, so that A : C : : C : X ; you will then have 

Problem ix. 

To find two Unes that shall have the same ratio to each other as 
the product of the three given Unes A, B, C hoA to the pro^ 
duct of the three given Unes V, Q, R. 

Find a fourth proportional X to the Ai ■• — • 

three given lines A, B, C : find also a » I 1 

fourth proportional Y to the three ^ven c I— « 

lines P, Q, R. The two lines X, Y will 

be to each other as the products A.B.C, ^ > ' 

P.QR. . ^ !  , 

For smce P : A : : B : X, it follows 

that A*B=P.X ; and muld]:dying each of ^ 

these equals by C, we have AB.C=C.P.X. | ^ 

In like manner since C : Q : : B : Y, it 
follows that Q.Il=C Y ; and multiplying each of these e(]^uals 
by P, we have P.Q.R=P.C.Y : hence the product A.B.C is to 
the product P.Q.R as CP.X is to P.CY, or as X is to Y. 

PROBLEM X. 

To find a triangk that shaU be equivalent to a given polygon. 

Let ABCDE be the given polygon. 
Draw first the diagonal CE cutting off 
the triangle CDE ; through the point D, 
draw DF parallel to CE, and meeting 
AE produced ; join CF : the polygon 
ABCDE will be equivalent to the poly- 
gon ABCF, which has one side less than 
the original polygon. 




90 6B0METRY. 

For the triangles CDB^ CFE hove the base CE common ; 
they have also me same altitude, ance their vertioes Di F^ w 
situated in a line DF parallel to the base ; these triangles are 
therefore equivalent. Add to each of th^m the figure ABCE, 
and there will result the {x>Iygon ABCDE equi'^alent to the 
polygon ABCF. 

The angle B may in like manner be cut €ff^ by. substituting 
for the triangle ABC the equiyolent triangle AGC» and thQS 
the pentagon ABDE will be changed into an eqmval^it tri- 
angle GCF. : 

The same process may be applied to every other figure ; for, 
by successively diminishmg the number of its sides, one being 
tetrenched at eadhstep of the process, th^ equivalent triangle 
will at last be founcl. 

:- Schotkfm- We have, already seen that every triangle may 
be changed into an ecjuivalent square ; and thus, a squmre mw 
always be found equivalent to a given rectilineal figure, whidi 
operation is called squaring the rectilineal figure, or finding the 
ykoAruiii/re of it . >• 

The problem of the quadral'ure iff the drde oon^ftta in find- 
ing a square equivalent to a circle whose diameter is given^ 

PROBLEM XI. 

To find the side of a square which shaU be eguixkdent to the 
stim or the difference of two given squares. 

Let A and B be the sides of the 
given squares. 

First. If it is required to find a 
square equivalent to the sum of these 

squares, draw the two indefinite lines 

ED, EF at right angles to eadi: ^ 3e~ i> 

Wher ; take ED=A, and EC=B ; join DG i this will be the 
side of the square required. .^ 

For the triangle DEG being right-angled, the square jconi 
structed upon DG is equal to the sum of the squares upon ED 
and EG. 

Secondly. If it is required to find a square equal to the dif- 
ference of the given squares, form in the same manner the right 
angle FEH ; take GE equal to the shorter of the sides A, ^ 
B ; from the point G as a centre, with a radios GH,' equ^ 
to the other side, describe an arc cutting EH in H : th^ -squaie 
described upon EH will be eqiial to thedifierence of the squar^ 
described upon the lines A and B. 

For the triangle GEH is right-angled, the hypotenpise 
GH=A, and the side GE=B ; &nce the square ^Ufstruct^ 
upon EH, &c. 
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SMUum. A square may thus be fimnd equal to the sum of 
any number of squares; for the construction which reduces 
two of them to one, will reduce three of them to two, and these 
two to one, and so of others. It would be the same, if any 
of the squares were to be subtracted from the sum of the 
others. 

PROBLEM XII. 

To construct a square which shdU be to a given square ABCD 
as the Ivne Mis to the line N. 

Upon the indefinite ^ 
lineEG, takeEF==M, 
and FG=N; upon 
EG as a diameter de- 
scribe a semicircle, and 
at the pcHUt F erect ^ 
the perpendicular FH. 
From the point H, draw the chords HG, HE, which pro- 
duce indefinitely : upon the first take HK equal to the side 
AB of the given square, and through the point K draw KI 
parallel to EG ; HI will be the side of the square required. 

For, by reason of the parallels KI, GE, we have HI : HK : : 
HE : HG ; hence HI* : HK* : : HE* : HG* : but in the right- 
angled triangle EHG (23. III.) the square of HE is to the 
square of HG as the segment £F is to the segment FG, or as 
M is to N ; hence HI* : HK* : : M : N. But HK=AB ; 
therefore the square described upon HI is to the square de- 
scribed upon AB as M is to N. 

PROBLEM XIII. 

Upon the side FG, homologous to AB, to describe a pchfgon 
similar to the given polygon ABCDE. 

In the ^ven polygon, 
draw the diagonals AC, 
AD; at the point F 
make the angle GFH= 
BAG, and at the point 
G the angle FGH= 
ABC; the lines FG, 
GH will cut each other 

in H, and FGH will be a triangle »milar to ABC. In the 
same manner upon FH, homologous to AC, construct the tri- 
angle FIH similar to AUC ; and upon FI, homologous to AD, 
construct the triangle FIK similar to ADE. The polygon 
FGHIK will be rimilar to ABCDE, as required. 
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For, these two polygons are composed of the same number of 
triangles, which are similar and similarly atuated (26. III.) 

PROBLEM XIV. 

Two 9%fmlar Jigures being given, to construct a ^figure xohich 
shall be sifnUar to oneofihenif and equal to their sum or their 
difference. 

Let A and B be two homologous ades of the given figures. 
Find a square equal to the sum or to the difference of the 
squares described upon A and B ; let X be the side of that 
square ; then will X in the figure required, be the ade which 
is homologous to the sides A and B in the given figures. The 
figure itsw may then be constructed on X, by the last problem. 

For, the idmilar figures are as the squares of their homologous 
odes ; now the square of the side X is equal to the sum, or to 
the diffinrenoe, of the squares described upon the homologous 
sides A and B ; therefore the figure described upcm the side X 
is equal to the sum, air to the difference, of the similar figures 
described upon the sides A and B. 

PROBLEM XV. 

To construct a figure similar to a given one, and bearing to it 
the given ratio ofM to N. 

Let A be a side of the siven figure, X the homologous side 
of the figure required. The square of X must be to the square 
of A as M is to N; hence X will be found by Problem 12.-; 
and knowing X, the rest will be accomplished by Problem 13. 

PROBLEM XVL 

To construct a figure similar to the figure P and equivalent to 
the figure Q. 

Find M the side of a square 
equivalent to the figure P, and 
N the fflde of a square equi- 
valent to the figure Q. Let X \ ^ / \ 9. 
be a fourth proportional to 
the three given lines M, N, AB ; ^ 
upon the side X, homologous 
to AB, describe a figure similar to the figure !P ; it will also be 
equivalent to the figure Q. 

For, calling Y the figure described upon the side X, we have 
P ; Y : : AB' : X* ; but by construction, AB : X : : M : N, or 
AB« : X«: : W:VP; hence P : Y : : M*^: N». But by construe 
tion also, W^^f and N*=Q ; therefore P : Y : : P : Q ; con- 
sequently Y=Q ; hence the figure Y is similar to the figure P, 
and equivalent to the %ure Q. 
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PROBLEM XVIL 

To constrttct a recta/ngie equivalent to a given aqkuire C, and 
having its adjacent sides together equal to a given Jme AB. 

Upon AB as a diameter, 
describe a semicircle ; draw 
the line DE parallel to the 
diameter, at a distance AD 
ec{ual to the side of the 

given square C; from the K TB 

point E, where the parallel cuts the circumference, draw EF 
perpendicular to the diameter ; AF and FB will be the sides of 
the rectangle required. 

For, their sum is equal to AB ; and their rectangle AF.FB 
is equal to the square of EF, or to the square of AD; hence 
that rectangle is equivalent to the given square C. 

Scholium. To render the problem possible, the distance AD 
must not exceed the radius ; that is, the ^de of the square C 
must not exceed the half of the line AB. 



PROBLEM XVIIL 



To construct a rectangle that shall be equivalent to a given 
square C, and the difference of whose adjacent sides shaU he 
equal to a given line AB. 

Upon the given line AB as a diameter, 
describe a semicircle ; at the extremity of 
the diameter draw the tangent AD, equal 
to the side of the square C ; through the 

E>int D and the centre O draw the secant 
F : then will DE and DF be the adja- 
cent sides of the rectangle required. 

For, first, the difference of their sides 
is equal to the diameter EF or AB ; se- 
condly, the rectangle DE, DF is equal to 
AD^ (30. III.) ; nence that rectangle is 
equivalent to the ^ven square C. 
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PROBLEM XIX. 

To find the common measure, if there is one, between the diago- 
nal and the side of a square. 

Let ABCG be any square whatever, 
and AC its diagonal. 

We must first (Prob. 17. II) apply 
CB upon CA, as often as it maybe con- 
tained there. For this purpose, let the 
semicircle DBE be described, from the 
centre C, with the radius CB. It is 
evident that CB is contained once in 
AC, with the remiunder AD ; the re- 
sult of the first operation is therefore 

the quotient 1 with the remainder AD, which latter must now 
be compared with BC, or its equal AB. 

We might here take AF=AD, and actually apply it upon 
AB ; we should find it to be contained twice with a remainder: 
but as that remainder, and those which succeed it, continue di- 
minishing, and would soon elude our comparisons by their 
minuteness, this would be but an imperfect mechanical method, 
from which no conclusion could be obtained to determine 
whether the lines AC, CB have or have not a common mea- 
sure. There is a very simple way, however, of avoiding these 
decreasing lines, and obtaining the result, by operating only 
upon lines which remain always of the same magnitude : 

The an^e ABC being right, AB is a tangent, and AE a 
secant drawn from the same point ; so that, (30. III.) AD : 
AB : : AB : AE. Hence in the second operation, when AD is 
compared with AB, the ratio of AB to AE may be taken in- 
stead of that of AD to AB ; now AB, or its equal CD, is con- 
tained twice in AE, with the remjunder AD ; the result of the 
second operation is therefore the quotient 2 with the remainder 
AD, which must be compared with AB. 

Thus the third operation again consists in comparing AD 
with AB, and may be reduced in the same manner to the com- 
parison of AB or its equal CD with AE ; from which there 
will again be obtained 2 for the quotient, and AD for the re- 
mainder. 

Hence, it is evident, the process will never terminate ; and 
therefore there is no common measure between the diagonal 
and the side of a square : a truth which was already known by 
arithmetic (since *these two lines are to each other : : 2 : l). 
But which acquires a greater degree of clearness by the geo- 
metrical investigation. 

Scholium, The impossibility t>f finding numbers to express 
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the exact ratio of the diagonal to the «ide of a square has now 
been proved ^ but an approximation may foe made to it, as near 
as we please, by means of the continued fractibn which is*equal 
to that ratio. The first operation gave us 1 for a quotient ; the 
second, and all the others to infinity, give two : thus the frac- 
tion in question is 

■^^ + &c, to infinity. 

If that fraction, for example, is computed to the fourth term 
inclusively, its value is found to be IJf, or |J ; so that the 
approximate ratio of the diagonal to the side of a square, is : : 
41 : 29. A closer approximation to the ratio might be found 
by computing a greater number of terms. 
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KE6DLAB POLYGONS, AMD THE MEASUSEHENT OF THE CIBCLE. 

Definition. 

A POLYGON, which is at once equilateral and equiangular, is 
called a regular polygon. 

Jlcgular polygons may have any number of sides : the 
equilateral triangle is one of three sides ; the square is one of 
four. 

PROPOSITION I. THEOREM. 

Two regvUar polygons of the same number of sides a/re similar 
figures. 

Suppose, for example, 
that ABCDEF, oftcdg^ are 
two regular hexagons. The 
sum of all the angles is the ^ 
same in both figures, being 
in each equal to eight right 
angles (28. I.). The angle 
A is the sixth part of that sum ; so is the angle a : hence the 
angles A and a are equal ; and for the same reason, the 
angles B and i, the angles C and c, and i96 on. 

Again, ^nce from the nature of the polygons, the sides AB, 
BC, CD, &C. are equal, and likewise the ^ides od, be, cd, &c. ; 
it is pUun that AB : ab : :BC: be:: CD i cd, &c. ; h^ice the 
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two figures in question have thdr angles equal, and ihm homo- 
logous ffldes proportiona] ; hence {D^. 2. III.) they are nmikr. 

Cor. The perimeters of two regular polygons of the same 
number of naes, are to each other as the homolc^ous sides, and 
thar surfaces as the sauares of those sides (27. ill.). 

Scholium. The angle of a regular polygon is determined by 
the number of sides, as that of an equiangular polygon (88. I.) 

PROPOSITION II. THEOREM. 

Any regular jxJygon may be mscribed in a tirdcy and drcuin-' 
scribed about one. 

Let ABODE, &c. be a regular poly^n: 
describe a circle through the three points 
A, B, C, the centre being O, and OP 
the perpendicular let fall from it to the 
middle point of BC : join AO and OD. 

If the quadrilateral OPCD be placed 
above the quadrilateral OPBA, they will 
ooindde ; tor the ^de OP is common : 
the angle OPC=OPB, being right; 
hence the side PC will apply to its equal 
PB, and the point C will fail on B : besides, from the nature 
of the polygon, the angle PCD=PBA; hence CD will take 
the direction BA ; and since CI>=B A, the point D will fall on 

A, and the two quadrilaterals will entirely coincide. The dis- 
tance OD is therefore equal to AO ; and consequently the circle 
which passes through the three points A, B, C, will also pass 
througn the point D. By the same mode of reasoning, it might 
be shewn, that the drcle which passes through the three points 

B, C, D, will also pass through the point E ; and so of all the 
rest : hence the circle which passes through tlie points A, B, C, 
passes through the vertices of all the angles m the polygon, 
which is therefore inscribed in this circle. 

Again, in reference to this circle, all the sides AB, BC, CD, 
&c. are equal chords ; they are therefore (8. II.) equally dis- 
tant from the centre : hence, if from the point O with the dis- 
tance OP, a circle be described, it will touch the side BC, and 
all the other sides of the polygon, each in its middle point, 
and the circle will be inscribed in the polygon, or the polygon 
described about the drcle. , * 

Scholium 1. The point O, the common centre of the inscribed 
and circumscribed circles, may also be regarded as the centre of 
the polygon ; and upon Uiis prindple the angle AOB is called 
the angle ai the centre^ bdng formed by two radii drawn to the 
extremities of the same side AB. 

7 
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Since aU the ^rds AB» BC, CD, &c. are equal, all tbc 
angles at the centre must evidently be equal likewise ; and there- 
fere the value of each will be. found by dividing four right 
angles by the numbet of the polygon^s siaes. 

Scholium 2. To inscribe a r^iilu: polygon of a certain number 
of ades in a giv^ circle, we have only to mvide the drcumference 
into as many equal parts as the polygon has sides : for the arcs 
being equal (see the diagram of Prop. 4.) the chords AB, BC, 
CD, &c. will also be equal; hence likewise the triangles ABO, 
BOC, COD must be equal, because they are equiangular ; hence 
all the aisles ABC, BCD, CD£, &c. will be equid ; hence the 
figure ABODE &a will be a regular polygon. 




PROPOSITION III. PROBLEM. 

To inscribe a square in a given circle. 

Draw two diameters AC, BD, cut- 
ting each other at right angles; join 
their extremities A, B, C, D : the fi- 
gure ABCD will be a square. For the 
angles AOB, BOC, &c. being equal, A I 
the chords AJ3, BC, &c. are also equal; 
and the angles ABC, BCD, &c. wing 
in semicircles, are right. 

Scholium, Since the triangle is right* 
angled and isosceles, we have (11. III.) 
BC : BO : : V2 : 1 ; hence the side of the inscribed squovre w to 
the radius^ cls the square root of% is to unity. 

PROPOSITION IV. PROBLEM. 

In a given circle^ to inscribe a regular hexagon and an equi- 
lateral triangle. 

Suppose the problem solved, 
and that AB is a side of the in- 
scribed hexagon; the radii AO, 
OB being drawn, the triangle AOB ^ 
will be equilateral. 

For the angle AOB is the sixth 
part of four right angles; therefore, 
taking the right angle for unity, 
shall have AOB=J=g : and 



we 



the two other angles ABO, BAO, 
of the same triangle, are together 
equal to 2-— 1=1 ; and being mu- 
tually equal, each of them must be 
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equal to | ; therefore the triangle ABO is equilateral ; there- 
tare the side of the inscribed hexagon is equal to the radius. 

Hence to inscribe a regular hexagon in a given circle, the 
radius must be applied six times to the circumference ; which 
will bring us round to the point we set out from. 

And the hexagon ABCDEF being inscribed, the equilateral 
triangle ACE may be formed by joining the vertices of the 
alternate angles. 

ScAoKum. The figure ABCO is a parallelogram, and even a 
rhombus, since AB=BC=CO=AO ; hence (14. III.) the 
sum of tlie squares of the diagonals AC'+BO' is equal to the 
sum of the squares of the »des, that is, to 4AB% or 4BO': 
and taking away BO from both, there will remain AC?=3 BO' ; 
hence AC*: BO* : : 8 : 1, or AC : BO : : V8: 1 ; hence the 
side of the inscribed equilateral triangle is to the radius, as the 
square root of three is to unity. 

PROPOSITION V. PROBLEM. 

In a given circle^ to inscribe a regular decagon ; then a penta- 
gon, and a pentedecagon. 

Divide the radius AO in ex- 
treme and mean ratio (Prob. 4 
III.) at the point M ; take the 
chord AB equal to OM the 

£ eater segment; AB will be 
e side of the regular decagon, 
and will require to be applied 
ten times to the circumference. 

For, joining MB, we have 
by construction, AO : OM : : 
OM : AM ; or, since AB=OM, 
AO : AB : : AB : AM ; hence 
the triangles ABO, AMB have 
a common angle A, included between proportional sides ; hence 
(20. III.) they are similar. Now the triangle OAB being 
isosceles, AMB must be isosceles also, and A&=BM ; besides 
AB=OM; hence also MB=OM; hence the triangle BMO 
is isosceles. 

Again, the angle AMB being exterior to the isosceles triangle 
BMO, is double of the interior angle O (27. I.) : but the angle 
AMB;=MAB ; hence the triangle OAB is such, that each of 
the angles at its base, OAB or OBA, is double of O the angle 
at its vertex ; hence the three angles of the triangle are to- 
gether equal to five times the angle O, which consequently is 
the fifth part of the two right angles, or the tenth part of four 
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hemee the arc AB is the tenth part of the circumference, and 
the chord AB is the side of the regular decagon. 

Cor. 1. By joining the alternate comers of the regular deca- 
gon, the pentagon ACE6I will be formed, also regular. 

Cor. 2. AB being still the side of the decagon, let AL be 
the side of the hexagon ; the arc BL will then, with reference 
to the whole circumference, be J — tSj ^r ^V  hence the chord 
BL will be the side of the pentedecagon or regular polygon of 
fifteen sides. It is evident, also, that the arc CL is the third 
ofCB. 

Scholium. Any regular polygon being inscribed, if the arcs 
subtended by its sides be severally bisected, the chords of those 
semi-arcs will form a new regular polygon of double the num- 
ber of sides : thus it is plain, the square may enable us suc- 
cessively to inscribe regular polygons of 8, 16, S3, Sec. sides. 
And in like manner, by means of the hexagon, regular poly- 
gons of 12, 24, 48, &c. sides may be inscribed ; by means of 
Uie decagon, polygons of 20, 40, 80, &c. sides ; by means of 
the pentedecagon, polygons of 30, 60, 120, &c. sides.* 

PROPOSITION VI. PROBLEM. 

A regular inscribed polygon ABCD &c. heing given^ to cir- 
cumscribe a similar jpoh/gon about tJie same cirde. 

At T, the middle point 
of the arc AB, appiy the 
tangent GH, which (10. 
II,) will be parallel to 
AB ; do the same at the 
middle point of each of 
the arcs BC, CD, &c. ; i 
those tangents, by their 
intersections, will form the 
regular circumscribed po- 
lygon GHIK &C., similar 
to the inscribed one. 

It is evident, in the 
first place, that the three 
points O, B, H, lie in the same straight line; for the right-angled 




* It was long supposed^ that^ besides the polygons here mentioned, no 
other could be inscribed by the operations of elementary geometry^ or what 
amounts to the same, by tne resolution of equations of the first and second 
degree. But M. Gauss of GSttingen at length proved, in a work entitled 
DuNjuisiUonesAriihmeticae, Lipsiae, 1601, that by the method in question, 
a regular polygon of 17 sides might be inscribed, and generally a regu- 
lar polygon otVH-i sides, provided S"-f 1 be a prime number. 
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triangles OTH, OHN, having the common hypotenuse OH, 
and uie side OT==ON, must be equal, and consequently the 
angle TOH=HON, wherefore the line OH passes throu^ 
the middle point B of the arc TN. For a like reason, uie 
point I is in the prolon^tion of OC ; and so with the rest 
But since BH is paralld to AB, and HI to BC, the angle 
GHI=ABC (26. I.) ; in like manner, HIK=BCD ; and so 
with all the rest : hence the angles of the circumscribed polygon 
are equal to those of the inscribed one. And farther, by rea- 
son of these same parallels, we have GH : AB : : OH : OB, 
and HI : BC : : OH : OB ; therefore GH : AB : : HI : BC. 
But AB = BC, therefore GH==HL For the same reason, 
HI=IK, &c. ; hence the sides of the drcumscribed polygon 
are all equal ; hence this polygon is regular, and similar to the 
inscribed one. 

Cor. 1. Reciprocally, if the circumscribed polygon GHIK &c. 
were given, and the inscribed one ABC &c. were required 
to be deduced from it, it would only be necessary to draw 
from the angles G, H, I, &c. oi' the given polygon, straight 
lines OG, OH, &c meeting the circumference in the points 
A, B, C, &c. ; then to join those points by the chords AB, 
BC, &c. ; which would form the inscribed polygon. An easier 
solution of this problem would be simply to join the points of 
contact T, N, P, &c. by the chords TN, NP, &c. which like- 
wise would form an inscribed polygon similar to the circum- 
scribed one. 

Cor. 2. Hence we may circumscribe about a circle any regu- 
lar polygon, which can be inscribed within it ; and conversely. 

PROPOSITION VII. THEOREM. 

The area of a regular 'polygon is eqacd to its perimeter muiti" 
plied by half the raditcs of the inscribed circle. 

Let the regular polygon be GHIK &c. (see the last figure), 
the triangle GOH will be measured by GH x |0T ; the triangle 
OHI by HI X JON : but 0N=0T ; hence the two triangles 
taken together will be measured by (GH+HI) x JOT. And, 
by continuing the same operation for the other triangles, it will 
appear that the sum of them all, or the whole polygon, is mea- 
sured by the sum of the bases GH,- HI, IK, &c. or the perimeter 
of the ptolygon, multiplied into JOT, or half the radius of 
the inscribed circle. 

Scholium. The radius OT of the inscribed circle is nothing 
else than the per^ndicular let £sJl from the centre to one of the 
sides : it is sometimes named the apothem of the polygon. 
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PROPOSITION VIII. THBORBM. 

The perimeters ^tm) regidar pcllygtmsjhavifngihe same number 
of sides J anre to each other as the radii of the drcumscribed 
circles^ a/nd also a^ the radii of the inscribed circles ; their 
surfaces are to each other as the squares of those radii. 

Let AB be a side of the one polygon, 
the centre, and consequently O A the « ^ 
radius of the circumscnbed circle, and 
OD, perpendicular to AB, the radius of 
the inscnbed circle ; let ab, in like man- 
ner, be a side of the other polygon, o its 
centre, oa and od the radii of the circum- 
scribed and the inscribed circle. The 
perimeters of the two polygons are to 
each other as the sides AB and ab : but the angles A and a are 
equal, being each half of the angle of the polygon ; so also are 
the angles B and b ; hence the triangles ABU, abo are similar, 
as are likewise the right-angled triangles ADO, ado ; hence 
AB I ab II AO : oq :i JDO : do ; hence the perimeters of the 
polygons are to each other as the radii AO, ao of the circum- 
scribed circles, and also as the radii DO, do of the inscribed 
drdes. 

The surfaces of those polygons are to ei^ch other as the squares 
of the homologous ddes AB, ah ; they are therefore likewise 
to each other as the squares of AO, ao the radii of the circum- 
scribed circles, or as the squares of OD, od the ra(]tii of the in- 
scribed circles. 

PROPOSITION IX. LEMMA. 

Any curve, or a/ny pofygonai lincy which envelopes the convex Une 
AMBJrom one end to the other, is longer than AMB the en- 
veloped line. 

We have already said that by 
the term convex hne, we under- 
stand a line, polygonal or curve, 
or partly curve and partly poly- 
gonal, such that a straight line 
cannot cut it in more than two j^i 
points. If in the Une AMB there 
were any sinuosities or re-entrant portions, it would cease to be 
convex, because a straight line might evidently cut it in more 
than two points. The arcs of a drcle are essentially convex ; 




9^ 



GEOMETRY. 



but the present proposition extends to any line which fulfils 
the required condition. 

This being premised, if the line AM B is not shorter than 
any of those which envelope it, there will be found aniong the 
latter a line shorter than all the rest, which is shorter than 
AMB, or, at most, equal to it. Let ACDEB be this envelop, 
ing line : any where between those two lines draw the straignt 
line PQ, not meeting, or at least only touching, the line AMB. 
The straight line PQ is shorter than PCDEQ ; hence if, instead 
of the part PCDEQ, we substitute the straight Une PQ, the en- 
veloping line APQB will be shorter than APDQB. But, by 
hypothesis, this latter was shorter than any other ; hence th^ 
hypothesis was false ; hence all of the enveloping lines are longer 
than AMB. 



Scholivm, In the very same way, it might 
be shewn that AMB, a convex line return- 
ing into itself, is shorter than any line enve- 
loping it on all sides, whether tne envelop- 
ing Une FHG touch AMB in one or more 
pomtSf or surround without touching it. 




PROPOSITION X. LEMMA. 

Two concentric circles being given^ a regidar pdygoti may ci- 
ways he inscribed within the greater^ the sides ^ which shall 
not meet the drcumference of the less ; and likewise^ a regular 
polygon may always be described about the less, the sides of 
which shall not m£et the circumference of the greater. 

Let CA, CB be ra- 
dii of the given cir- 
cles. At the point A, 
apply the tangent DE, 
terminating in the 
greater circumference 
at D and E: inscribe 
within this greater cir- 
cumference one of 
the regular polygons, 
which the methods 
already explained en- 
able you to inscribe ; 
next bisect the arcs 
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subtended b^ its sides, and draw the chords of those half-arcs ; 
a polygon will thus be found having twice as many ades. Con- 
tinue the bisection, till an arc is obtained less than DBE. Let 
MBN be that arc, the middle point of it being supposed to lie 
at B : it is plain that the chord MN will be farther from the 
centre than DE ; and that consequently the regular polygon, of 
which MN is a side, cannot meet the circumference, of which 
CA is the radius. 

Now, the same construction remaining, join CM and CN, 
meeting the tangent DE in P and Q ; PQ will be the side of a 
polygon described about the less circumference, similar to that 
polygon inscribed within the greater, of which the side is MN. 
And it is evident, that this circumscribed polygon having PQ 
for its side, can never meet the greater circumference, CP be- 
ing less than CM. 

Hence, by the same operation, a regular polygon may be in- 
scribed within the greater circumference, and a similar one de- 
scribed about the less, both of which shall have their sides in- 
cluded between the two circumferences. 

Scholium. If two concentric sectors FCG, ICH be given, a 
porttmi of a regular polygon may, m like manner, be inscribed 
m the greater, or circumscribed about the less, so that the peri- 
meters of the two polygons shall be included between the two 
circumferences. For this purpose, it will be sufficient to divide 
the arc FBG successively mto 2, 4, 8, 16, &c. equal parts, till 
a part smaller than DBE is obtained. 

By the phrase, portion of a regular polygon^ we here mean 
the figure terminated by a series of equal chords inscribed in the 
arc FG, from one of its extremities to the other. This portion 
has all the main properties of regular poljrgons ; it has its angles 
equal, and its siaes equal, it can be inscribed in a circle, or cir- 
cumscribed about one : yet, properly speaking, it forms part of 
a regular polygon oiily in those cases where the arc subtended 
by one of its sides is an aliquot part of the circumference. 
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PROPOSITION XL THEOREM. 

The circumferences cf circles are to each other as their radHy 
and their surfaces as the squares of those radii. 

For the sake of brevity, let us designate the fdrcumfer- 
ence whose radius is C A by circ. C A ; we are to shew that 
circ. CA : cire. OB : : CA : OB. 




If Uiis proportion is not tihie, CA must be to OB as circ. CA 
is to a fourth term less or greater than circ. OB : suppose it 
less ; and that, if possible, C A : OB : : circ. CA : circ. OD. 

In the circle of which OB is the radius inscribe a regular 
polygon EF6KLE, such that the sides of it shall not meet the 
circumference of which OD is the radius (Prop. 10. IV.) : in- 
scribe a similar polygon, MNPFM, in the circle of which AC is 
the radius. 

Then, since those polygons are similar, their perimeters 
MNPSM, EFGKE will be to each other (8. IV.) as CA, 
OB, the radii of the circumscribed circles, that is MNPSM 
EFGKE : : CA : OB. But by hypothesis, CA : OB : 
circ. CA: circ. OD; therefore MNPSM: EFGKE :: circ. QA 
circ. OD; which proportion is false, because (9- IV.) the perimeter 
MNSPM b less than circ. CA, while on the contrary EFGKE 
is greater than circ. OD : therefore it is impossible that C A can 
be to OB as circ. CA is to a circumference less than circ. OB ; 
or, in more general terms, it is impossible that one radius can be 
to another, as the circumference described with the former radius 
is to a circumference less than the one described with the latter 
radius. 
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Hence, too, we conclude it to be equally impossible that CA 
can be to OB as cvrc. CA is to a circumference greater than 
Arc. OB : for if this were the case, by reversing the ratios, we 
should have OB to CA as a circumference greater than drc. OB 
is to drc. C A ; or, what amounts to the same thing, as cere. OB 
is to a circumference less than drc. CA ; and therefore one ra- 
dius would be to another as the circumference described ^th 
the former radius is to a circumference less than the one de- 
scribed with the latter radius,— a conclusion just shewn to be 
erroneous. 

And idnce the fourth term of this prop(H*tion CA : OB : : 
Arc, CA ; x can neither be greater nor less than c%rc, OB, it 
must be equal to drc, OB ; consequently the circumferences of 
circles are to each other as their radii. 

By the same construction, a similar train of reasoning would 
shew, that the surfaces of circles are to each other as the squares 
of their radii. We need not enter upon any farther details re- 
specting this proposition, particularly as it forms a corollary of 
the next theorem. 

Cor, The similar arcs AB, DE ^ ^^^^ 

are to each other as their radii ^\ >B 

AC, DO; and the similar sec- 
tors ACB, DOE are to each 
other as the squares of those 
radii. 

For, since the arcs are similar, 
the angle C (Def. B. III.) is equal to the angle O ; but C is to 
four right angles (17. II.), as the arc AB is to the whole circum- 
ference described with the radius AC ; and O is to four right 
angles, as the arc DE is to the circumference described with the 
radius OD : hence the arcs AB, DE are to each other as the 
drcumferences of which they form part: but these circum- 
ferences are to each other as their radii AC, DO; hence 
aire. AB : arc. DE :: AC : DO. 

For a like reason, the sectors ACB, DOE are to each other 
as the whole circles ; which again are as the Squares of their 
radii-, therefore sect. ACB ; sect. DOE : AC* : DO*. 
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PROPOSITION XII. THEOREM. 

The area of a circle is equal to the product qfits drcumftrence 
hy half the raSma 

Let us designate the surface 
of the circle whose radius is C A 
by surf. CA ; we shall have 
smf, CA=JCA X (Arc, C A. 

For if JCA xcerc. CA is not 
the area of the circle whose ra- 
dius is CA9 it must be the area 
of a circle either greater or less. \ 
Let us first suppose it to be the 
JEtrea of a ^eater circle ; and, if 
possible, that \ CAxcirc. CA= 
surf, CB. 

About the circle whose radius 
is C A describe a regular polygon 

DEFG &c., such (10. IV.) that its sides shall not meet the cir- 
cumference whose radius is CB. The surface of thispolygon will 
be equal (7. IV.) to its perimeter DE-|-EF-|-PG+ &c. multi- 
plied by J AC : but the perimeter of the polygon is greater than 
the inscribed circumference enveloped by it on all sides ; hence 
the surface of the polygon DEFG &c. is greater than ^ACx 
Arc. AC, which by the supposition is the measure of the circle 
whose radius is CB ; thus the polygon must be greater than 
that circle. But in reality it is less, being contained whc^y 
within the circumference : hence it is impossible that JCAx 
(Arc. AC can be greater than surf. C A ; in other words, it is 
impossible^ that the circumference of a circle multiplied by half 
its radius can be the measure of a greater circle. 

In the second place, we assert it to be eoually impossible that 
this product can be the measure of a smaller circle. To avoid 
the trouble of changing our figure, let us suppose that the dr- 
cle in question is the one whose radius is CB : we are to shew 
that \GQxdrc. CB cannot be the measure of a smaller drde^ 
of the circle, for instance, whose radius is CA. Grant it to be 
so ; and that, if possible, ^CBxczrc. CB=M^r/r CA. 

Having made the same construction as before, the surface of the 
polygon DEFG, &c. will be measured by (DE+EF+F6+ &c.) 
XjCA; but the perimeter DE + EF + FG+ &c. is less 
than aire. CB, being enveloped by it on all sides ; hence the 
area of the polygon is less than JCAx circ. CB, and still more 
than JCB x drc. CB. Now by the supposition, this last quan- 
tity is the measure of the circle whose radius is C A : hence the 
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pofygm mmt be leas than the inaoribfid cird^ which babsmdii 
hence it is impossible that the circuiaference of a drcle multip) 
l^ed by half its racUus^ can be the measure of a smaller circle. 

Hence^ finally, the circumference of a circle multiplied by hfJ# 
its radius is the measure of that circle itself. 

Cor. 1. The surface of a sector is equal 
to the arc of that sector multiplied by naif 
its radius. 

For, the sector ACB (17. II.) is to the 
whole circle as the arc AMB is to the 
whole circumference ABD, or as AMBx 
} AC is to ABDx^AC. But the whole cir. 
cle is equal to ABDx^AC ; hence the sec- 
tor ACB is measured by AMB x 4 AC. 

Cor, 2. Let the circumference of the cir- 
cle whose diameter is unity be denoted by v : then, because 
drcumferences are to each other as their radii or diameters, we 
shall have the diameter 1 to its circumference tt as the diameter 
2CA is to the circumference whose radius is CA, that is, 
1 : flr : : 2C A : circ. C A, therefore circ. C A=2;r x C A. Multi* 
ply both terms by ^CA ; we have ^C Ax circ. CA=9rxCA*,,or 
mrf, CA=7xCA^ : hence the surfiace of a circle is equal to the 
product of the square of its radius by the constant number x, 
which represents the circumference whose diameter is 1, or the 
ratio of the circumference to the diameter. 

In like manner, the surface of the circle, whose radius is OB, 
will be equal to ^xOB«; but ;r x CA^: ^xOB^ : : CA* ; OB«; 
hence the surfaces of circles are to each other a^s the squares of 
their radii^ which agrees with the preceding theorem. 

Scholium. We have already observed, that the problem of 
the quadrature of the circle consists in finding a square equal- 
in surface to a circle, the radius of which is known. Now it has 
just been proved, that a circle is equivalent to the rectangle con* 
tained by its circumference and half its radius ; and this rectangle^ 
may be changed into a square, by finding (6. III.) a mean pnK 
portional between its length and its breadths To square the 
circle, tfaef^ore, is to find the cit*cuin^rence when the radius 19 

S'ven ; and for effecting this, it is ei^ough tq know the ratio of 
e circumference to its rtfdi us or its diameter. 
Hitherto, the ratio in question has never been djetermined exw 
cept ap|)roximately ; but the approximation has been carried so* 
far, that a, knowledge of the exact ratio would afibixl no real 
advantage whatever beyond that of the approximate ratio. Ac-^. 
oorchngly, this problem, which engaged geometers so deeply, 
wh6^ nieir methods of approximation w^^ less perfect, is now 
degraded to the rank of those idle questions, with whi(^ no one 

G 



100 



GEOMETRY. 



arrived at this point, we shall ii^fei* that the last result expfesiiM 
the surface of tne circle, which, since it must always lie Ibetweeii 
the inscribed and the circumscribed polygon, and since those 
polygons affree as far as a certain place of decimals, must also 
agree with both as far as the same place. 

We haye subjoined the computation of those poljrgons, carried 
on till they agree as far as the seventh jdace of decimals. 

Nnmber of sides. Inscribed polygon. Ciieumsaibed polygon. 

4 8.0000000 4.0000000 

8 2.8384^71 3.3137085 

16 3.0614674 3.1825979 

82 3.1214461 S.1517249 

64 3.1366486 8.1441184 

128 3.1403311 8.1422236 

266 3.1412772 8.1417604 

612 3.1416138 3.1416321 . 

1024 3.1416729 ai416026 

2048 3.1416877 3.1416961 

4096 3.1416914 ....;.. 8.1416933 

8192 3.1416923 3.1416928 

16384 3.1416926 3.1416927 

82768 3.1415926 3.1415926 

The surface of the circle, we infer therefore, is equal to 
3.1415926. Some doubt may exist parhap^ about the last de- 
cimal figure, owing to errors proceeding from the parts omitted ; 
but the calculation has been carried on with an additional figure, 
that the final result here ^ven might be absolutely correct even 
to the last dedmal place; 

Since the surface of the circle is equal to half the circum- 
ference multiplied by the radiusj the half circumference must 
be 3.1416926, when the radius is 1 ; drthfe whole circumfer- 
rence must be 3.1415926, when the diameter iit: hence the 
ratio of the circumference to the diameter, fdrmeriy exptess^ 
by Ky is equal to 8.1415926, . 
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7^ triangle CAB is eqmvalmt to the isoscdes tricmgie DOE, 
which has the same angie C, and xme of its equal sides CB or 
CD a mean proportional het%fi€en CA aaid CB. And if the 
angle CAB is rights the perpendicular CF, drawn to the 
ba>se of the isosceles triangle j will be a m^a/n proportional be^ 
tween the side CA and half the swm of the sides CA,. CB. 

First. Basause of the common angle 
C, the triangle ABC is to the isor 
sceles triangle DCE as AC x CB is to 
DCxCE or DC^ (24. III.): hence 
those triangles will be equivalent, if 
DC^=AC X CB, or if DC is a mean 
proportional between AC and CB. 

Secofndhf^ Because the perpendicu- 
W CCrF oisects the angle ACB, we 
^aU hare AG : GB : : AC : CB (17. 
III.); and therefore, componendoj AG: 
AG+GB or AB : : AC : AC+CB ; 
but AG is to AB as the triangle ACG 
is to the triangle ACB, or 2 CDF ; 

besides if the angle A is right, the right-angled. triangles ACG, 
CDF must be similar, and give ACG : CDF : : AC* : CF* ; 
hence, 

AC : 2CF* : : AC : AC+CB. 

Multiply the second pmr by AC ; the antecedents will be 
equal, and consequently we shall have 2CF*=AC. (AC+CB), 

orCF^=AC. \ — / ; hence if the angle A is right, the 

perpendicular CF will be a mean proportional between the side 
AC and the half sum of the sides AC, CB. 
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PROPOSITION XVI. PROBLEM. 

To find a circle diffhrvng as UUle as we please from a given 
reffukkr pclygon. 

Let the square BMNP be the pro- 
posed polygon. From the centre C, 
draw C A perpendicular to MB, and ^ 
join CB. 

The circle described with the ra- 
dius CA is inscribed in the square, 
and the circle described with the 
radius CB circumscribes this same 
square ; the first will in consequence 
be less than it, the second greater : 
it is now required to compress those 
limits. 

Take CA and CE, each equal to j^ 
the mean proportional between CA 

and CB, and join ED ; the isosceles triangle CDE will, by the 
last proposition, be equivalent to the triangle CAB. Pewbrm 
the same operation on each of the eight triangles which compose 
the square : you will thus form a regular octagon equivalent to 
the square BMNP. The circle described with the radius CF, 

CA-4-CB 
a mean proportional between CA and 5 , will be inscrib- 
ed in this octagon, and the circle whose radius is CD will cir- 
cumscribe it. The first of them will therefore be less than 
the given square, the second greater. 

If the rigtit-angled triangle CDF be, in like manner, changed 
into an equivalent isosceles triangle, we shall by this means 
form a regular polygon of 16 sides, equivalent to the proposed 
square. The arcle inscribed in this polygon will be less than 
the square ; the circumscribed circle will be greater. 

The same process may be continued, till the ratio between 
the radius of the inscribed and that of the circumscribed drcle, 
approach as near to equality as we please. In that case, both 
circles may be regarded as equivalent to the square. 

Scholium, The investigation of the successive radii is re- 
duced to this. Let a be the radius of the circle inscribed in 
one of the polygons, b the radius of the circle circumscribing 
the same polygon ; let a' and V be the corresponding radii for 
the next polygon, which is to have twice the number of sides. 
From what has been demonstrated, b' is a mean proportional 
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between a and A» and a' is a mean inK)pordonal between a and 

-g- ; so that I/=^a.bi anda'=V«.--3^- hence a and 6 the 

radii of one polygon being known, we may easily discover the 
radii a' and V of the next polygon ; and the process may be 
continued till the difference oetween the two radii become in- 
sensible ; then either of those ra^ will be the radius of the 
drcle equivalent to the proposed square or polygon. 

Thb method is easily practised with regard to lines ; for it 
impUes nothing but the finding of successive mean proportionals 
between Unes which are given : it is still more easily practised 
with regiu*d to numbers, and finrms cme of the most commodious 
plans which elementary geometry can furnish, for discovering 
speedily the approximate ratio of the circumference to the di- 
ameter. Let.tne side of the square be S ; the first inscribed 
radius C A will be 1, and the first drcumscribed radius CB will 
be v^ or 1.4143136. Hence, putting a=l, 6=1.4142136, 
we shall find 6'=1. 1892071, and a'=l .0986841 . These num- 
bers will serve for computing the rest, the law of their combi* 
nation being known. 

Raffiafttiedxeumiciibedeiides. Radii of the inacribeddrdes. 

1.4148136 1.0000000 

1.1892071 1.0986841 

1.1480500 1.1210863 

1.1320149 1.1265639 

1.1292862 1.1279257 

1.1286063 1.1282657 

Since the first half of these ciphers is now become the same on 
both side9, it will occasion Uttle error to assume the arithmetical 
means instead of the mean proportionals or geometrical mean% 
which differ from the former only in their last figures. By this 
method, the operation is greatly abridged ; the results are ; 

1.1284860 1.1283508 

1.1283934 1.1283721 

1.1283827 1.1283774 

1.1283801 1.1288787 

1.1288794 1.1283791 

1.1283792 1.1283792 

Thus 1.1283792 is very nearly the radius of a circle equal in 
surface to the square whose side is 2. From this, it is easy 
to find the ratio of the circumference to the diameter : for it has 
already been shewn that the surface of the circle is equal to the 
square of its radius multiplied by the number ^ ; hence if the 
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surface 4 be divided by the square of 1.1«8879« the 

we shall get the value of ir, which by this computation is faomi, 

to be 3.1416926, &c., as was formerly determined by anotber 

method. 
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DEFINITION'S. 

I. A maximum is the greatest among all the quantities of tiie fame 
wgmtn ; a mnimum is the least 

Thus the diameter of a circle is a maximum amoiig all the lines join- 
ing two points in the circumference ; the perpendicolar is a minimum 
among au the lines drawn from a given point to a given stnught line. 

' 11. Isoperimeiricaljigures are such as have equal perimeters. 



PROPOSITION I. THEORBBL 

Qf(dl the triangles having the same base and the same perimeter, the 
maximum is that triangle of which the two undetermined sides are 
equal. 

Suppose AC==CB, and AM + MB=AC + 
CB ; then is the isosceles triangle ACB greater 
than the triangle AMB^ which has the same 
base and the same perimeter. 

From the centre C, with a radius CA= 
CB^ describe a circle meeting CA produced 
in D ; join DB : the angle DBA^ inscribed 
in a semicircle, will be right (15. II.). Pro- 
duce the perpendicular DB towards N, make 
MN=:M6, and join AN. Lastly^ from the 
points M and C, draw MP and CG perpendi- 
cular to DN. 

Since CB=CD, and MN=MB, we have 
AC+CB=AD, and AM+MB=AM+MN. 
ButAC+CB=AM + MB; therefore AD= 
AM+MN; therefore AD:^=^AN : and since 
the oblique line AD is greater than the oblique line AN, it must be 
&rther from the perpendicular AB ; therefore DB:::^BN ; therefore 
BG, which (12. I.) is half of BD, will be greater than BP which is 
lialf of BN. But the triangles ABC, ABM, having the same base 
AB, are to each other as their altitudes BG, BP; therefore^ since 
BG::^BP, the isosceles triangle ABC is greater than ABM, whieh is 
not isoscelesj and has the same base and the same perimeter. . 




BOOK «IV.. > 



0^ 




i)f4dl (k<b istfpermettical polygons havif^ a ghik mmbef- of Meii . tih^ 
I ^iaxlibum is the one which lias Us sides equd. 

'■:• Fot, hi ABCDEF h^ the nrnmmumpdlfffir^,. 

lfktlie,8ide BC.k not equal to CD> construct ' 

ujpon the base BD an isosceles tri«Qgr]e BQD^ ^ 

wnich shall be isoperimetrical with BCD ; this 

triangle BOD will (Prop. I. Ap.)'be greafer 

than BCD^ and consequently the ^polygon 

ABODEF will be greater tlun ABCDEF; B^ 

hence the latter is not the maximum of all th^ 

polygons having the same perimeter and the 

same number of sides^ wtiich contradicts the 

hypothesis. BC must therefore be equal to CD : for the same reasoDB 

must CD=D£^ D£==£F^ &c*; hence all the sides of ike maxmam 

polygwi are equal. . ? . . 

PROPOSITION m. THEOREM. ' 

Qfall the triangles^ having two sides given in length and containing an 
angle which is^ not, given; '^maximum is thai triangle in which the 
,' info gioem sides cantdtih a' s^ght af^le. ^ r • ■■, 



E 



A 




Let BAQ BAD be two triangles^ in 
which the side AB is. common, and the 
side AC=AD; if the angle BAC is 
right, the triangle BAC will be greater 
than the triangle BAD^ of which the 
angle A is acute or obtuse. 

For, the base AB being the same, 
the two triangles BAC, BAD are to 
each other as their altitudes AC, DE ; ^' 
but the perpendicular D£ is shorter 
than the obhque line AD or its equal 
AC; hence the triangle BAD is less - 
than the triangle BAC. 

PROPOSITION IV. THEokEM. 

Among polygons formed of sides which are all, given but one, the maxi- 
mum is .such.tfyit a^ its angles, c^n h^ inscribed in a semicircle^ ef 
which the unknown side is the diameter* 

Let ABCD£F be the greatest 
^lygon which can be formed with 
the giren sides AB, BC, CD, DE, 
£F, and the last side AF assum- 
ed at pleasure. Draw the diago- 
nalrAD,DF. If the angle ADF 
were not rights then by making ^ 
it right we should augment the 
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triaoffle ADF (Prc^, 8. Ap.) ; and coniequently augment the whole 
pc^y^n> because the parts ABCD, DEF would continue exactly as 
Sicy are. But this polygon, being alreadv a maximum, cannot be aug- 
mented ; hence the angle ADF is no otter than a right angle. The 
same are ABF, ACF, AEF ; hence all the angles A, B, C, D, E, F 
of the maximum polyf^n are in a semicircuiitference> of whidi the in- 
determinate side AF is the diameter. 

Scholium. This proposition gives rise 
to a question : Whether there be more 
ways than one of forming a polygon 
with sides which are all given> excej^t 
the last side which is unknown and is 
to form the diameter of the semicircle 
wherein all the others are inscribed? J^ 
Before deciding this question, it will be 
necessary to observe, that if the same 
chord AB subtend two arcs described 
with different radii AC, AD, the oen- 

tnJ angle standing upon this chord, will be smaller in the circle 
whose radius is greater ; thus ACB^^^nADB. For (27* !•% the angle 
ADO=:ACD+CAD; hence ACD.^ADO, and douUing hoth, 
ACB-^-jAlDB. 

PROPOSITION y, THBORBBf. 
There is hut one way cfformxng a polygon ABCDEF teith tides which 
are all given, except the last side, which is unknown, and is to firm 
the diameter (^the semicircle wherein aU the others are ti 





For, suppose we have found 
one circle which satisfies the con- 
ations of the problem: if we 
take a greater cade, the chords 
AB, BC, CD, &a will lie oppo- 
site to angles at the centre, which 
are smaller. Hence the sum of 
these central angles will be less 
than two right angles ; hence the extremities of the given sides will not 
fall at the extremities of a diameter. The contrary error will arise, 
if we assume a smaller circle : hence the polygon in question can only 
be inscribed in one circle. 

SchoHum. The order of the sides AB, BC, CD maybe altered at 
will, the diameter of the circumscribed circle, as well as the area of 
the polygon, always continuing the same ; for whatever be the or- 
der of the arcs AB, BC, Sec, it is enough if their sum be a semicir- 
cumference, and the poljgon will always have the same area, being al- 
ways eaual to the semicu^e minus the segments AB, BC &c. die sum 
of which is the same in any order. 
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PROPOSITION VI. THEOftBM. 

Of attikepo^goHs formed with given sidet, the maximum is the one 
f^kkk can be nucribed in a circle. 

Let ABCDEFG be the inscribed polygon, 
and ahcdefg tbe ];>olygon which cannot be 
inscribed^ both having equal sides^ AB=a5» 
BC=:&c, &c; the inscribed polygon will 
be greater than tbe other. 

Draw the diameter £M; join AM^ MB; 
upon ah=zABf construct the triangle abm 
equal to ABM, and join enu 

By Prop. 4. of this Appendix, the poly- 
ffon EFGAM, is greater than rfj^m, un« 
less this efgam can be inscribed in a semi- 
drcle, of which the side em is the diameter, 
in which case the two polygons would be 
equal, by llie last Proposition. For the 
same reason, the polygon EDCBM is great* 
£r than edchm, saving a similar exception, 
by means of which they would be equal. 
Hence the whole polygon EFGAMBCDE 
is greater than efgambcde, unless they are 
equal in all respects: but they are net equal 
in all respects, because the one is inscribed 

in a circle; and the other cannot be inscribed ; hence the inscribed 
polygon is greater. Take away from both respectively the equal tri« 
angles ABM, abm; there will remain the inscribed polygon ABCDEFG 
greater than abcdefg, which cannot be inscribed. 

SchoUum. It might be shewn, as in the foregoing Proposition, that 
there can be only one circle, and therefore only one maxtmum polygon 
that will satisfy the conditions of the problem ; and this polygon will 
always have the same area, in whatever order we arrange its sides. 

PROPOSITION VIL THEOREM. 

The regular polygon is the greatest of all the polygons which have the 
same perimeter and the same number of sides. 

For, by the second of these Tlieorems, the maximum poly^n has all 
ito sides equal ; and by the last Theorem, it can be mscnbea m acirde : 
b^nce it is a regular polygon. 
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PROPOSITION Vin. LEMMA. 

3fW aneles at the centre, measured in two different circles^ are to, 0ck 
other as their included arcs divided by their radiu 

The angle C is to the angfle O as the j^ 

^ ", AB . ^ ^, ^. ^T>E 

quotient -^ is to the quotient g^. 

With a radius OF, equal to AC, de- 
sciibe the arc FG inchided between the 
sides OD, OE produced. By reason of the 
equd radii AC, OF, (17- II.) we shsill 

have C : 0::AB:FG; hence C:0 ::----': _^. But by reason 

AC FO . 

of the similar arcs FG, DE, (11. IV.) we have FG : DE : : FO : DO ; 

FG DE 

therefore the quotient r^ is equal to the quotient s^^ and am- 

,, ^ ^ AB DE ; • 

sequently C : O : : ^ : ^. 




PROPOSITION IX. THEOREM. 

Qfitvo isoperian/eirkdt regnlat polygms, the one having the greater 
number <;f sidis istki greater. 

f '  " 

Let DE be a half-side of one of those polygons, O the centre, OE 
the apothem : let AB be a half-side of the other polygon, C the centre, 
GB the apothem. Suppose the centres O and C to be situated at any 
distance OC, and the apothems OE, CB, in the direction QC : tiiut 




DOE and ACB will be half-angles at the centres (^ the polygons ; and 
because these angles are not equal, the lines C A, OD, if produced, will 
meet in some point F ; from this point let fall the perpendicular OC 
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Ml FG ; from tk^fMlnts 0«nd C as centres, 
termiiialed by the sides OF, CF. 



the ares GI/OHi 



: I 



GI 



Now, by the preceding lemma, we have O : C : : ^ : -=7, ; butDE 

is to the perimeter of the first polygon as the angle O is to four right 
angles ; and AB is to the perimeter of the second polygon as C is to 
four right angles ; therefore, nnoe Ihe- perimeters of the polygons are 

equal, DE : AB : : O : C, or DE : AB : ; ^ : ^. Multiply thean- 

tecedents by OG, and the consequents by*CG ; we shall have DE.OG : 
AB.CG : : GI : GH. But the similar triangles ODE, OFG give 
OE : OG: : DE : FG, whence DEX)G=Oj;,FG ; in like manner, we 
should find AB.CG=CB.FG; therefore OE.FG : CB.FG : : GI : GH, 
or OE ; CB : : GI ; GH, Hence, if we pan shew that the arc GI is 
greater than the arc GH, it will follow that the apothem OE is 
greater than CB. 

On the other side of CF, construct a figure CKa: entirely equal to 
the figure CGar, so that Ck=CG, the angle HCK=rHCG, and tht 
arc KxaxstG; the curve K^G will envdope the arc KHG, and 
(9. IV.) be greater than it. Therefore Go:, half of the curve, is 
greater than GH half of the arc; iher^re still more is GI greater 
«than GH. 

It follows, therefore, that the apothem OE is greater than CB; 
but (7* IV.) the two polygons, having the same perimeter, are to. each 
other as their apothems; hence the polygon which has DE for a 
half-side is greater than the polygon which has AB for its half-side : 
the first has more sides, because its central angle is smaller ; hence 
of two isoperimetrical regular polygons, the one having more ^des is 
greater. 



PROPOSITION X. THEOREM. 

The circle is greater than any polygon of the same perimeter, - 

We have already shewn, that of ^ 
all the isoperimetrical pc^ygons faav^ 
ing. the same number uf sides^ .the 
r^ular polygon is Uie greatest ; 
therefore we need only to compare 
the circle with some regular polygon 
of the same, p^ ipieter. Let AI be, 
thie half-side of this polygon; C its 
centre. In the isoperimetrical circle, 
let the ang^Ie DOE be equal to ACI, and. onsequently, the arc DE 
be equal to the half-side AI. Thef polygoh ? is to itt circle C as the 
triaiile ACI is to the sector ODE ; hence P r C : : ^ALCI : JDE-QE ii 
CliOE. From the point E^'drtiw a 'Itifigent EG meeting ODpro« 
duoed'in.G;' the similar Crian^ea AC I, GOE ^ give the proportion 
CI : 0£;>i9Alor DEs GE ; he»« F:€ :r DE : GE, or Ai^ I>R|OE, 
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whidi b the measure of the sector DOE; is to G£.|OE, which is the 
measure of the triangle GOE : now^ this sector is less than the triangle; 
hence P is less than C ; hence the circle is greater than any isoperime^ 
trical polygon. 
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PLANBS AND SOLID ANGLES. 

Definitions, 

I. A straight line is perpendicular to a planf^ when it is per* 
pendicular to all the straight lines (4. IV.) which pass through 
Its Jbot in the plane. Conversely^ the plaqe is perpendicular to 
the line. 

The Jbot of the perpendicular is the pmnt i^t whidi that line 
meets the plane. 

II. A line is parallel to apkmey when it cannot meet thikt 
plane, to whatever distance both be produced. Conversely, f he 
plane is parallel to the line. 

III. Tyro planes are parallel to each other, when they can- 
not meet, to whatever distance both be produced. 

IV. It will be demonstrated (3. IV.) that the common inter- 
section of two planes which meet each other is a straigl^t line : 
that granted, the angle or mutual inclination qftwoplanes is 
the quantity, greater or less, by which they are separated from 
each other; this quantity is measured (7. IV.) by the angle 
contained between two perpendiculars drawn ib these {Janes, at 
the same point of their common intersection. 

This angle may be acute, or rijght, or obtuse. 

V. If it is right, the two planes are perpendicular to each 
other. 

VI. A solid amgle is the angular space included between se^ 
veral planes which meet at the same point. 

Thus, the solid angle (see the fig. of Prop. 35. V. SchoL) 
is formed by the union of the planes ASB, BSC, CSD, DSA. 
Three planes at least are requisite to form a sdid angle. 
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PBOrOSITlON I. TBBMBM. 

A iiraighi hne canncibeparifyin aplanej andparihf aui qfU. 

For, bj the definitiDii of a plane, when a straight line has two 
points common with a plane, it lies wholly in that plane. 

SchcUum, To discover whether a surface is plane, it is ne- 
cessary to apply a straight line in different ways to that sur&oe, 
and to observe if it touches the surface througoout its whole ex- 
tent. 

PROPOSITION II. THEOREM. 

Two Straight lines, which intersect each other j Uein the same 
plane, and determine its position. 

Let AB, AC be two straight lines which 
intersect each other in A ; a plane may be con- 
ceived in which the strait AB is round ; if 
this plane be turned round AB, until it pass 
through the point C, then the line AC, which 
has two of its points A and C in this plane, 
lies wholly in it ; hence the position of the plane is determined 
by the single condition of containing the two stnught lines 
AB, AC. 

Cor 1. A triangle ABC, or three points A, B, C not in a 
straight line, determine the position of a plane. 

Cor. S. Hence also two parallels AB, 
CD deteroune the position of a plane ; ^ 
for, drawing the secant EF, the plane 
of the two straight lines A£, EF is 
that of the paral&s AB, CD. 

4 

PROPOSmON III. THEOREM. 

Iftwophaies cut each other, their common intersection wiU be a 
straight line. 

For, if among the points common to the two planes, thare be 
three which are not in the same stnught line, then the planes, 
pas^ng eacsh through these three points, must form only one 
and the same plane ; which contraaicts the hypothesis. 



/■ 
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PftOPOBITION IV. THBOBRif. 

If a straight line AP is perpendicular .ta two other straight 
lines PB, PC, which cross each other at its Jbot in the plane 
MN, it win be perpendicular to my straight line PQ drawn 
.,through iisjbot in the sameplame, and thtis it ^fiU be perpen- 
dicular to the pkine MN. , ; . 

Through any point Q in PQ, 
draw (Prob. 5. III.) the straight 
line BC in the angle BPC, so 
that BQ=QC ; join AB, AQ, 
AC. 

The base BC being divided 
into two equal parts at the point 
L, the triangle BPC (14. III.> 
will ^ve 

PC«+PB*=2PQ+2QC'. 
The triangle BAC will in like 
manner give 

AC*+ AB*=2AQ2+2QC^ 
Taking the first equation from the second, and observing that 
the triangles APC, APB, which are both • right^ingled at P^ 
give AC'^-PC2=AP*, and AB«— PB*=AP* ; we shaU haye 

AP«+ AP2=2 AQ*— 2PQ2. 

Therefore, by taking the halves of both, we have AP'= 
AQ«— PQ*, or AQ^AP*+PQ2; hence the triangle APQ i$ 
right-angled at P ; hence AP is perpendicular to PQ. 

Scholium, Thus it is evident, not only that a straight line 
may be perpendicular to all the straight lines which pass tnrough 
its foot in a plane, but that it always must be so, whenever it 
is perpendicular to two straight lines drawn in the plane; whidi 
proves our first Definition to be accurate. ^"• 

Cor, 1. The perpendicular AP is shorter than any oblique 
line AQ ; therefore it measures the true distance from the point 
A to the plane PQ, 

Cor, % At a given point P on a plane, it is impos^ble.to 
erect more than one perpendicular to that plane ; for if there 
could be two perpendicalars at the sanie point F, d^w ^dng 
these two perpendiculars, a plane, whose intersectioti iwithtbe 
plane MN is PQ ; then those two perpendiculars wd«ild be.p^^ 
pendicular to the line PQ, at the .same pomt^ and in th^isamci 
plane, which is impossible. 

It is also impossible to let fall from a given point out of a 
plane two perpendiculars to that plan^ ; for let AP, AQ, be 
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these two perpendiculars, then the triangle APQ would have two 
ri^t angles APQ, AQP, which is imposuble. 

FBOPOSITION V. TUEOSBH. 

(^>Uque lines e^ial^ diitant Jrom tke perperuUcvlar are eqwd ; 
and, of two obUque lines unequaBtf distant^^vm the perpendi- 
cular, ihe more distant is the longer. 

For the angles APB, APC, 
APB, being right, if we sup- 
pose the distances FB, PC, PD, 
to be equal to each other, the 
triangles APB, APC, APD, 
will nave each an equal angle 
contuned by equal ^des; there- 
fore they wJl be equal ; there- 
fore the hypotenuses or the 
oblique lines AB, AC, AD, 
will be equal to each other. In 
like manner, if the distance FE is greater than PD or its equal 
PB, the oblique line AE will evidently be greater than AB^ or 
its equal AD. 

Cor. AH the equal oblique lines AB, AC, AD, &c. ter- 
minate in the drcumference BCD, described from P the foot 
of the perpendicular as a centre; therefore a point A being 

E'ven out of a plane, the point P at which the perpendicular 
t fall from A would meet that plane, may be found by mark- 
ing upon that plane three points B, C, D, equally distant from 
the point A, and then finding the centre of the circle which 
passes through these points; tnis centre will be P, the point 
sought 

ScboHum. The angle ABF is called the inclination o^ the 
oblique line AB to the plane MN ; which inclination is evid^it- 
ly equal with respect to all such lines AB, AC, AD, as are 

2uiuly distant from the perpendicular; for all the triangles 
BP, AGP, ADP, &c. are equal to each other. 
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PROPOSITION VI. THEOREM. 

Let AP be a perpendicidwr to the plane MN, cmd BC a line su 
tuated m that plane ; if from P thejbbt of the perpendicular, 
PD is dnrawn at right angles to BC^ and AD is joined^ 
AD wiU be perpendicular to BC. 

Take DB=DC, and join PB, PC, 
AB, AC ; since DB=DC, the oblique 
line PB=PC : and with regard to the m 
perpendicular AP, since PB=PC, the 
oblique line AB=AC (5. V.) ; there- 
fore the line AD has two of its points 
A and D equally distant from the ex- 
tremities B and C ; therefore AD is a 
perpendicular at the middle of BC. 

Cor. It is evident likewise, that BC 
is perpendicular to the plane APD, since BC is at once per- 
pendicular to the two straight lines AD, PD. 

Scholium, The two straight lines A£, BC afford an instance 
of two lines which do not meet, because they are not situated in 
the same plane. The shortest distance between these lines 
is the straight line PD, which is at once perpendicular to the 
line AP ai^ to the line BC. The distance PD is the shortest 
between these two hnes ; for if we join any other two points, 
such as A and B, we shall have ABz^^AD, ADz^^PD ; tha»- 
fbre ABz^PD. 

The two lines AE, CB, though not situated in the same 
plane, are conceived as forming a right angle with each other, 
because AD and the line drawn through one of its pcnnts pa- 
rallel to BC would make with each other a right angle. In the 
same manner, the line AB and the line PD, which represent 
any two straight lines not situated in the same plane, are sup- 
posed to form with each other the same angle, which would be 
formed by AB and a straight line parallel to PD drawn through 
one of the points of AB. 




PROPOSITION VIL THEOREM. 

Ifihe fine AP is perpendmdar to thepkme MN, ani/ Une DE 
parallel to AP vaU be perpendicular^ to the same plane. 

Akmg the parallels AP, 
DE, extend a plane ; its in- 
tersection with the plane MN 
will be PD ; in the plane 
MN draw BC perpendicu- 
lartoPD, anditnn AD. 

By the Corollary of the 
preceditig Theoran, BC is 
perpendicular to the plane 
AFDE ; therefore the angle BDE is right ; but the angle 
£DP is right also, since AP is perpendicular to PD, and DE 
paralld to AP ; therefore the line DE is perpendicular to the 
two stnught lines DP, DB ; therefore it is perpendicular to their 
plane MN. 

Cor. 1. Converseljr, if the straight lines AP, DE are per*, 
pendicular to the same plane MN, they will be parallel ; for if 
they be not so, draw through the point D a line parallel to 
AP, this parallel will be perpendicular to the plane MN; 
therefore through the same point D more than one perpendi- 
cular might be erected in the same plane, which (4. V.) is 
impossible. 

Cor. !& Two lines A and B, parallel to a third C, are paraiU 
lei to each other ; for, conceive a plane perpendicular to the 
line C ; tJie lines A and B, being parallel to C, will be per- 
pendicular to the same plane ; therefore, by the preceding 
Corollary, they will be parallel to each other. 

The three unea are understood not to be in- the same [Jane ; 
otherwise the proportion (24. 1.) would be already known. 

PaOPOSITION VIII. THEOREM. 
If the Uiie AB is paraOd to a straight Une CD drawn in the 
j^ane MN, it wiU be parallel to that plane. 

For if the line AB, which A B 

lies in tJie plane ABCD, ' ' ''"'"'/ 

could meet the plane MN, ^ 

this could only be in some S^ 

point of the line CD, the V^ = L™^ 

common intersection of the " 

two planes : but AB cannot 

meet CD, ^nce they are pa< 



rallel ; hence it will not meet the plane MN ; hence {Def. 2.) 
it is parallel \q that plane. 

PROPOSITION IX. THEOREM. 
Treoj^imes MN, PQ perpendiadar to the same strcMffkt Une 
AB, areparaUel to each other. 

For, if they can meet anywhere, 
let O be one of their common points, 
and join OA, OB ; the line AB 
which is perpendicular to the plane 
MN, is perpendicular to the straight 
line OA dntwn through its foot in 
that plane ; for the same reason 
AB is perpendicular to BO ; there- 
fore OA and OB are two perpen- 
diculars let fall, from the same point 0, upon the same stnught 
line ; whicli is imposnble : therefore the planes MN, PQ, can- 
not meet each other ; therefore they are parallel. 

PH0P08ITI0M X. THEOREM. 
The intersectiona EF, GH, of two paraUel planes MN, PQ 
with a third plane FG-, are portal. 




For, if the lines EF, GH, ^ 

lying in the same plane, were 
not parallel, they would meet 
each other when produced ; 
therefore the planes MN, PQ, 
in which those lines lie, would 
also meet ; therefore the planes f _ ^/ 
would not be parallel. fe^ — - 



PROPOSITION XI. THEOREM 
The Une AB, tchich is perpendiailar to the j^ne MN, ta also 
perpendkular to the ploTie PQ, parallel to MN. 
Having drawn any line BC in the plane PQ (see the fig. of 
Prop. 9.)» along the 'lines AB and BC, extend a plane J^Sc, 
intersecting the plane MN in AD ; the intersection AD will 
(10. V.)'be parilel to BC ; but the line AB, being perpendi- 
cular to the plane MN, is perpendicular to the strught line 
AD ; therefore also to its parallel BC : hence the line AB be- 
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ing perpendicular to any line BC drawn through its foot in 
the plane FQ, is consequently perpendicular to that plane. 

PROPOSITION XII. THEOREM. 

The panraUels EG, FH, comprehended between two parallel 
plcmes MN, FQ, a/re equal. 

Through the parallels EG, FH, (see the fig. of Prop. 10.) 
draw the plane EGHF to meet the parallel planes in EF and 
GH. The intersections EF, GH, (10. V.) are parallel to each 
other ; so likewise are EG, FH ; therefore the figure EGHF 
is a parallelogram ; therefore EG==FH. 

C(yr, Hence it follows that two panraUd planes are every 
where equidistant ; for if EG and FH are perpendicular to the 
twQ^ planes MN, PQ, they will be parallel to each other, (7. V. 
Cor. 1.) ; and tlierefore equal, as has just been shewn. 



PROPOSITION XIII. THEOREM. 

If two a/n^s CAE, DBF not miuated in the samepkme^ have 
their sides parallel a/nd lying i/n the same direction, those 
a/ngies will be equal amd their pUmes wHl he parallel. 

Make AC=BD, AE=BF ; ^ 

and join CE, DF, AB, CD, 
EF. Since AC is equal and 
parallel to BD, the figure 
ABDC is a parallelogram 
(Prop. 81. 1.) ; therefore CD 
is equal and parallel to AB. 
For a similar reason, EF is 
equal and parallel to AB; 
hence also CD is equal and 
parallel to EF; hence the 
figure CEFD is a parallelo- 
gram, and the side CE is 
equal and parallel to DF ; 
therefore the triangles CAE, DBF have their corresponding 
sides equal ; therefore the angle CAE=DBF. 

Again, the plane ACE is parallel to the plane BDF. For 
suppose the plane parallel to BDF, drawn through the point A, 
were to meet the lines CD, EF, in points different from C and 
E, for instance in G and H; then, (12. V.), the three lines 
AB, GD, FH would be equal : but the hnes AB, CD, EF are 
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already known to be equal ; hence CD=GD, and FH=EF^ 
which is absurd ; hence the plane ACE is parallel to BDF. 

Car. If two parallel planes MN, PQ are met by two other 
planes CADB, EABF, the angles CAE, DBF, formed by 
the intersections of the parallel planes will be equal ; for (10. 
V.) the intersection AC is parallel to BD, and AE to BF, 
therefore the angle CAE=DBF. 

PROPOSITION XIV. THEOREM. 

If three straight lines AB, CD, EF, not situated in the same 
pUme^ are equal amd pairaUel^ the triangles ACE, BDFj^^ti* 
ed by joimmg the extremities of these straight lines wiU be 
equalj a/nd their pUmes wiU be parallel. 

For, since AB (see the preceding figure), is equal and parallel 
to CD, the figure ABDC is apar^ulelosram ; hence the side AC 
is equsd and parallel to BD. For a Bke reason the sides AE, 
BF are equal and parallel, as also CE, DF ; therefore the two 
triangles ACE, BDF, are equal ; and consequently, as in the 
last Proposition, their planes are parallel. 

PROPOSITION XV. THEOREM. 

Ttffo straight lines^ included between three parallel planesj^ are 
ctU proportional^. 

Suppose the Une AB to meet 
the parallel planes MN, PQ, 
BS, at the points A, £, B; 
and the line CD to meet the 
same planes at the points C, F, 
D: we are now to shew that 
AE : EB : : CF : FD. 

Draw AD meeting the plane 
PQ in G, and jom AC, EG, 
GF, BD ; the intersections EG, 
BD, of the parallel planes PQ, 
BS, in the inane ABD, are pa- 
rallel (10. V.) ; therefore AE : 
EB : : AG : GD ; in like manner, the intersections AC, GF 
being parallel, AG : GD : : CF : FD ; the ratio AG : GD is 
th^ same in both ; hence 

AE : EB : : CF : FD. 
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PROPOSITION XVI. THSOBBM.* 

Let ABGD be am/ qttadrUateral situated or not eittuxted wholly in 
mej^ne ; if two strcAgkt lines £F, GH cut the opposite sides 
proporlAonalhf^ so that AE : EB : : DF : FC, and BG : GC :: 
AH : HD ; then will the straight lines EF, GH, cut ea>ch other 
in sicch a manner that we shall have HM : MG : : AE : £B, 
amZEM:MF:: AH:HD. 

Draw along AJi any plane 
AbRcDy which shall not lie 
along GH; through the 
points E, B, C, F, draw E^, 
B&, Cc, F;^ parallel to GH, 
to meet that plane in e, 6, c^. 
Because B&, GH, Cc, are 
parallel, (16. III.) we have 
ftH:Hc::BG:GC::AH: 
HD; therefore (20. III.) 
the triangles AHJ, DH^ 
are similar. Also we have Ae: eh ii AE : EB, and ^f'.fcw 
DF : FC; therefore Xe \ eh \\ Hf x fc^ or compomndo^ 
Ae : Df: : Ah : Dc ; but, because the triangles AHd, DHc, 
are similar, we have A 6 : D c : : AH : HD ; therefore 
Ae : Iff : : AH : HD ; also the triangles AHi, cHD being 
similar, the angle HA^==Hiy*; therefore (20. III.) the tri- 
angles AH^, DH/*are similar ; therefore the angle AH^=DH^ 
Hence it follows that eHf is a straight line, and therefore the 
three parallels E^, GH, FJ* aie idtuated in the same plane, 
which plane will contain the two straight lines EF, GH; therefore 
these latter must cut each other in a point M. Lastly, because 
E^, MH, j^are parallel, we have EM : MF : : <?H: Ufi: AH: 
HD. 

And, by a similar construction in reference to the side AB, it 
may be shewn that HM : MG : : AE : EB. 




* May be omitted^ having no immediate conneiidon with what foUpws. 
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PROPOSITION XVII. THBOREM. 

J%e cmgie mduded between the two planes MAN, MAP ma^ 
be measuredf agreeably to our Definiticnj by the angie NAP, 
which is Jarmed by the Imo perpendiculars AN, AP drawn 
in ea<:h qf those planes to the common intersection AM. 

To shew the legitimacy of this measure- M| 
ment, we must, in the first place prove that 
it is constant, or that it would be the same 
at whatever point of the common intersec- 
tion the perpendiculars were drawn. 

Take any other point M ; and draw MC 
in the plane MN, MB in the plane MP, 
perpendicular to the common mtersection 
AM. Since MB and AP are perpendicular 
to the same line AM, they are parallel to 
each other. For the same reason, MC is parallel to AN ; 
therefore, (13. V.) the angle BMC=PAN; therefore it is in- 
different whether the perpendiculars be drawn at the point M or 
at the point A ; the included angle will be always the same. 

In tne second place, we must prove that, if the angle of the 
two planes increases or diminishes in a certain ratio, the angle 
PAN will increase or diminish in the same ratio. 

In the plane PAN, from the centre A and with any radius, 
describe the arc NDP ; from the centre M and with an equal ra- 
dius, describe the arc CEB; draw AD at pleasure: the two planes 
PAN, BMC, being perpendicular to the same straight line 
MA, will (9. V.) be parallel; therefore the intersections AD, 
ME, of these two planes with a third AMD, will be parallel ; 
therefore (13. V.) the angle BME will be equal to PAD. 

Let us^or a moment call the angle, which is formed by the two 
planes MP, MN, a wedge ; that granted, if the angle DAP 
were equal to DAN, it is evident that the wedge DAMP would 
be equal to the wedge DAMN ; for the base PAD if placed 
upon its equal DAN would exactly coincide with it, the height 
AM would be always the same; therefore the two corners would 
coincide with each other. In like manner it may be shewn, that, 
if the angle DAP were contained a certain number of times ex- 
actly in the angle PAN, the wedge DAMP would be contdned 
just as many times in the wedge PAMN. But from the ratio 
in whole numbers, the conclusion with regard to any ratio is 
le^timate, and was above demonstrated (17. II.) in a case alto- 
gether similar ; therefore whatever be the ratio of the angle 
DAP to the angle PAN, the wedge DAMP will be in that 
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same ratio with the wedge PAMN ; therefore the angle NAP 
may be taken as the measure of the wedge PAMN, or erf the 
angle which is formed by the two planes MAP, MAN. 

ScboUwm. The same relation Bub^sts between the angles 
which are formed by two planes, as between those which are 
formed by two straight lines. Thus when two planes mutually 
cross each other, the opposite or vertical angles are equal, and 
the adjacent angles are togethei* equal to two right angles; 
therefore if one plane be perpendicular to another, the latter is 
also perpendicular to the former. In like manner, when two 
parallel planes are met by a third plane, the same equalities and 
the same properties appear, as when two parallel lines are met 
by a third line. 

PBOPOSITION XVIII. THEOBEM. 
If ike Ime AP U perpenSkvlar to the plane MN, any plane 

APB drawn ahnff AP, wiU be perpendicular to the plcme 

MN. 

Let BC be Uie intersection of the N. > 

planes AB, MN ; in the plane MN, iiiw^S^ 

draw DE perpendicular to BP: xi^ rs 

then the line AP, being perpendi- M -11™---!-^^^=^ 

cular to the plane MN, will be per- l-v^j^n||| j^^^^H 
pendicular to each of the two straight \ _ Tllliixf l^^^B i 

Unes BC, DE ; but the angle APD, \ W%Affff\ 

formed by the two perpendiculars 1 »'' c^ 1 

PA, PD at the common intersec- \ J 

tion BP, measures the angle of the 

two planes AB, MN ; therefore {Def. 5.), since that angle is 

right, the two planes are perpendicular to each other. 

ScfuMum. When three straight lines, such as AP, BP, DP, 
are perpendicular to each other, each of those lines is perpeo- 
dicular to the plane of the other two, and the three planes ore 
perpemUculat to each other. 

PROPOSITION XIX. THEOREM. 
ly the pUme AB is perpendicular to the plane MN, and if in 

the ^ane AB the line PA is perpendicular to the common 

mtersectidn PB, then imU PA be perpendkular to the plame 

MN. 

For, in the plane MN (see the preceding figure), draw PD 
perpeodicular to FB ; then, because the planes are perpendL 
 cular, the angle APD is right; therefore the, line AP is per- 
pendicular to the two straight lines PB, PD ; thereftnre it is 
perpencbcular to thai plane MN. 
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Cor. If the plane AB is perpendicular to the plane MN, 
and if at a point P of the common intersection we erect a per- 
pendicular to the plane MN, that perpendicular will be in the 
plane AB ; for, if not, then, in the plane AB, we might draw 
AF perpendicular to PB the common intersection, and this AP, 
a.t the same time, would be perpendicular to the plane MN ; 
therefore at the same point P there would be two perpendieulars 
to the plane MN, which is impossible. 

PROPOSITION XX.. THEOREM. 

If two planes AB, AD, a/re perpendicular to a third MN, their 
common intersection AP wHl be perpendicular to tha^ third 
pla/ne. 

For, at the point P (see the preceding figure), erect a per- 
pendicular to the plane MN ; that perpendicular must be at 
once in the plane AB and in the plane AD (19. V. Cor.) ; 
therefore it is their common intersection AP. 

PROPOSITION XXI. THEOREM. 

If a solid amgle isjbrmed by three plane angles^ the su/m Bfany 
two of these angles wiU be greater than the third, 

• 

The proposition requires demonstra- 8 

tion only wnen the plane angle, which ^ 

is compared to the sum of the other / 

two, is greater than either of them. / 

Therefore suppose the solid angle S to / 

be formed by three plane angles ASB, / j^\ ]^^0^' 
A9C, BSC, whereof the angle ASB Au^ClI!^ W 
is the greatest; we are to shew that jp 

ASB-.i^SC+BSC. 

In the plane ASB make the angle BSD = BSC, draw the 
straight line ADB at pleasure ; and having taken SC=SD, join 
AC, BC. . 

The two sides BS, SD are equal to the two BS, SC ; the 
angle BSD=BSC ; therefore the triangles BSD, BSC are 
equal ; therefore BD=BC. But AB^cA.C+BC ; taking BD 
from the one side, and from the other its equal BC, there re- 
mains AD^i:::AC. The two sides AS, SD are equal to the 
two AS, SC ; the third side AD is less than the third ade 
AC ; therefore (10. I.) the angle ASD-^ASC. Adding 
BSD=BSC, we shall have ASD+BSD or ASB-i:LASC+BSC. 



 ■,* ^ I. . - 
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PBOPOSITION XXIL THEOBEM. 
7^ sum ^ the plane an^es wUch Jorm a solid angle, is al- 

ways lets tJumJimr right ongies. 

Cut the solid angle S by any plane 
ABODE ; from O, a point in that plane, 
draw to the several angles straight lines 
AO, OB, OC, OD, OE. 

The sum of the angles of the tiiangles 
ASB, BSC, &c form^ about the vertex 
S, is equivalent to the sum of the an^es of 
an equal number of triangles AOB, BOC, - 
&c. formed about the point O. But at the 
point B the angles ABO, OBC, taken to- 
- eether, make the ai^le ABC (SI. V.) 
less than the sum of Uie angles ASS, SBC ; in the same man- 
ner, at the point C we have BCO+OCD^^rBCS+SCD; and 
Bo with all the angles of the polygon ABCDE : whence it fol- 
lows, that the sum of all the angles at the bases of the triangles 
whose vertex is in O, is less th^ the sum of the angles at the 
bases of the triangles whose vertex is in S ; hence to make up 
the de6ciency, the sum of the angles formed about the point O, 
is greater than the sum of the an^es about the point S. But the 
sum of the angles about the point O is equal to four right 
angles (5. 1.) ; therefore the sum of the plane angles, which 
form the solid angle S, is less than four right angles. 

SchdHufm. This demonstration is founded on the suppo^ 
tion that the solid angle is convex, or that the plane of no one 
surface produced can ever meet the solid angle ; if it were other- 
wise, the sum of the plane angles would no longer be limited, 
and might he of any magnitude. 

PROPOSITION XXIII. THEOREM. 
If two solid ongies are composed <^UM-ee plane angles reapec- 

tiveh/ egtiol to each other, the planes a^kk contain the e^uai 

angles wHt be egual^ indined to each other. 
. Let the angle ASC=DTF, 
the angle ASB=DTE, and the 
an^ BSC=ETF; then will the 
imitiation of the planes ASC, 
ASB, be equal to that of the 
pkoes DTF. DTE. 

Having taken SB at pleasure, 
draw BO perpendicular to the 
plane ASC ; from the point O, 
7 




\U GEOMETRY. 

at which that perpendicular meets the plane, draw OA, OC 
perpendicular to SA, SC ; join AB, BC ; next take TE=SB; 
draw EP perpendicular to the plane DTF ; from the point P 
draw PD, PF, perpendicular to TD, TF; lastly, join DE, EF. 

The triangle SAB is right-angled at A, and the triangle TDE at 
D(6.V.);andsincetheanglewehaveASB=DTE,SBA=TED. 
Likewise SB=TE ; therefore the triangle SAB is equal to the 
triangle TDE ; therefore SA==TD, and AB=DE. In like 
manner it may be shewn, that SC=TF, and BC=EF. That 
granted, the quadrilateral SAOC is equal to the quadrilateral 
TDPF : for, place the angle ASC upon its equal DTF ; be- 
cause SA=TD, and SC=TF, the point A will fall on D, 
and the point C on F ; and at the same time, AO, which is 
perpendicular to SA, will fall on PD which is perpendicular 
to TD, and in like manner OC on PF ; wherefore the point 
O will fall on the point P, and AO will be equal to DP. 
But the triangles AOB, DPE, are right-angled at O and F ; 
the hypotenuse AB = DE, and the side AO = DP ; hence 
(18. 1.) those triangles are equal ; hence the angle OAB=PDE. 
The angle OAB is the inclination of the two planes ASB, 
ASC ; the angle PDE is that of the two planes DTE, DTE ; 
hence those two inclinations are equal to each other. 

It must, however, be observed, that the angle A of the right- 
angled triangle OAB is properly the inclination of the two 
planes ASB, ASC, only when the perpendicular BO falls on 
the same side of SA as SC falls ; for if it fell on the other 
side, the angle of the two planes would-be obtuse, and joined 
to the angle A of tlie triangle OAB it would make two right 
angles. But in the same case, the angle of the two planes 
TDE, TDF would also be obtuse, and joined to the angle D 
of the triangle DPE, it would make two right angles ; and 
the angle A being thus always equal to the angle at D, it 
would follow in the same manner that the inclination of the 
two planes ASB, ASC, must be equal to that of the two 
planes TDE, TDF. 

Scholium, If two solid angles are composed of three plane 
angles respectively equal to each other, and if at the same time 
the equal or homologous angles are disposed in the same mmmer 
in the two solid angles, these angles will be equal, and they 
will coincide when placed upon one another. We have already 
seen that the quadrilateral SAOC m^ be placed upon its 
equal TDPF ; thus placing SA upon TD, SC falls upon TF, 
and the point O upon the point P. But, because the triangles 
AOB, DPE are equal, OB perpendicular to the plane ASC 
is equal to PE perpendicuku* to the plane TDF; b^des. 
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those perpendiculars lie in the same direction; therefore the 
point B will fall upon the point £, the line SB upon TE, and 
the two solid angles will wholly coincide. 

This coincidence, however, takes place only when we suppose 
that the equal plane angles are arranged in the same manner in 
the two solid angles ; for if they were arranged in an inverse 
order ^ or, what is the same, if the perpendiculars OB, PE, in- 
stead of lying in the same direction with regard to the planes 
ASC, DTF, lay in opposite directions, then it would be impos- 
sible to make these solid angles coincide with one another. It 
would not, however, on this account, be less true, as our Theorem 
states, that the planes containing the equal angles must still be 
equally inclined to each other ; so that the two solid angles would 
be equal in all their constituent parts, without, however, ad- 
mitting of superposition. This sort of equality, which is not ab- 
solute, or such as admits of superposition, deserves to be dis- 
tinguished by a particular name : we shall call, it equality by 
symmetry. 

Thus those two solid angles, which are formed by three 
plane angles respectively equal to each other but disposed in 
an inverse order, will be called a/ngles equal by symmetry^ or 
simply symmetrical angles. 

The same remark is applicable to solid angles, which are 
formed by more than three plane angles : thus a solid angle, 
formed by the plane angles A, B, C, D, E, and another solid 
angle, formed by the same angles in an inverse order A, E, D, 
C, B, may be such that the planes which contain the equal 
angles^are equally inclined to each other. Those two solid angles, 
likewise equal without being capable of superposition, would 
be called sclid angles equal by symmetry , or symmetrical solid 
a/ngies. 

Among plane figures, equality by symmetry does not pro- 
perly exist, all figures which might take this name being abso- 
luteiy equal, or equal by superposition ; the reason of which is^ 
that a plane figure cannot be inverted, and the upper part taken 
indiscnminate^ for the under. This is not the case with solids; 
in which the third dimension may be taken in two different 
directions 

PROPOSITION XXIV. PROBLEM. 

The three a/ngUs which form a solid amgle bewg giveriy to find 
by aplcme construction the amgle contained between two of 
these pUmes, 

Let S be the proposed solid angle, in which the three plane 
angles ASB, ASC, BSC, are known^ it is required to find 

6 
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die angle oontaitied by two of lliefle planes, such as ASB, 
ASC. 




Conceive the same construction to be made as in the preced- 
ing Theorem ; the angle OAB would be the angle sougnt It 
in required to find the same angle by a plane construction, or 
one performed on a plane. 

On a plane, therefore, make the angles B^SA, ASC, B^'^SC 
equal to the angles BSA, ASC, BSC, in the soUd figure ; take 
B^S and B^^S eadi equal to BS in the solid figure; from the points 
B' and W, at right angles to SA and SC draw B^A and B^^C, 
which will intersect each other at the point O. From A as a 
centre, with the radius AB^, describe the semicircle WbE ; at 
the pcnnt O, erect Ob perpendicular to BIS, and meeting the 
drcumference in b; join Ab : the angle EAi will be the reqmred 
inclination of the two planes ASC, ASB in the solid angle. 

All we have to prove is, that the triangle AOb of the plane 
figure is equal to the triangle AOB of the solid figure. Now 
the two triangles B^SA, BSA are right*angled at A ; the angles 
at S are equ^ : hence the angles at B and B^ are also equal* 
But the h3rpotenuse.SB^ is farUier eaual to tiie hypotenuse SB ; 
hence these triangles are equal; tnerefore SA of the plane 
figure is equal to S A of the solid figure, and likewise AB^, cur 
its equal A&, in the former to AB in the latter. In the same 
way, it might be shewn that SC is equal in both ; hence it foU 
lows, that the quadrilateral SAOC must be equal in both, and 
consequently AO of the plane figure is equal to AO in the 
solid. Thus, in both figures the right-angled triangles AOi, 
AOB have each the hypotenuse and a side respectively equal ; 
hence they are themselves equal ; and the angle EAB, found 
by the plane construction, is equal to the inclination of the two 
planes SAB, SAC in the solid angle. 



BOOK V. m 

When the point O falls between Aand B' in the plane figui^, 
the angle E AB becomes obtuse, and still measures the true is^ 
clination of the planes. It is for this reason that EAd, not 
OAJbf has been employed to designate the required inclination^ 
that so the same solution might suit every possible case. - 

Scholium. A question may arise, whether, if any three angles 
be assumed at pleasure, a solid angle can be formed with 
them. 

Now, first, the sum of the three given angles must be less 
than four right angles, otherwise (22. V.) no solid angle can be 
formed ; ana farther, two of these angles B^SA, ASC being 
assumed at pleasure, the third CSB^^ must be such that B^^C, 
perpendicular to the side SC, shall meet the diameter B'£ be- 
tween its extremities B' and E. Thus- the limits to the magni 
tude of the angle CSB^^ are such as would make the perpen- 
dicular B^'^C terminate in the points B^ and E. From these 
points, draw BI and EK at right angles to CS, and meeting 
the drcumference described with the radius SB^^ in I and K ; 
the limits of the angle CSB^^ will be CSI and CSK. 

But in the isosceles triangle B'SI, since the line GS pro- 
duced is perpendicular to the base B'l, we have the angle 
CSI=CSB' = ASC+ASB'. And in the isosceles triangle 
ESK, since the line SC is perpendicular to EK, we have the 
angle CSK = CSE. Also, by reason of the equal triangles 
ASE, ASB, we have the angle ASE = ASB' ; hence CSE 
OT CSK=ASC— ASB'. 

Therefore the problem is always possible, when the third 
angle CSB" is less than the sum of ASC, ASB' the other two, 
and greater than their diiference ; conditions agreeing with 
Theorem 21. ; according to which it was required that we should 
have CSB'^-t-rASC+ASB', and also ASC-^CSB''+ ASB', or 
CSB'':^ASC — ASB.' 

PROPOSITION XXV. PROBLEM. 

Two of the three pUme^ cmgles which form a solid angle^ and 
also the indmaHon of their planes being given, to Jlnd the 
third plane angle. 

Let ASC, ASB', (see the last figure) be the two given plane 
angles ; and suppose for a moment that CSB'' is the third anglie 
required : then, employing the same construction as in the fore 
gomg Problem, the angle included between the planes of the 
two first, the inclination of those planes, would be EA&. Now, 
as EAd can be determined by means of CSB" the other two 
being given, so likewise may CSB'' be determined by means of 
EA&9 whidi is just what the Problem requires. 
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Having taken SB^ at pleasure, upon SA let fall the indefinite 
perpendicular B'E; make the angle EA6 equal to the inclination 
of the two given planes ; from the point 6, where the »de Ab 
meets the circle described from the centre A with the radius 
AB', draw 60 perpendicular to AE ; from the pcrint O, at right 
angles to SC draw the indefinite line OCB" ; make SB"=SB' : 
the angle CSB" will be the third plane angle required. 

For, if a solid angle is formed with the three plane angles 
B'SA, ASC, CSB", the inclination of the planes, in which are 
the given angles ASB', ASC, will be equal to the given angle 
EAB. 

ScTidUmn, If a solid angle is quadruple^ 
or formed by four plane angles ASB, BSC, 
CSD, DSA/ a knowledge of all these angles 
is not enough for determining the mutual 
inclinations of their planes ; for the same 
plane angles may serve to form a multitude 
of solid angles. But if one condition is add- 
ed, if, for example, the inclination of the 
two planes ASB, BSC is given, then the 
solid angle is entirely determined, and the 
inclination of any other two of its planes 
may be found, as follows: Conceive a triple 
solid angle to be formed by the three 
plane angles ASB, BSC, ASC ; the first two angles are given, 
as well as the inchnation of their planes ; the third angle ASC 
may therefore be determined, by the Problem we have just 
solved. Now, examining the triple solid angle formed by the 

Elane angles ASC, ASD, DSC ; those three angles are known; 
ence this solid angle is entirely determined. But the quad- 
ruple solid angle is formed by the junction of the two triple 
solid angles of which we have now been treating ; and both 
these partial angles being known and determined, the whole 
angle will be known and determined likewise. 

The inclination of the two planes ASD, DSC may be found 
immediately by means of the second partial solid angle. As for 
the inclination of the two planes BSC, CSD, to obtain this, the 
inclination of the two planes ASC, DSC must be found in the 
one partial angle, that of the two planes ASC, BSC in the 
other ; the sum of these two inclinations will be the angle in- 
cluded between the planes BSC, DSC. 

In the same manner, we should find that for determining a 
quintuple solid angle, not only the five plane angles which com- 
pose it must be known, but also two of the mutual inclinations 
of their planes ; three in a sextuple solid angle ; and so on. 




POLYEDRONS. 

I. 1a& lame »olid poluedron, or straT^y pdyedrtm, is giTen 
to every solid tenninated hj planca or plane faces ; which p^es, 
it is evident, will themselves be terminated by straight lines. 
In particular, the solid which has four faces is named a tetrae- 
dron ; that which has six, a hexaedron ; that which has eight, 
an octaedron; that which has twelve, a f^«2ea[£(jran; that which 
has twenty, an iscocaedron ; and so on. 

The tetraedron is the cdmplest of all polyedrons; because at 
least three planes are required to form a soUd angle, and these 
three planes leave a void, which cannot be closed without at 
least one other plane. 

II. The common intersection of two adjacent faces of a poly- 
ednm is called the side or edge of the polyedron. 

III. A regular p(^yedron is one whose faces are all equal 
regular polygons, and whose solid angles are all equal to each 
other. There are five such polyedrons. (See the Appendix to 
Books VI. and VII.) 

IV. The prisTii is a sohd bounded by several plane parallel- 
ograms, whidi are termioated at both ends by two plane poly- 
gons equal and parallel. 




To construct this solid, let AfiCDE be any polygon; then if 
in B plane parallel to ABC, the lines FG, GH, HI, &c. be 



/ 
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drawn equal and parallel to the sides AB, BG, CD, &c. thus 
forming the polygon FGHIK equal to ABCDE ; if in the 
next place, the vertices of the angles in the one plane be joined 
with the homologous vertices in the other, by straight lines 
AF, BG, CH, &c., the faces ABGE, BCHG, &c. will be pa- 
rallelograms, and ABCDEFGHIK, the solid so formed, will 
be a prism. 

V. The equal and parallel polygons ABCDE, FGHIK are 
called the bases of the prism ; the plane parallelograms taken 
together constitute the hiteral ot ccmvex surfbce of the prism ; 
the equal straight lines AF, BG, CH, &c, are called tne sides 
of the prism, 

VI. The altitude of a prism is the distance of its two bases, 
or the perpendicular drawn from a point in th^ Uj^r base to 
the plane of the lower base. 

VII. A prism is right when the sides AF, BG, CH, &c, 
are perpendicular to the planes of the bases ; and then each of 
them is equal to the altitude of the prism. In any other c|ise 
the prism is oblique^ and the altitude less than the side. 

VIII. A prism is triangular^ quadrangula/r^ pentagonal, 
hexagonal, &c. when the base is a triangle, a quadrilateral, a 
pentagon, a hexagon, &c. 

IX. A prism whose base is a parallelogram has all its faces 
parallelograms ; i( is j\BmeA.9,pa/raUelepiped(m. (See the diagram 
of Prop. 4. yi.) 

The parcilelepipedon is recta/ngvlar when all its faces are 
rectangles. 

X. Among rectangular parallelepipedons, we distinguish the 
cube, or regular hexaedron, bounded by six equal squares. 

XI. A pyramid (see the diagram of Prop. 22. V.) is the solid 
formed by several triangular planes proceeding from the same 
point S, and terminating in the different sides of the same poly- 
gonal plane ABCDE. 

The polygon ABCDE is called the base of the pyramid, 
the point S its vertex ; and the whole of the triangles ASB, 
BSC, &c. form its convex or lateral surface. 

XII. The altitude of a pyramid is the perpndicular let fall 
from the vertex upon the plane of the base, produced if necessary. 



XIII. Apysamintrian^uiar, quadrangular, ice. according 
as its base is. a triangle, a quadrilateral, kc. 

XIV. A pyramid is reguJar, when its base is a regular poly, 
gon, and vaea, at tbe same titoe, the perpendicular let fall from 
the vertex to the plane of the base passes through the centre 
of this base. That perpendicular is then called the axis of the 
pyramid. 

XV. The dkigomd is the straight line joining the vertices of 
two solid angles which are not adjacent to each other. 

XVI. We shall give the name, aymmetricai pdyedrons, to 
any two polyednms which having a common base, are construct- 
ed fdmilarly, the one above this base, the other beneath it, and 
so that the vertices of their corresponding solid angles are situ- 
ated at equal distances from the plane of the base, and in the 
same straight line perpendicular to that pUne. 

If the strught line 
ST, for example, is 
perpendicular to the 

flane ABC, and also 
isected at the point 
O, where it meets thii 



plane, the two pyra- ^ 
mids SABC, TABC, " 




which have the common base ABC, will be two symmetrical 
polyedrons. 

XVII. Two iriangylar pyramids are simUar, when two faces 
in each are respectively similarly placed, and equally inclined to 
each other. 

Thus, supposing the angles 
ABC=DEF, BAC=EDF, ABS 
=DET, BAS=EDT, if the in- 
clination of the planes ABS, ABC 
is likewise equal to that of their /i'i|i'. 
homologous planes DTE, DEF, A^:- - 
the pyramids SABC, TDEF will ^ 
be »milar. 



XVIII. If a tiiangle.is formed by jwning the vertices of three 
angles taken on one face or on the base of a polyedron, then the 
vertices of the different solid angles of the polyedron, which are 
situated without this base may be conceived as being the ver- 
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t'lces of 80 many triangular p^rranuds baving the triangle just 
described for a common base ; and each of thoBe pyramidB wUl 
determine the portion of a solid angle of the pofyedron irith 
reference to the base. Now, 

Two pobfednms are aimUar, when havinc similar bases, the 
yertices of thor corresponding solid angles Tying without those 
lasea are detemuned by triangular p^rramids which are umilar 
each to each. 

XIX. By the vertices of a poljedron, we mean the points 
situated at uie vertices of its difierent solid angles. 

Note. The only polyedrons we intend at present to treat of, 
are polyedrons with salient angles, or convex polyedrons. They 
are sucn that their surface cannot be int«vected bv a straight 
line in more than two points. In polyedrons of this kind, the 
[^ne of any face, when produced, can in no case cut the solid ; 
the polyedroQ therefore cannot be in part above the plane of any 
face, and in part below it ; it must he wholly on the same side 
of this plane. 

PROPOSITION I. THROR&H. 
Tieo pobfedrotu cannot have ike ^ame vertices and in the same 
number without coificidir^. 

For, suppose one polyedron to be already constructed : if 
a second is tobeformed, having the same vertices and in thesame 
number, the planes of the latter must either not all pass through 
the same points with the planes of the former, or the two polye- 
dnuiB will not differ from each other. But if those planes of the 
latter do not all pass through the Same points with the planes of 
the former, some of them must cut the first polyedron ; one or 
more of whose vertices must therefore lie above them, one or 
more below; which cannot be the case with a convex polyedron : 
- hence if two polyedrons have the same vertices and in the same 
number, they must necessarily coincide with each other. 

Sckoiium. The points A, B, C, K, &c. which are to be the 
vertices of a polyedron, being ^ven, it is easy to describe the 
polyedron. 

First choose three adjacent points D, E, t- 

H, such that the plane DEH shall pass, 
if need be, through the new points K, C, 
but leaving all the rest on the same side, 
all above the plane or all below it ; the 
plane DEH or DEHKC, thus determined, 
will be one face of the sohd. Aloiw £H 
one of its ades, extend a plane, which turn 
round upon EH as an axis till it meet a new 
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vertex F, or several at once as F, I ; it will give a Moond face 
FEH or FEHI. Continue the Bame process, making planes 
to pass through the sides succes^veiy detemuDed, till the solid 
is Bounded on all quarters : thb soud vilt be the polyedron re- 
quired, since there cannot be two which have the same vertices. 

PROrOSITION II. THEOKEM. 
In two sytmnetriced polygons, (A< homdogaus ficea are respec- 
tively egual, and the inclinatitm of two a^acent faces %n one 
of those solids is equal to the iuclmaUon qf the two homoio- 
gom faces in the other. 
Let ABCDE be the common base 
of the two polyedrons; M and'N 
the vertices of any two solid angles 
in the one, M' and N' the homolo- 
gous vertices of the other ; then 
{D^. 16.) the straight lines MM', 
NN^, must be perpendicular to the ' 
plane ABC, and be divided into two 
equal parts at the pcnnts m and n, 
woere they meet it. Now we are 
to shew that MN is equal to M'N'. 
For, if the trapezium m'M'N'n be 
made to revolve about mn till the 
jdane of it falls upon the plane 
tnMNn ; by reason of the right angles at m and n, the side 
mM' will fall on its equal mM, and nN' upon nN ; hence the 
trapeziums will coincide, and we shall have MN^^MW. 

Let P be a third vertex of the upper polyedron, and P' its 
homologous vertex in the other ; we shall, as before, have 
MP=MP', andNP=NP'; hence the triangle MNP, which 
Joins any three vertices of the upper polyedrony is equal to the 
triangle M'N'P', which Joins the three corresponding vertkea 
qfihe other pob/edron. 

If, among those triangles, we confine our attention to such as 
are fttfmed at the surface of the polyednms, we may already 
conclude that the surfaces of the two polyedrons are each com- 
posed of the same number of triangles respectively equal in 
both. 

It is now to be shewn, that, if any of those triangles lie on 
the same plane in the upper surface, and form one and the 
same polygonal face, the corresponding triangles will lie on the 
same plane in the under surface, and there form one equal po« 
lygtmal face. 
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To prove this, let MPN, NPQ, be two adjacent triangles 
supposed to lie on the same plane ; and let MT'N', N'P'Q', 
be Uieir corresponding triangles. The angle MNP=M'N'P', 
the angle PNQ=FN'Q' ; and if MQ and M'Q' were jcnned, 
the triangle MNQ would be equal to M'N'Q'; hence we 
should have the angle MNQ=M'N'Q'. But since MPNQ is 
one single plane, the angle MNQ=MNP+PNQ; hence we 
shall Ukewise have M'N'Q'=M'NT'+P'N'Q'. Now, if the 
three planes M'N'P', P'N'Q', M'N'Q' were not all in one 
plane, those three planes would form a solid angle, and (20. V.) 
we should have the angle M'N'Q'^M'N'F+FN'Q'; which 
conclusion not being true, the two triangles M'N'P', P'N'Q' 
are in one and the same plane. 

Hence each face, whether triangular or polygonal, in the 
one polyedron, corresponds to an equal face in the other poly- 
edron, and thus the two polyedrons are each included under 
the same number of planes reiq)ectively equal in both. 

We have still to shew, that the inclination of any two adja- 
cent faces in the one polyedron is equal to the inclinati(»i of the 
two corresponding faces m the other. 

Let MPN, NPQ be two triangles formed on the common 
edge NP, in the planes of two adjacent faces ; let M'P'N', 
N'P^Q' correspond to them : conceive a solid angle to be formed 
at N, by the three plane angles MNQ, MNP, PNQ; and 
another at N', by the three M'N'Q', M'NT', P'N'Q'. Now 
it has been shewn already, that those plane angles are respec- 
tively equal ; hence the inclination of the two planes MNP, 
PNQ is equal (22. V.) to that of their corresponding planes 
M'N'P', P'N'Q'. 

Therefore, in symmetrical polyedrons, the faces are equal 
each to each ; and the planes of any two adjacent faces, in the 
one solid have the same inclination as the planes of the two 
corresponding faces in the other solid. 

Scholiwm. It may be observed, that the scHAd cmgles of the one 
polyedron are symmetrical with the solid angles of the other ; 
for as the solid angle N is formed by the planes MNP, PNQ, 
QNR, Sz;c., so its corresponding angle N is formed by the planes 
M'N'P^ P'N'Q', Q'N'R', &c. The latter appear to be ar- 
ranged in the same order as the former ; but since the two 
solid angles are in an inverse position with regard to each 
otiier, the real arrangement of the planes which form the solid 
angle N', must be the reverse of the arrangement which occurs 
in the corresponding angle N. Farther, in both solids, the in- 
clinations of the consecutive planes are respectively the same ; 
hence those solid angles are symmetrical each with the other, 
(See the scholium of Prop. 23. V.) 
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The observation we hne jast ttiade proves, moreover, that no 
fo^dnm am have more than one pc^dron tymmetrical mth 
a. For if tqwD A aecond base,  oew polyednoii «er« con. 
Btracted MyjbmetTK&l with the ffvea one, the solid angles of thii 
new polyedrcA Aonld still he symmetrical with those of the 
^vea polyedrofa ; heilce they would be equal to those of the 

rrDetriml p<Jyedroii Constructed on the first base. Beades, 
homologous faces would still be equal : hence those two 
symmetrical polyedrons constructed on the fint and on thp 
aecond base, would have their faces equal and their solid angles 
equal ; hence they WOuld coincide if appUed to each other ; 
hence they would form one and the same jMlyedron. 

PROPOSITION III. THEOREM. 

Two prisms are equal ivhen a toUd angle in auA it contained 
by three planes which are similarly placed^ and respectively 
equal m both. 

Let the base ABCDE be eqiial to the base abcik, the paral- 
lelogram ABGF equal to the parallelogram a^fi and the 
parallelogram BCHGr equal to bchg; then wuT the prism 
ABCI be equal to the pnsm o&ci. 




For, lay the base ABCDE upon its equal abcde ; these two 
bases will coincide. But the three plane angles, which form the 
sphd angle B, are respectively equal to the three plane angles, 
which form the solid angle 6, namely, ABC=a&c, ABG=aftei 
an3 GBC^^Jc; they are also similarly situated: hence the 
solid angles B and b are equal, and therefore the side B6 will 
fall on its equal bg. It is likewise evident, that by reason of 
the equal parallefigrams ABGF, cAgf, the side GF will fall 
on its equal 2*^ and in the same manner GH on gh ; hence 
the upper base FGHIE will exactly coincide with its equal 
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fghUt, and the tvo solids will be identical (!• VJ.), nnce tfaor 
vertices are the same. 

Cor. Ttm ri^prismt, which have equal bases and equal at. 
tUudes, we equal. For, nnce the ude AB is ec^ual to od, and 
the i^tude BG to bff, the rectangle ABGF 'will be equal to 
abgfi so also will me rectaDgle BGHC be to bghc ; and thus 
the three planes, which form the soUd angle B, will be equal 
to the three which form the solid angle b. Hence the two 
prisms are equal 

PROPOSITION IV. THEOREM. 
In every paraUelepipedon the opposite planes are equal and 
paraiUl. 

By the definition of this solid, the bases B -a 

ABCD, EPGH are equal parallelograms, f^^^^^^TX 

and their sides are parallel : it remains only >; ^*^ 

to shew, that the same is true of any two 

omiosite lateral faces, such as AEHD, -^' 1 

BFGC. Now AD is equal and parallel j^\.. -^ 

to BC, because the figure ABCD is a pa- 
rallelogram ; for a like reason, A£ is parallel to BF hence 
(13. V.) the angle DAE'is equal to the an^e CBF, and the 
tJanes DAE, CBF are parallel ; hence also the parallelogram 
DAEH is equal to the parallelogram CBFG In the same 
way, it might be shewn that thf opposite parallek^rams ABFE, 
DCGH are equal and parallel. 

Cor. Since the parallelepipedon is a solid bounded by ux 
planes, whereof these lying opposite to each other are equal and 
parallel, it follows that any face and the one opposite to it may 
be assumed as the bases of the parallelepipedon. 

Scholium. If three straight lines AB, AE, AD, passing 
through the same point A, and making ^ven angles with each 
other, are known, a parallelepipedon may be formed on those 
lines. Far this purpose, a plane must be extended through 
the extremity of each line, ana parallel to the plane of the other 
two ; that is, through the point B a plane parallel to DAE, 
through T> a plane parallel to BAE, and through E a plane 
parallel to BAD. The mutual intersections of those ^anes 
will form the parallelepipedon required. 
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PROPOSITION V. THEOREM. 

tn every paraMeUpipedony the opposite solid cmgles tire sym~ 
^.metrical; and the diagonals drawn ih/rcfogh the vertices (^ 
those angles bisect each other. 

First. Compare the solid angle A (see preceding figure) 
witli its opposite one G. The angle EAB, equal to £FB, is 
also equal to HGC ; the angle DAE=DHE=CGF ; and the 
angle DAB=DCB=HGF ; therefore the three plane angles, 
which form the solid angle A, are equal to the three which 
form the solid angle G, each to each. It is easy, moreover, to 
see that their arrangement in the one is different from their ar- 
rangement in the other : hence (23. V.) the two solid angles A 
and G are symmetrical. 

Secondly, Imagine two diagonals EC, AG to be drawn 
both through opposite vertices : since AE is equal and parallel 
to CG, the figure AEGC is a parallelogram ; hence the diago- 
nals EC, AG will mutually bisect each other. In the same 
manner, we could shew that the diagonal EC and another DF 
bisect each other ; hence the four diagonals will mutually bisect 
each other, in a point which may be regarded as the centre of 
the parallelepipedon. 

PROPOSITION VI. THEOREM. 

Iftiie plane BDHF pass through two opposite amd parallel edges 
BF, DH, it win divide the parallelepipedon AG into two tri- 
a/ngular prisms ABDHlEiF, GHFBCD, which zsnU be sym- 
metrical with each other. 

In the first place, those solids are evi- 
dently prisms ; for the triangles ABD, 
EFH, having their sides equal and pa- 
rallel, are equal; also the lateral faces 
ABFE, ADHE, BDHF are parallelo- 
grams ; hence the solid ABDHEF is a 
prism : so likewise is GHFBCD. We 
are now to shew that those prisms are 
symmetrical. 

On the base ABD, construct the prism 
ABDE'E'^H' such that it be symmetrical 
with the prism ABDEFH. According 
to what has been already proved (2. VI.), 
the plane ABF^E^ must be equal to 
ABFE, and the plane ADH^E/ to 
ADHE : but comparing the prism GHFBCD with the prism 
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ABDH'E'F', we find the base GHF=ABD ^the paraUelogram 
GHDC, which is e<mal to ABFE, also equal to ABF'E^ ; and 
the parallelogram GFBC, which ia equal to ADHE, also equal 
to ADH'E' : therefcre the three plane planes which form the 
solid angle G in the prism GHFBCD are equal to the three 
planes which form the solid angle A in the prism ABDH'E'F', 
each to each ; and thej are sinriilarlj arranged : kence those 
two prisms are equal, and might be ntflde to ccondde. But 
one of them ABDH'E'F' is sjmmetrical with the prism 
ABHEF; hence the other GHFBCD t« «lio sytntteuicBl 
with that pdsm. 



PBOPOSITION Vlt. LEMMA. 

In every prisvt ABCI, the sections NOPQR, STVXY, J?>m«(i 
by paraUel planes, are equal polygons. 

For the sides ST, NO, are parallel, be- 
ing the intersecUons of two parallel planes 
with a third plane ABGF; those same 
aides ST, NO, are included between the 
parallels NS, OT, which are sides of the 

Erism : hence NO is equal to ST. For 
ke reasons, the sides OP, FQ, QR, he. of 
the section NOFQR, are respectively equal 
to the sides TV, VX, XY, &c. of the sec 
bon STVXY. And since the equal sides 
are at the same time parallel, it follows that 
the angles NOP, OPQ, &c. of the first 
section are respectively equal to the angles 
STV, TVX of the second. Henee the two seiUicms NOPQR, 
STVXY are equal polygons. 

Cot. Every section in a prism, if drawn paralld to the base, 
b also equal to that base. 
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into which the paraUelepipedon AG mat/ be decomposed, are 

equivalent. 

Through the vertices B and F, draw the H 

planes B^, ¥ehg at right angles to the ude 
BF, and meeting AE, DH, CG the three 
other sides of the paralldepipedon, in the 
points a,d,c towards one direction, in e, h^g 
towards the other : the sections 'Sadc, Vehff 
will be equal parallelograms. Theyareequfl 
(7. VI.), because they are formed by planes ^L- 
perpendicular to the same straight hoe, and _ 
consequently parallel ; they are parallelo- 
grams, because aB, dc, two opposite aides 
of the same section, are formed by the 
meeting of one plane with two parallel planes ABFE, DCGH. 

For a like reason, the figure Bo^F is a parallelag;ram ; so 
also are BFgr, c^ig, adhe, the other lateral faces ofthe solid 
SadcFehff; hence that solid is a prism {De/^ 4. VI.); and 
that pnsm is right, because the side BF is perpendicular to its 
base. 

This being proved, if the right pism BA is £vided, by 
the plane BFHD, into two right tnan^lar i»isnis oBdeFh, 
BdcF^; we are now to shew that the oblique triangular 
prism ABDEFH will be equivalent to the right triangular 
prism aSdeFh. And since those two prisms have a part 
ABDA^F in common, it will only be requisite to prove that 
the remaining parts, namely, the sohds BaADd^ FeEilh are 
equivalent. 

Now, by reason of the parallelc^rams ABFE, aBFe, the 
udes AE, ae, being equal to their parallel BF, are equal to 
each other ; and taking away the common part Ae, there re- 
mains Aa=^Ee. In the same manner we could prove Jid='ilh. 

Next, to bring about the superpo^tioa of the two solids 
BaADtf, FeEHA, let us place the base Feh on its equal Bod: 
the point e falling on a, and the point h oa d, the sides eE, 
AH will fall on their equals dA, dD, because they are perpen- 
dicular to the same plane Bad. Hence the two solids in ques- 
tion will cfHnckle exactly with each other ; hence the obuque 
fHism BADFEH is equivalent to the right one BadFeh 

In tbe same manner might the oblique prism BDCFHG be 
proved equivalent to the right prism B^Fhff. But (3. VI. 
Cor.) the two right prisms ItodFeA, BdcFhff are equal, since 
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they have the same altitude BF, and unce their bases Bac2, Bdc 
are halves of the same parallelogram. Hence the two triangu- 
lar prisms BADFEH, BDCFHQ, being equivalent to the 
equal oblique prisms, are equivalent to each other. 

Cor. Every triangular prism ABDHEF is half of the pantl- 
lelepipedoQ AG described oa the some solid angle A, with the 
same edges AB, AD, AE. 

PR(H>08ITI0N IX. THEOHEM. 

Jfiwopardllelepipedtms ACr, AL have a common, base ABCD, 

and y^tkeiru^er bases 'E'BGYi) I£LM lie in the same plane 

and between the same paraBela EK, HL, those ttoo parailele- 

pipedons wiU be equivalent. 

There may be three cases, ^ ^ m 

acording as EI is greater, 
less than, or equal to EF , 
but the demonstration is the 
same for all. In the first 
place, then, we shall shew 
that the triangular prism dL 
AEIDHM is equal to the 
triangular prism BFKCGL _ 

Since AE b parallel to BP, " 

and HE to GF, the angle AEI=BFK, HEI=GFK, and 
H£A==6FB. Of these six angles the first three form the solid 
angle E, the last three the solid angle F ; therefore, the plane 
angles being respectively equal, and similarly arranged, the 
sohd angles F and E must be equal. Now, if the prism ABM 
is laid on the prism BFL, the base AEI being placed on the 
base BFK will coincide with it because they are equal ; and 
6ince the solid angle £ is equal to the solid angle F, the 
side £H will fall on its equtu FG : and nothing more is re- 

Juired to prove the coincidence of the two prisms throughout 
leir whole extent, for (3. VI.) the base AEI and the edge 
EH determine the prism AEM, as the base BFK and the 
edge F6 determine the prism BFL ; hence these prisms are 
equal. 

But if the prisni AEM is taken away from the solid AL, 

- there will remain the paroUelepipedon AIL ; and if the prism 

BFL is taken away from the same solid, there will rem^ the 

parallelepipedon AEG ; hence those two parallelepipedons AIL, 

AEG are equivalent. 




PROPOSITION X. THEORBH. 



Two paraUelepi^dona hamJtg the same base and the same (JH- 
hide are equivalent. 



Let ABCD (see the next figure) be the common base of the 
two parallelepipedons AG, AL : since they have the same alti- 
tude, their upper bases £F6H, IKLM will be in the same 
plane. Also tne sides EF and AB will be equal and parallel, 
as well as IE and AB ; hence £F is equal andparallel to IK ; 
for a like reason, GF is equal and parallel to LK^ Let the sides 
EF, HG be produced, and likewise LK, IM, till by their in- 
tersections they form the parallelogram NOPQ ; this parallelo- 
fipram will evidently be equal to either of the bases £FGH, 
IKLM. Now if a third pardllelepipedon be conceived, having 
for its lower base the same ABCD, and NOPQ for its upper, 
this third parallelepipedon will (9- VI.) be equal to the parallele- 

Eipedon AG, unce with the same lower base, their upper bases 
e in the same plane and between the same parallels GQ, FN. 
For the same reason, this third parallelepipedon will also be 
equivalent to the parallelepipedon AL ; hence the two paral- 
lelepipedons AG, AL, which have the same base and the same 
altitude, are equivalent. 



PROPOSITION XI. THEOREM. 



Ani/ parallelepipedon may be changed into an equivalent rectan. 
gular parailelepjpedon havitiff the same altitude amd an ei^a- 
valent base. 



Let AG-be the parallele- 4{ 
pipedon proposed. From 
the pcnnts A, B, C, D, 
draw AI, BK, CL, DM, 
perpendicular to the plane 
of tne base ; you will thus 
form the parallelepipedon 
AL equivalent to AG, and 
having its lateral faces AK, 
BL,&c rectangular. Hence 
if the base ABCD is a recU 
angle, AL will be the rect- 
angular parallelepipedon 
equivalent to AG, the parallelepipedon proposed. Butif ABCD 
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is not a rectangle, draw AO and BN perpen> 

dicular to CD, and OQ and NP perpendicu- "$. 

lar to the base ; you vtU theo have the solid 

ABNOIFQ, which will be a rectangular pa- 

tallelepipedon ; for by construction, the base 

ABNO and its opposite I KPQ are rectangles ; 

BO also are the lateral faces, the edges AI, 

OQ, &C. being perpendicular to the plane of 

the base ; hence the solid AP ia a rectangular 

parallelefnpedon. But the two parallelepipe> » 

aons AP, AL may be conceived as having the 

same base ABEI and the same altitude AO : 

hence the parallelepipedon AG, which was at first changed into 

an equivalent parallelepipedon AL, is agiun changed into an 

equivalent rectangular parallelepipedon AP, having the same 

altitude AI, and abase ABNO equivalent to the ba»e ABCD. 

PBOPOSITION Xir. THEOEKM. 
Two rectangular paraBelep^edtms AG, AL, which have the 
game base ABCD, are to each oth&r aa their aitiiudes AE, 
AL 

First, suppose the altitudes AE, AI, to be 
to each other as two whole numbers, as 15 ie 
to 8, for example. Divide AE into 15 equal 
parts; whereof AI will contain 8; and through o- 
w, y, z, &c the paints of division, draw planes 
parallel to the base. These planes will cut the 
solid AG into 15 partial parallelepipedons, all 
equal to each other, because having equal bases ^v ; 
and equal altitudes, — equal bases, since (7. VI.) -Jlii^ 
every section MIKL, made parallel to the base 
ABCD of a prism, is equal to that base,— equal 
altitudes because these altitudes are the same — 
divisions A^, xi/, scy. Sec But of those 15 equal paralle1e[npe> 
dons, 8 are contiuned in AL ; hence the solid AG is to the solid 
AL as 15 is to 8, or generally, as the altitude AE is to the al- 
titude AL. 

Again, if the ratio of AE to AI cannot be expressed in num- 
bers, it is to be shewn, that notwithstanding, we shall have 
sdid. AG : solid. AL : : AE : AI. For, if this proportion is not 
correct, suppose we have »o?, AG : sol. AL : : AE : AO. Divide 
AE into equal parts, such that each shall be less than OI ; 
there will be at least one point of division m between and I. 
Let P be the parallelepipedon, whose base is ABCD, and alti- 
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tude Am ; since the altitudes AE, Am are to each other as 
two whole numbers, we shall have sol. AG : F : : AE : Am. 
But by hypothesis, we have sol. AG : sol. AL : : AE : AO ; 
therefore sol. AL ^ P : : AO : Am. But AO is greater than 
Am ,- hence if the proportion is correct, the solid AL must be 
greater than P. Od the cmtrary, however, it is less : hence 
Uie fourth term of this proportion sd. AG : ad. AL : : AE : Xf 
cannot possibly be a line greater than AI. By the same mode 
of reasoning, it might be shewn that the fourth term cannot be 
less than AI ; therefore it is equal to AI : hence rectangular 
parallelepipedons having the same base are to each other as their 
altitudes. 



FBOPOSITION XIII. THBOHGM. 

TiDo rectangular paraHelepipedona AG, AK, kavhiff the same 

altitude AJ2, are to each other as their bases BBCD, AMNO. 

Having placed the two 
sohda by the side of each 
other, as the figure repre- 
sents, produce the plane 
ONKL till it meets the plane 
DCGH in PQ; you will thus . 
have a third parallelepipedon 
AQ, which may be compared 
with each of the parallelepipe- 
dons AG, AK. The two 
solids AG, AQ, having the 
same base AEHD, are to ^ 
each other as their altitudes 
A6, AO ; in like manner, 
the two solids AQ, AK, hav- 
ing the same base AOL£, 
are to each other as their al- 
titudes AD, AM. Hence we have the two propor^ons, 

gol. AG : «)/. AQ : : AB : AO, 

sol. AQ : ad. AK : : AD : AM. 
Multiply together the corresponding terms of those proportions, 
omitting in the result the common multiplier sol. AQ ; we shall 
have 

sd. AG : sd. AK : : ABxAD : AOxAM. 

But AB X AD represents the base ABCD ; and AO x AM re- 
presents the base AMNO : hence two rectangular parallelepipe- 
aons of the same altitude are to each other as their bases. 
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pROPOBirroK xrv. THeoBSM, 
Amj two rectangular paraHek^ipedons are to each other aa the 

products ofthar bases by their altitudes, that is to sagf, as the 

products afthoT (Ar« dimensions. 

For, having placed the two solids AGr, AZ, so that their sur- 
faces have the common angle BAiE, produce the mterior planes 
necessary for compledng the third parallelepipedon AK^ hav- 




ing the same aldtude with the parallelepipedon AG. Bj the 
last Proposition, we shall have 

sol. AG : sol. AK:: ABCD : AMNO. 
But the two parallelepipedons AE, AZ having the same base 
AMNO, are to each other as their aldtudes AE, AX ; hence 
we have 

«o;. AK : so7. AZ : : AE : AX. 
Multiply together the corresponding terms of those proportions, 
omitting in the result the common multiplier sol. AE! ; we shall 
have 

sd. AG : sa. AZ : : ABCDxAE : AMNOxAX. 
Instead of the bases ABCD and AMNO, put ABxAD and 
AOxAM; it will give 

sol. AG: sol. AZ :: ABxADxAE : AOxAMxAX 



Hence any two i 
other, &c. 



xtangular parallelepipedons are to i 



Scholium. We are consequently authoiised to assume, ae 
the measure of a rectangular parallelepipedon, the product of 
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its base by its altitude^ ia other WQifds^ the prbduct of its three 
dimensions. 

In order to compreheiid the nature of this measuvemeiit, it k 
necessary to reflect, thatfay the product of two or more Hues isal- 
ways meant the product of the numbers which represent them, 
thoae numbers themselyes being determined l^ the linear unit, 
which may be assumed at wilL Upon this principle, die product 
Cif the three dimensions <Bf a parallelepipedon is « number, which 
signifies nothing of itself, and would be different if a diffisreot 
linear unit had been assiniied« But if the three dim^isions of 
another parallelepipedon are valued according to the same linear 
unit, too 'Uyultipfied together in the same manner, the two pro- 
ducts will be to each other »s the solids, afKl will sore to ex* 
press thw relative magnitude. 

The magnitude of a solid, ks volume or extent, form what is 
called its mlidihf ; and this word is exclusively empiojml to de- 
agnate the measure of a solid : thus we say tlie solidity of a rec- 
tangular parallelepipedon is equsd to the product of its base by 
its altitude, or to the product of its three dimensions. 

As the cube ha8>ttll its three (fimenstons e(|ual, if the fide is 
1, the solidity will be 1x1x1=1; if the side is 2, the soli- 
dity will be @x3x3ssi8 ; if the skle is 3, the solidity will be 
S X 3x3ss:87 ; and so on : hence, if the mdes of a series of cubes 
are to each other as the numbers, 1, 2, 3, &c. the cubes them- 
selves or their . fiotidities wLU be as the numbers 1, 8, 27, &€. 
Senoe it is, that ia arithmetic, the cube of a number is the name 
given to the product which results from three factors each equal 
to this number. ^ 

If it were proposed to find a cube double of a given cube, 
the side of the required cube would have to be to that of the 
given one, as the cube-root of 2 is to unity. Now, by a geome- 
trical construction, it is easy to find the square-root of 1; but 
the cube-root of it cannot be so foui^d, at least not by the simple 
operations of elementary geometry, which consist in employing 
nothing but straight lines, two points of which are known, and 
drcles whose centres and radii are determined. 

Owing to this difficulty the problem of the duplication of the 
cube became celebrated among the andent geometers, as well 
as that of the trisection of cm cmgle^ which is nearly of the same 
species. The solutions of which such problems are susceptible 
have, however, long since been discovered; and though less simple 
than the constructions of elementary geometry, they are tiot, on 
that account, less rigorous or less satisfactory. 

K 
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PROPOSITION XV. THBORBM. 

7%e solidity of a paraUdepipedon^ a/rid gen^dliy of amy prisma 
iseqtudtoiheproductqfitsbiisebyitsaUUfide. 

. For, in the first place, any parallelepipedon (11. VI.) isequi* 
Talent to a rectangular parallelepipedon, haying the same alti- 
tude and an equivalent base. ' Now the solidity of the latter is 
equal to its base multipUed by its height ; hence the solidity of 
the former is, in like manner, equal to the product of its base 
by its altitude. 

In the second place, any rectangular prism (8. VI.) is half of 
the parallelepipedon so constructed as to have the same altitude 
and a double base. But the solidity of the latter is equal to its 
base multipUed by its altitude ; hence that of a triai^ular prism 
is also equal to the product of its base (half that of the paral- 
lelepipedon) multiplied into its altitude. 
. In the thud place, any prism may be divided into as many 
tnangular prisms of the same altitude, as there are triangles 
capable of being formed in the polygon which constitutes its 
base. But the solidity of each tnangular prism is equal 
to its base multiplied by its altitude ; and since the altitude is 
the same for all, it follows that the sum of all the partial prisms 
must be equal to the sum of all the partial triangles, which con* 
stitute their bases, multiplied by the common altitude. 

Hence the solidity of any polygonal prism is equal to the 
product of its base by its altitude. 

Cor. Comparing two prisms, which have the same altitude, 
the products of their bases by their altitudes will be as the bases 
simply ; hence two prisms of the same altitude are to each other 
as their bases. For a like reason, two prismas of the same base 
are to each other as their altitudes. 




noeokvnas "tvi. 'lbmma. ' 

^a pyramid SABCDE is cut i^ a plane abd paraJld to iCr 

base. 
First, The tides SA, SB, SC, 4-c. and the altitude SO, toiS he 

divided pn^xnitonaUi/ in a,b, c, &c. and o. 
Secondly, The seeHoit abcde wiU be a polygon eimUar to the 

base ABCDE. 

First. Since the planes ABC, 
abc are parallel, their intersec- 
tions AB, ab, by a third plane 
ABwiUalsobeparallel(10.V.); 
hence the tnangles SAB, SoA 
are similar, and we have SA : 
Sa : : SB : Si ; we might also 
have SB:S£::SC:Sc; and 
so on. Hence all the ddes SA, 
SB, SC, &c. are cut propor- 
tionally in a, b, c, &c The 
altitude SO is hkewise cut in the 
same proportion, at the point o ; for BO and Bo are parallel^ 
therefore we have SO : So : : SB : Sb. 

Secondly. Since ai is parallel to AB, be to BC, cd to CD, 
&c. the anele abc is equal to ABC, the angle bed to BCD, and 
so on. Also, by reason of the similar triangles SAB, Sab, we 
have AB : ab: : SB : SA ; and by reason of the similar, triangles 
SBC, Sbc, we have SB : S6 : : BC .be ; hence AB : a* : : BC : 
be ; we might likewise have BC : fie : ; CD : cd, and so on. Hence 
the polygons ABCDE, abcde have their auglea respectivdy 
equal and their homologous sides proportional ; hence they are 
fdmilar. 

Cor. I. Let SABCDE, SXYZ be two pyramids, havinga.com- 
moR vertex and the same altitude, or having their base^ situated 
in the same plane; if those pyramids are cut by one plane p^ 
rallel to the plane of their bases, and the sections abcde, xyz 
result from it, then imll the sections abcde, xyz be to each oth^ 
as the bases ABCD, XYZ. . m 

For, the polygons ABCD, aicde being ^milar, their surfaces 
are as the squares of the homologous sides AB^ai; but 
AB : afi : :SA:S<i; hence ABCDE: aicde :;SA*: Sfl*. Forthe 
same reason, XYZ : wgz : SX^ : Sj^. But since abcxyx is .^lljip 
one plane, we have likewise SA:Sa: : SX: Sar; heiiceABCDE: 
ahcde : : XYZ : sn/ii ; hence the sections abcde, ayx are to e^qh 
other as the bases ABCDE, X Y Z, , , :.;■.., 



Car. 2. If the baaes ABCDE, XYZ are equivalent, an; 

sectitms abcde, xi/st, made at equal distances fixna those bases, 
■«iU be aqinralent Ukewtse. 

PROPOSITION XVU. THBOBBH. 

Two triangular pj/roKiidt, hasAng equivalent batet emdeqiud 
akitiuiee, are e^volmt, or equal m aalUlify. 





Let SABC, gaic be those two pyramids, of wludi ^ tvo 
bases ABC, ode, conceived to be dtuated in the same plane, are 
equivalent, the altitude TA being the same in both. If Aej 
are not equivalent, let sabc be the smaller; and suppose Aa to 
be the altitude of a prism, whic^ having ABC for its baae, b 
equal to their difierence. 

IMvide the altitude AT into equal parts A^, artf, yz, &c. 
each less than Aa, and let /: be one of those parts ; through tibe 
tMHnts of division extend planes paraUel to the plane of the 
DBses ; the corresponding sections formed by these planes in ihe 
two pyramids will ne respectively equivalent by the lastCortdlary, 
namely, DEF to dtf, GHI to^^i, be. 

This being granted, upon the triangles ABC, DEF, GHI, 
6cc. tiAen as bases, construct exterior prisms having for edges 
die parts AD, DG, GE, Sec. of Ae side SA ; in like manner, 
m the bases def, ghi, khn, be. in the second pyramid constnict 
interior prisms having for edges the corresponding parts of m. 
It is plam that the sum of all the exterior pnsms of the pyramid 
SABC will be greater than this pyramid ; and aim that ihe 
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uaa of all the iaterior prisma of the litUe pjiamid m^ will be 
less than this. Hence the diSerence, betweeiL the sum of all tbe 
exterior prisms and the aum of all the interior inks, niut be 
greyer than the difierence between the two pyramids themsdvea; 
Now, banning wUb the buses ABC, abc, the secoao-exterios 
pristn I)EF6 is equivalent to the first interior prism ^^r ^x* 
cauae they have the saioe altitude A:, and thea braes DBF, d^ 
are equivalent ; for like reaaona, the thud exterkv prian GHIK 
and the second interior prism ghid are equivalent; the feuilh 
raUerior and the third interior ; aod eo on, to tbe latt in eack 
aeries. Hence all the extmor prisma of the pyramid SABC* 
exc^itjnff the first prism DABC, have eqaivalent correspon^ng 
ones in me interior priuns of tbe pyramid gabt : bence the fnam 
DABC is the difference between the sum of all the extenor 
prisms of the pyramid SABC, and the sum of all the interior 
prisms of the pyramid sadc. But die diSerence between tboae 
two sets of pnsms has already been praved to be. greater than 
that of the two pyramids ; which latter difference we supposed 
to be equal to the prism aABC : hence the prism DABC rauat 
be ^eater than the prism a ABC. But in reali^ it is less ; for 
they have the same base ABC, and the ^titude A^ of the first 
is less than Aa the altitude of the second. Hence the supposed 
inequality between tbe two pyramids cannot exist ; hence &e 
two pyramids SABC, sabc, having equal altitudes and equiva* 
lent liases, are themselves equivalent. 

PROPOSITION XVin. THBOBSM. 
Every trianffuJar pyramid it a third part of the triangtiar 
prism hamiig the tame bate and the same al^tHde. 

Let FABC be a triangular py- 
nwiid, ABCJDEF a triaaralar 
prism of the same base and the 
same altitude ; tbe pyramid will be 
equal to a Uurd of the prism. 

Cut off the pyramid FABC 
IroDi the prism, by a section made 
akmg the plane FAC; there will 
remain the solid FACDB, which ^M 
may be considered as a quadntngu- ^ 
lar pyramid, whoae vertex is F, 
and whose base is the parallelt^ram 
ACDE. Draw the diagonal CE ; 
and extend the plane FCE, which 
will cut the quadrangular pyramid into two triangular onea 
PACE, FCDE. These two triangular pyramids have for thrir 
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ootmnon altitude the perpendicular let fall from F on the plane 
ACDE ; they have equal bases, the triangles ACE, CDE 
being balves of the same parallelc^ram ; hence (17. VI.) the 
two pyramids FACEj FCDE are equivalent. But the pyra- 
mid FCDE and the pyramid F ABC have equal bases ABC, . 
DEF; they have idso the same altitude, namely, the distance 
of the pailallel planes ABC^ DEF ; hence the two pyramids are 
equivalent.- Now the pyramid FCDE has already been proved 
eiquivaleht to FACE ; hence the three pyramids FABC, 
FCDE, FACE, which oomoose the prism ABD are all equi- 
valent. ^ Hence the pyramid FABC is the tlurd part of Uie 
prism ABD, which has the same base and the same altitude. 
Cor, The solidity of a triangular pyramid is equal to a third 

part of the product of its base by its altitude. 

.'•■"■•   

/ PROPOSITION XIX. THEOREM. 

Any pyramid SABCDE is measured by the third part of the 
product rfiftsba^se by its altitude, 

. For, extending the planes SEB, SEC (see the figure of Prop, 
i6.) through the dia^gonals EB, EC, the polygonal pyramid 
SAbCDE.will be divided into several triangular pyramids all 
having the same altitude SO. But (18. VI. Cor.) each of these 
pyramids is measured by multiplying its base ABE, BCE, or 
CDE, by the third part of its altitude SO ; hence the sum of 
these triangular pyramids^, or the polygonal pyramid SABCDE 
will be measurea by the sum of the triangles ABE, BCE, 
CDE, or the polygon ABCDE, multiplied by SO ; hence 
every pyramid is measured by a third part of the product of its 
base by its altitude. 

Cor. 1. Every pyramid is the third part 6f the prism which 
has the same bajse and the same altitude. 

Cor. 2. Two pyramids having the same altitude are to each 
other as their bases. 

Schclitim, The solidity of any polyedral body may be com- 
puted, by dividing the body. into., pyramids ; and this divi^bn 
may be accomplished in various ways. One of the simplest is to 
make all the planes of division pass through the vertex of one 
solid angle; m that case, there will be formed as many partial 
pyramids as the poly edron has faces, minus those faces which 
form the solid angle whence the planes of division proceed. 
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paOPbSITIOK XX. THEOBEM. 

Two ^mmetrical pciyedrons aare equimknij or equal in sdidity. 

For, in the first 
place, two symmetri- 
cal triangular Pl^a- 
niids, such te S ABC, 
TABC,are both mea- 
sured by the product 
of their base ABC 
and the third part 
oF their altitude SO or TO; heiice these pyramids ore equi- 
valent. 

In the second place, if one of the two symmetrica] polyedronb 
is divided in any way into triangular pyramids, the other may 
always be divided in the same way into as many symmetriocu 
triangular pyramids ; and these symmetrical pyramids are equi- 
valent each to each ; hence the whole polyedrons are equivalent,' 
or equal in solidity. 

Scholium. This Theorem might seem to result immediately 
from Prop. 2., where it was shewn that, in two symmetrical 
polyedrons, all the constituent parts of the one solid are re- 
spectively equal to the constituent parts of the other: but it 
appeared necessary, notwithstanding, to demonstrate this truth in 
a rigorous manner. 

PROPOSITION XXI. THEOREM. 

If a pyramid is cut by a phme panraUd to its ba^e^ thejrustum 
that remains when the little pyramid is taken away^ is equal to 
the sum of three pyramids having Jbr their common altitvde 
the altitude cf thejrustum^ and whose bases a/re the lower base 
ofthejrustium^ the vpper one^ and a msan proportional be^ 
tween the two bases. 



Let ABCDE be a pyramid 
cut by the plane abd^ parallel 
to its base; let TFGH be a 
triangular pyramid whose base 
and altitude are equal or equi- 
valent to those of the pyramid 
S ABCDE. The two bases may ^ 
be regarded as situated in the 
same plane; in which case, the 
plane abdy if produced, will form 
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in the triangular pyramid a section Jgh^ ntuated at the same alti- 
tude above the common plane of the bases ; and therefore (16. VI.) 
the sectiott^^nA will be to the section abd as the base F6H is 
to the iMse ABD, and ance the bases 'are equivalents the sec- 
tions will be so likewise. Hence the pyramids Sabcde^ 1^/^ 
are equivalent, for their height is the sameand their bases are 
equivalent The wbde pyramids SABCDE, TFGLH are equi- 
valent for the sam^ reason; hence the frustums ABDJzd, 
FGB&i^ are equivalent : hence if our proposition can be 
piO¥edm the- single case o£ the frustum of a triangular pym- 
mid, it will be true of every other. 

Let FGUh^ be the frustum of a tri- 
angular pyramid, having parallel bases: 
tlyroagh toe three points F, ^> H, extend 
tbs plane F^H ; it will cut off from the 
frustuffi the triangular pyramid ^FGH. 
Tills pyranud baa for its base the lower 
base FGH of the frustum ; its altitude 
likewise is that of the frustum, because 
the YcrteK g lies in the plane of the upper 

Tms pyramid being cut off, there will re* 

aiB the quadrangular pyramid gfhHF^. 
whose vertex is g, and base y%HF. Extend the plane ji^H 
through the three points^ ^' ^ 9 ^^ ^^^^ divide the quadrangu- 
lar pyramid into two triangular pyramids gFfU^ W'AH. The 
latter has for its base the upper base gj^h of the frustum ; and 
for altitude the altitude of the frustum, because its vertex H 
lies in the lower bate. Thus we already know two of the three 
pyramids which compose the frustum. 

It remains to examine the third gFfH.^ Now, i£gK be drawn 
poMiUel toyr, and if we ccHioeive a new pyramidyTHK, having 
K foe its vertex and FfH for its base, tnese two pyramids will 
have the same base FfH ; they will also have the same altitude, 
because their vertices g and K lie in one line ^K, parallel to 
Vf^ and consequently [larallel to the plane of the base: hence 
th^ pjrramids are equivalent. But the pyramid^FKH may 
be r^;arded as having its vertex in^ ancf thus its altitude wm 
be the same as that of the frustum : as to its base FKH, we 
are now to shew that this is a mean proportional between the 
bases FGH and j^. Accordingly, the triangles FHK, 
have each an equd ancle, F =j^ and an equal side, FK = 
hence (24. III.) we have FHK :fgh : : FH :fh. We liave 
also FHG : FHK : : FG : FK or^. But the similar triangles 
FGH, m give FG :^i : FH:/A; hence FGH : FHK: : 
FHK : ^^h ; or the base FHK is a mean proportional between 
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the two bases. F6H, J^. Hence the frastuia of a triangulav 
pyramid, with parallel bases, is eqiuTalent to three pjqramids 
wliose common altitude is that of the frustiuD, and whxwe bases 
are the lower base of the frustum, the upper baae^ and a mcaa 
proportional brtween the two bases. 



PROPOSITION XXII. THEOREMk 

If a triamffuUiff' prismy having ABC Jbr its hasey is cut by a 
plane DEF inclined to this base^ the soRd ABCDEF, which 
results Jrom &e section^ wM be equal to the sum of the three 
pyramids whose vertices are D, E, F, cmd whose common base 
is ABC. 

Through the three points F, A, C, (see fig. of Prop. 18.) 
extend the plane FAC ; it will cut off, from the truncated 
prism ABCDEF, the triangular pyramid FABC : this pyra- 
mid has ABC for its base, and the point F for its vertex. 

This pyramid being cut off, there will remain the quadrangular 
pyramid FACDE, whose vertex is F, and wnose base is 
ACDE. Through the three points F, E, C, draw another 
plane FEC ; it will divide the quadrangular pyramid into two 
triangular pyramids FACE, FCDE. 

The pyramid FACE, which has for its base the triangle 
AEC and for its vertex the point F, is equivalent to a pyramid 
EABC having AEC for its base and for its vertex the point B. 
For, these two pyramids have the same base ; they have also 
the same aldtude, because the line BF, parallel to each of the 
lines AE, CD, b parallel to their plane ACE : hence the pyra- 
mid FAEC i& equivalent to the pyramid EABC ; which latter 
may be considerecl as having ABC for its base, and the point 
£ for its vertex. 

Again, the third pjrramid FCDE may in the first place be 
changed into AFCD ; for these two pyramids have the same 
base FCD ; they have also the samealutude, AE being parallel 
to the plane FCD ; hence the pyramid FCDE is equivalent to 
the pyramid AFCD. In the second place, the pyramid AFCD 
may be changed into ABCD : for these two pyramids have the 
common base ACD ; they have the same altitude, since their 
vertices F and B lie in a line parallel to the plane of the base. 
Hence the pyramid FCDE, equivalent to AFCD, is also 
equivalent to ABCD ; which latter may be regarded as having 
ABC for its base, and the point D for its vertex. 

Hence finally, the truncated prism ABCDEF is equal to the 
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sum of three pyramids whose common base is ABC, and whose 
vertices are respeotivel; the points D, B, F. 

Cor. If the edges A£, BP, CD are perpendicukr to the 
{dane of the base, they will st the same time be me altitudes of the 
three pyramids which compose the truncated prism ; ao that the 
solidity of the truncated prism will be expressed by i ABC X 
AE + } ABC X BP + » ABC x CD, or which is the same 
thing, by } ABC x (AE + BF + CD). 



P|tOPOSITJON XXIII. THEOREM. 
Two simUar triangfilar ptframidt have Aeir homolagotu Jacet 
aimilor, and their soUd angies equal. 

By the Definition, the two trian- 
gular pyramids SABC, TDEF are 
similar, when the two triangles 
SAB, ABC are similar to the two 
TDE, DEF, and Bimilarly placed, 
that is to say, when the angle 
ABS=DET, BAS=EDT, ABC A 
=DEF, BAC=EDF, and when 
also the inclination of tfie planes 
SAB, ABC is equal to that of the 
planes TDE, DEF. This being 
granted, we are to shew that these pyramids have all th^f 
&ces similar each to each, and th^r nomologous solid angles 
equal. 

Take BC=ED, BH=EF, BI=ET ; and join GH, GI, 
IH. The pyramid TDEF is equal to the pyramid IGBH ; 
for, the sides GB, BH being made equal to the sides DE, EF, 
and the angle GBH being equal to the angle DEF by hypo- 
thesis, the triangle GBH must be equal to DEF ; hence, to 
bring about the superposition of the two pyramids, the base 
DEF may in the first place be laid on its equal GBH ; then, 
because the plane DTE is inclined to DEF as much as thfe 
plane SAB to ABC, it is evident that the plane DET will fall 
indeliDitely on the plane ABS. But, by hypothesis, the angle 
DET=GBI ; therefore ET wUl fall on iu equal BI : and 
since the four points D, E, F, T; coincide with the four G, B, 
H, I, it follows (1. VI.) that the pyramid TDEF coincides 
with the pyramid IGBH. 

Now, by reason of the equal triangles DEF, GBH, we have 
the angle ■BGH=EDF=BAC ; hence GH is paraUel to AC. 
For a like reason, GI is parallel to AS ; hence (13. V.) the plane 
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IGH is parafle) to SAC. It follows, therefore (15. VI.>, that 
the triangle IGH or its equal TDF is similar to SAC, and the 
triangle IBH or its equal TEF to SBC ; hence the two dmi* 
lar triangular pyramids SABC, TDEF have their four faces 
shnilar each to each. We are now to ^ew that the homologous 
solid angles are equal. 

The solid angle E has already been Imd on its homologous 
one B ; and the same thing might be done with any other two 
homologous solid angles : but it is clear of itself that any two 
homologous solid angles, T and S for example, are equal, be* 
cause they are formed by three plane angles, which are respec- 
tively equal and similarly placed. 

Hence two similar triangular pyramids have their homolo- 
gous faces similar, and their homologous solid angles equal. 

Cor. 1. The similar triangles in their two pyramids furnish 
the proportions, AB : DE : : BC : EF : : AC : DF : : AS : 
DT : : SB : TE : : SC : TF ; hence, in similar triangular 
pyramids^ the homologous sides are proportional. 

Car. 9>. And since the homologous solid angles are equal, it 
follows, that the inclination of any two faeces irh a pyramid is 
equal to the inclination of the correspondvng two in the similar 
pyramid. • 

Cor. 8. If the triangular pyramid SABC is cut by a plane 
GIH parallel to SAC one of its faces, the partial p3a'amid 
BGIH will be similar to the whole pyramid BASC : for, the 
triangles BGI, BGH are similar to the triangles BAS, BAC, 
each to each, and similarly placed; the inclination of their 
planes is the same in both ; hence the two pyramids are similar. 

Cor» 4. In general, (see the fig. of Prop. 1 9. VI.) ifanypyra^ 
mid SABCDE is cut byapUme ahcde parallel to the hase^ the 
partial pyramid Sab cafe wiU be simila/r to the whole pyramid 
SABCDE. For the bases ABCDE, abcde are similar ; andj 
joining' AC, ac, we have just proved that ithe triangular pyra- 
mid SABC must be similar to the pyramid ^abc; hence {Def. 
18. VI.) the point S in reference to the base ABC, is deter- 
mined exactly as the point S in reference to the base abc ; 
hente the two pyramids SABCDE, Sabcde are similar. 

Scholium. Instead of the five data required by the Definition 
to (determine the similarity of two triangular pyramids, five 
other data might be substituted according to various combina- 
tions, and there would result as many theorems as combinations. 
Among these, the following deserves to be specially noticed : Two 
triangular pyramids are similar when they have their homo- 
hgous sides proportional. 
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¥af (see the fi^re of our Fropontion), if we have tbe pn>- 
ponion AB : DE : : BC : EF : : AC : DF : : AS : DT : : 

SB : TE : : SC : TF, which includes five conditicni, the tji- 
•t^^ ABS, ABC will be respectivetv similar to the trianelefl 
DET, DEF. and sinukrly placed. The fanangle SBC wilTbe 
omilar to TEF ; hence the three plane angles which fona the 
aolid angle B will be equal to the plane angles which form the 
•did angle E, each to each ; hence the incliiiauon of the ^^aea 
SAB, ABC is equal to that of their homologauB planes TDE, 
DEF ; henee the two pyramids ore umilu'. 

FB0P06ITI0N XXIV. THEOREM. 

Ta}0 similar pdlyedrons have theiT hymdogoua Jitces similar, 
aaid their Jtomohgoua sdid migles equaL 

Let ABCDE be the 
baseofapolyedron, let 
M and N be the vertj- 
cea of two solid angles, 
without this base, deter- 
mined by the triangu- 
lar pyramids MABC, 
NABC, whose common 
base is ABC ; let abcde 
in &e other polyedron 
be the base homolc^us 'N 
or fflmilar to ABCDE ; v^ 
ta and n the vertices 
homologous to M and 
N, and determined by the pyramids mdbc, nabc, similar to the 
pyramids MABC, NABC : we are to shew, first, that the dis- 
tances MN} vm, are proportional to the homologous sides 
AB, <i&. 

The pyramids MABC, joabc being ^milar, the incliaationof 
the planes MAC, BAC is equal to that of the planes mac, bac ; 
in lilEe manner, the pyramide SABC, nabc being ^milar, the 
inclination of the planes NAC, BAC is equal to that of the 
planes Tuie, bac : and taking away the two former inclinations 
nrom the two latter, there will remun the inclination of the 
planes NAC, MAC equal to that of the planes nac, mac. 
But farther, mxtx these same pyramids are similar, the tnangle 
MAC is umilar to mac ; and the triangle NAC to nac :. hence 
the two triangular pyramids MNAC, mrtac have two faces in 
each respectively ^niilar, similarly placed, and equally inclined ; 
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lyeiioe (581. ¥1.) these two pyramids are siiiiilar ; and their ho- 
mologous sides give the proportiaii MN : mn :: AM : am. Be- 
flid^ AM '.ami'. AB : a& ; nenoe MN : mm : : AB : ab. 

Let P and p be two other homologous vertices of the same 
pcdvedrons, we shall in like manner have PN : pn ii AB : db, 
add PM : pm : : AB : ab. Henoe MN : mn : : PN ipn :: PM : 
pm. Hence the triangle PNM, which jams any three vertices 
of the one poiyedronj is similar to the triangie pnm which Joins 
dke three homohgous vertices (^ihe other. 

Again, let Q and a be two homologous vertices ; and the tri- 
angle PQN wUl be sunilar to pqn. We assert farther, that the 
inclination of the planes PQN, PMN is equal to that of the 
planes pqny pmn. 

For, joining QM and om, we shall still have the triangle 
QNM similar to gTww, and therefore the angle QNM equal to 
gnm. Imagine a solid angle to be formed at N, b^ the three 
plane angles QNM, QNP, PNM ; and another solid angle to 
be formed at w, by the three plane angles gnm^ qnp, pnm. 
Since these plane angles are respectively equal, the solid angles 
must be equal also. Hence the inclination of the two planes 
PNQ, PNM is equal to that of their homologous planes pnq^ 
pnm ; hence, if tne two triangles PNQ, PNM were in the 
same plane, in which case, the angle QNM would be equal to 
QNP+PNM, we should likewise have the angle gnm equal to 
qnp+pnmy and the two triangles qnp, pnm would also be in 
the same plane. 

All that we have now proved is true, whatever be the value 
of the angles M, N, P, Q, compared with their corresponding 
ones m^ n, p, g. 

Let us next suppose the surface of one of the polyedrons 
to be divided into triangles ABC, ACD, MNP, NPQ, &c. ; 
the surface of the other polyedrons will evidently contain an 
equal number of triangles abc^ acdj mnp^ npq, 4*c., similar 
and similarly placed ; and if several triangles, as MPN, NPQ, 
&c. belong to one face, and lie in the same plane, their oorre- 
sponcbng triaDgles v^m, npq^ 6^c^ will likewise lie in one plane. 
Haaoe every polygonal face in the one polyedron will corre- 

r id to a omilar polygonal face in the other polyedron ; hence 
two polyedrons wiU be terminated by {he same number of 
planes similar, and similarly placed. We assert farther, that 
dieir hcmdogous ootid angles will be equal. 

F(Nr» if the solid angle N, for example, is formed by the 
fdbneattffles QNP, PNM, MNR, QNR, the corresponding 
scdid an^ n will be formed by the plane angles qnp^ pnm^ mnr^ 
•mr. But these plane angles are equal each to each ; and the 
inclination of any two adjacent planes is equal to that of the 
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two which oorreBpoiid to them : hence the two sold imgles are 
eqaal, because tl^y would exactly coincide. 

Hence, finally, two similar polyedrons have their hotnologoiu 
faces similar and their homologous solid angles equaL 

Cor. From the preceding demonstraticHi, it follows, that if « 
triangular pyramid were formed with four vertices of one poly*, 
edron, and a second with the four corresponding vertices of a 
similar polyedron, these two pyramids (21. VI. Schol.) would 
be similar, because their homologous sides would be proportionaL 

It is also evident that two homologous diagonals (17. II.), as 
AN, an, are to each as two homologous sides AB, ab. 

PROPOSITION XXV. THEOREM. 

Tzvo similar polyedrons may be divided into the same number 
of triangular pyramids^ similar each to each^ a/nd stmUarly 
placed. 

For, it has already been shewn, that the surfaces of two poly- 
edrons may be divided into the same number of triangles simi- 
lar each to each, and similarly placed. Consider all the triangles 
of the one polyedron, except those which form the solid angle 
A, as the bases of so many triangular pyramids having theib 
common vertex in A ; those pyramids taken together will oonir 
pose the whole polyedron. Divide the other polyedron, in the 
same manner, into pyramids having for their common vertex 
the angle a, homologous to A : the pyramid, which joins four 
vertices of the one polyedron, will evidently be similar to the 
pyramid which joins the four homologous vertices of the other 
polyedron. Hence two similar polyedrons, &c. 

PROPOSITION XXVI. THEOREM. 

Two similar pyramids are to each other as the cubes of their 
hoTnologous sides. 

For two pyramids being similar, (see fig. of Prop. 16.) the 
smaller may oe placed within the greater, so that the solid angle 
S shall be common to both. In that position, the bases ABODE, 
aicde will be parallel ; because, since (2S. VI.) the homologous 
faces are similar, the angle Sab is equal to SAB, and Sbc to 
SBC ; hence (13. V.) the plane ABC is parallel to the plane 
aic. This granted, let SO be the perpendicular drawn from 
the vertex S to the plane ABC, and o the point where this 
perpendicular meets the plane ahc: from what hasfJready been 
shewn (15. VI.), we shall have SO : So : : SA : Sd:: AB : ab; 
and consequently, 

|S0 : jSo : : AB : ab. 
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Let H reprewnt the altitude oi iheJhtitmni^apgTmnid, 
having parallel bases A and B ; yAB.inll bcdw meanpropoff- 
But the bases ABCDE, abcde b^g nmilar figures, we ufc 

ABCDE : abcde : : AB» : oft'. 
Multiply the correspoDding tenos of these two propositions ; 
there results the proportion, 

ABCDExiSO : : abcde x JSo : : AB^ : af. 
Now ABCDE X JSO is the solidity of the pyramid SABCDE, 
and abcdex^So is that of the pyramid Sabak (18. VI.); hence 
two similar pyramids are to «ich other as the cubes of their ho- 
mologous sides. 
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7'wo simUar poh/edrona are to each other as the cubes of their 
homchgoua sides. 

For two similar po- 
lyedronsraay {S3.VI.) 
be divided, each into 
the same number of 
triangular pyramids re- 

rively similar. Now, 
two similar py- 
ramids APNM, opnm 
are to each o^ec as 
the cubes of their ho- 
mologous sides AM, 
am, or as the cubes of 
tbm bomologous sides * 
AB, ab. The same 
ratio exists between 
eVeiy other pair of homologous pyramids ; hence the sum of all 
the pyramids which compose the one polyedron, or that polye- 
dron itself, is to the other polyedron, as the cube of any one 
»de in the first is to the cube of the homologous ^de in the se- 
cond. 

Gmercd Scholium. 

The chief propositions of this Book relating to the solidly of 
pcJyedroas may oe exhibited in algebraical terms, and so recapi- 
tulatai in the briefest maimer possible. 

Let B represent tbe base of a prism ; H its altitude : the so- 
lidity of the prism will be BxH, or BH. 

Let B represent the base of a pyramid ; H its altitude : . the 
Bdidity of the pyramid will be BxjH, or Hx)B, or iBH. 
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tiooal between tboM bases; and the loliiUty of the rnittuu will 
be4Hx(A+B+v'AB). 

iathrepteaaat the base o£ the Jnatitm^atriangviarprmn; 
H, H', H''' the altitudes of ite three upper verticeB : the soUdity 
rfthe truncated prism will be iBx(H+H'+H"). 

la fine, let P and^ repreBent the aotidities aftiM similar po- 
l^drons; A and a two homologous sides or diagoiialB of these 
polyedrons : we shall have V ip :: AP i <^- 



THE gPHEKE. 



Defimtions. 

I. The sphere is a solid terminated by a curve sur&ce, al' 
the pmnts of which are equally distant from % point wiUun, 
called the ceiiire. 



The sphere maybe con- 
ceired to be generated hy 
the reYolution of a Eemi- 
circle DAE about its di- 
ameter DE ; for the sur- 
face described in this 
movement, by the curve 
DAE, will have all its 
points equally distant 
from the centre C. 




II. The raS,ut of a sphere is a stnught line drawn from the 
centre to any pwit in the surface ; nie diameter or axis n a 
line passing through this centre, and terminated oa both «des 
by the surface. 

All the radii of a sphere are equal; all the diameters are eqml, 
and double of tlie radius. 
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III. It will be shewn (1. VII.) that every section of the 
sphere, made by a plane, is a circle : this granted, a great cirde 
is a section which passes through the centre ; a little circle one 
which does not pass through it. 

IV. A plane is a ta/ngent to a sphere, when their surfaces 
have but one point in common. 

V. mhepoU of a circle of a sphere is a point in the surface 
equally distant from all the points in the circumference of this 
circle. It will be shewn (6. VII.) that every circle, great or 
little, has always two poles^ 

VI. A spJicrical triangle is a portion of the surface of a 
sphere, bounded by three arcs of great circles. 

Those arcs, named the sides of the triangle, are always sup- ' 
posed to be each less tlian a semicircumference. The angles, 
which their planes form with each other, are the angles of the 
triangle. 

VII. A spherical triangle takes the name of righUangled^ 
isosceles^ equilateral^ in the same cases as a rectileneal triangle. 

VIII. A spherical polygmi is a portion of the surface of a 
sphere terminated by several arcs of great circles. 

IX. A lune is that portion of the surface of a sphere, which 
is included between two great semicircles meeting in a common 
diameter. 

X. A spherical zcedge or ungula is that i)ortion of the solid 
sphere, which is included between the same great semicircles, and 
has the lune for its base. 

XI. A spherical pyramid is a portion of the solid sphere, in- 
cluded between the planes of a solid angle whose vertex is the 
centre. The base of the pyramid is the spherical polygon in- 
tercepted by the same planes. 

XII. A zmie is the portion of the surface of the sphere, in- 
eluded between two parallel planes, which form its bases. One 
of those planes may be a tangent to the sphere ; in which case, 
the zone has only a single base. 

XIII. A spherical segment is the portion of the solid sphere, 
included between two parallel planes which form its bases. 
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One of diose planes may be a tangeat to the sphere; in which 
caae, (he segment has only a nngle base. 

XTV. The (dtHude of a atme i» ^^ segment is the distance 
of the two parallel planes, which fonn the bases of the zone or 
segment. 

XV. Whilst the semicircle DAE (see Def. 1 .y revolving round 
its diameter DE, describes the sphere; any circular sector,) as 
DCF or FCH, describes a solid, which is named a spherical 
tector. 

PROPOSITION I. THEOREM. 

Every section of a sphere, made by a pkme, it a circle. 

Let AMB be the section, made by a n 

plane, in the sphere whose centre is C. 
From the point C, draw CO perpendi- 
cular to the plane AMB ; and different -' 
lines CM, CM to different points of the 
curve AMB, which terminates the sec- 
tion. 

The oblique lines CM, CM, CB are 
equal, being radii of the sphere ; hence 
(6. V.) they are equally distant from the 
perpendicular CO; hence all the lines OM, MO, OB are equal; 
hence the section AMB is a circle, whose centre is O. 

Cor. 1. If the sectionpasses through the centre of thesphere, 
its radius will be the radius of the sphere ; hence all great 
drcles are equal. 

Cor, S. Two great circles always bisect each other ; for their 
common intersection, passing through the centre, is a diameter. 

Cor. 8. Every great circle divides the sphere and its smrface 
into two equal parts : for, if the two hemispheres were separated, 
and aflerwfuds pUced on the common base, with their convesi. 
ties turned the same way, the two surfaces would exactly coin- 
cide, no point of the one being nearer the centre than any point 
of the ouier. 

Cor. 4. The centre of a little circle, and .that of the sphere, 
are in the same striught line, perpendicular to the pUne of the 
little circle. 

Cor. 5. Little circles are the less the farther they lie from the 
centre trf the q>here ; for the greater CO is, the less is the chord 
AB, the diameter of the little circle AMB. 
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Cor. 6. An arc of a great drcle may always be made to pass 
through any two ^ven points in the surface of the sphere ; for 
the two given pomts and the centre of the sphere make dii^e 
points, which determine the position of a plane. But if the two 
given points were at the extremities of a diameter, these two 
points and the centre would then^lie in one straight line, and an 
mfinite number of great circles might be made to pass through 
the two ^ven points. 

PROPOSITION II. THEOREM. 

In every spherical tricmgle ABC, amf side is less than the sum 
of the other two. 

Let O be the centre of the sphere ; and 
draw the radii OA, OB, OC. Imagine 
the planes AOB, AOC, COB; those 
planes will form a solid angle at the point 
O; and the angles AOB, AOC, COB 
will be measured by AB, AC, BC, the 
«des of the spherical triangle. But (S 1 . V.) 
each of the three plane angles composing 
a solid angle is less than the sum of the 
other two ; hence any side of the triangle J 
ABC is less than the sum of the other two. 

PROPOSITION III. THEOREM. 

The shortest path from one pomt to another^ on the surface of 
a sphere J is the arc of the great circle which joins the two 
given points. 

Let ANB be the arc of the great circle which joins ^ 
the points A and B ; and without this line. If possible, K 
let M be a point of the shortest path between A and B. \ 
Through the point M, draw MA, MB, arcs of great I \ 
circles ; and take BN=MB. / 

By the last theorem, the arc ANB is shorter than / 
AM + MB ; take BN=BM respectively from both ; W • »• 
there will remain AN-iiiAM. Now, the distance of \ 
B from M, whether it be the same with the arc BM \ 
or with any other line, is equal to the distance of B y 

from N ; for by making the plane of the great circle j 
BM to revolve about the diameter which passes through 
B, the point M may be brought into the position of the point 
N ; and the shortest line between M and B, whatever it may 
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be^ will then be identical with that between N and B : hence 
the two paths from A to B, one pasnng throu^ M, the other 
through N, have an equal part in each, the part from M to B 
equal to the part from N to B. The first path ia the shorter, 
by hypothesis ; hence the distance fmm A to M must be shcnter 
than the distance from A to N ; which is absurd, the arc AM 
bong proved greater than AN : hence t>o point of the shortest 
line from A to B can lie out of tlie arc ANB ; hence this arc is 
itself the ^ortest distance between its two extremities. 

PROPOSITION IV, THEOHEM, 
The sum qfaU the three sides of a spherical triangie is less than 

the eircunifereme of a great circle. 

Let ABC be any spherical tri- 
angle ; produce the wdes AB, AC 
till they meet again in D. The arcs 
ABD, ACD will be semicircum- 
ferences, since (1. VII. Cor.) two 

feat circles always bisect each other. A 
at in the triangle BCD, we have 
(2. VII.) the side BC--:BD+CD; 
add AB-fAC toboth; we shall have 
AB + AC + B€ -^ ABD + ACD, 
that is to Eay, less than a circum- £ 

ference. 

PROPOSITION V. THEOREM. 
The sum of alt the sides of any splterical polygon is less than 
tlte cirnimference of a great circle. 

Take the pentagon ABCDE, for q y 

example. Produce the sides AB, DC, d^ — 'v f 

till they meet in F ; then since BC ^^ Nj 

is less than BF+CF, the perimeter /^ /" 

of the pentagon ABCDE will be less **<v / 

than that of Uie quadrilateral AEDF. ^^~-^„__^ / 

Agfdn, produce the sides AE, FD, -^ ^ 

till they meet in G ; we shall have 

ED-^EG+DG; hence the perimeter of the quadrilateral 
AEDF is less than that of the triangle AFG ; which last is it- 
self less than thecircumferenceof a great circle; hencea Artiort 
the perimeter of the polygon ABCDE is less than this same 
circumference. 

Scholium. This proportion is fundamentally the same as 
Prop. 22. V. ; for, being the centre of the sphere, a solid 
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ai^e may be anicetved as formed at O by the plane angles 
AOB, 30c, COD, &c., and the sum of these angles must be 
less than four right angles i vhidi is exactly ihe proportion -we 
have been engaged with. The demonstration here g^ven is 
difiiireDt from that of Book V. ; both, Iionever, suppose that the 
polygon ABCDE is convex, or that no side produced will cut 
the figure. 

PROPOSITION VI. THEOREM. 

The diameter DE being drawn perpendiadar io ihe plane of 
the great cirde AMB, the extremities D and E nf tfiis dia~ 
meter wiU be the poles of the circle AMB, and ofaU the lit&e 
circles, as FNG, which areparaSel to it. 
For, DC being per- » 

pendicular to the plane 
AMB, is perpendicular 
to all, the straight lines 
CA,CM,CB,&c., drawn 
tht9U^ its ibot in this 
^aoe ; hence all tbe arcs 
X)Ai DM, DB, &c are ^i 
quarters of the drcum- 
ference. So likewise are 
all the arcs EA, EM, 
£B,&c.; hence the points 
D and E are each equally 
distant from all the points 
of the circumference 
AMB; hence (Def. 5. 
VII,) they are the poles of that drcumference. 

Again, the radius DC, perpendicular to the plane AMB, is 
perpendicular to its parallel FNG ; hence (I. VII.) it passes 
through the centre of the circle FNG ; hence, if the oblique 
lines DF, DN, DG be drawn, these oblique lines will diverge 
equally from the perpendicular DO, and will themselves be 
equal. But, the cliords being equal, the arcs are equal ; hence 
the point T> is the pole of the little drcle FNG ; and for like 
reasons, the point £ is the other pole. 

Xor, 1. Every arc DM, drawn from a point in the arc of a 
great circle AMB to its pole, is a quarter of the circumference, 
which, for the sake of brevity, is usirally named a quadrans or 
quWlrant ; and this quadrant at the same time makes a right 
angle with the arc AM. For (18. VI.) the line DC being perpen- 
dicular to the plane AMC, every plane DMC pasting through 
the line DC is perpendicular to the plane AMC ; hence the 
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angle of these planes, or (Def. 6. VII.) the angle AMD, is a 
ri^t angle. 

Cor. 2. To find the pole of a given arc AM, draw the in- 
definite arc MD perpendicular to AM ; take MD eaual to a 
quadrant ; the point D will be one of the poles of the arc 
AMD : or thus, at the two points A and M, draw the arcs 
AD and MD perpendicular to AM ; their point of intersection 
D will be the pole required. 

C(yr. S. Conversely, if the distance of the pcnnt D frcnn each 
of the points A and M is equal to a quadrant, the point D will 
be the pole of the arc AM, and also the angles DAM, AMD 
will be right. 

For, let C be the centre of the sphere ; and draw the radii 
CA, CD, CM. Since the angles ACD, MCD are right, the 
line CD is perpendicular to the two straight lines CA, CM ; 
hence it is perpendicular to their plane ; hence the point D is 
the pole of the arc AM ; and consequently the angles DAM, 
AMD are right. 

SchclUum, The properties of these poles enable us to describe 
arcs of a circle on the surface of a sphere, with the same facility 
as on a plane surface. It is evident, for instance, that by turn- 
ing the arc DF, or any other line extending to the same dis- 
tance, round the point D, the extremity F will describe the 
little drcle FNG ; and by turning the quadrant DFA round 
the pcMnt D, its extremity A will describe the arc of the great 
circle AM. 

If the arc AM were required to be produced, and nothing 
were given but the points A and M through which it was to pass, 
we should first have to determine the pole D, by the intersection 
of two arcs described from the points A and M as centres, with 
a distance equal to a quadrant ; the pole D being found, we 
might describe the arc AM and its prolongation, from D as a 
centre, and with the same distance as before. 

In fine, if it is required from a ^ven point F to let fall a 
perpendicular on the given arc AM ; proauce this arc to S, 
till the distance PS be equal to a quadrant ; then from the pde 
S, and with the same distance, describe the arc PM, which will 
be the perpendicular required. 

PROPOSITION VII. THEOREM. 

Every pkme perpendicular to a radius ai its extremity is a 
tcmgent to the sphere. 

Let FAG (see the next figure) be a plane perpendicular to 
the radius OA. Any point M in this plane being assumed, 
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and OM, AM being joined, the angle 0AM will be right, and 
hence the distance OM will be greater than OA. Hence the 
point M lies without the sphere ; and as the case is amilar with 
every other point in the plane FAG, this plane can have no 
pcnnt but A common to it with the surface of the sphere ; hence 
{Dff 4. VII.) it is a tangent. 

Scholium. In the same way it may be shewn, that two spheres 
have but one point in common, and therefore touch each other, 
when the distance between their centres is equal to the sum or 
the difference of their radii ; in which case, Uie centres and the 
point of contact lie in the same straight line. 

PROPOSITION VIII. THEOREM. 

The angle BAC^Jbrmed by AB, AC two arcs of great circles^ 
is equal to the a/ngie FAG Jbrmed by the tangents of these 
arcs at the point A ; and is therefore measured by the arc DE 
described Jrom the point A as a pole^ between the sides AB. 
AC, produced if necessary. 

For the tangent -^F, drawn in the plane .^ 
of the arc AB, is perpendicular to the radius 
AO; and the tangent AG, drawn in the 
plane of the arc AC, is perpendicular to the 
same radius AO. Hence (17. V.) the ande 
FAG is equal to the an^le contained by tne 
planes OAB, OAC ; which is that of the ^ 
arcs AB, AC, and is named BAC. 

In like manner, if the arcs AD and A£ 
are both quadrants, the lines OD, OE will 
be perpendicular to AO, and the angle DOE 
will still be equal to the.angle of the planes H 
AOD, AOE ; hence the arc DE is the measure of the angle 
contidned by these planes, or of the angle CAB. 

Cor. The angles of spherical triangles may be compared to- 
gether, by means of the arcs of great circles described from their 
vertices as poles and included between their sides : hence it is 
easy to maEe an angle of this kind equal to a given angle. 

Scholium. Vertical angles, such as ACO and BCN (see the 
figure of Prop. 92. VII.) are equal ; for either of them is still 
the angle formed by the two planes ACB, OCN. 

It is farther evident, that, in the intersection of two arcs 
ACB, OCN, the two adjacent angles ACO, OCB taken together 
are equal to two right angles. 





168 GEOMETRY. 

PROPOSITION IX. THEOREM. 

Hie triangle ABC being given^ if from thejpoints A, B, C flw 
polesy the arcs EF, FD, DE be described to form the triangle 
DEF ; then, conversely, the three points D, E, F wiU be the 
poles of the sides BC, AC, AB. 

For, the point A being the 
pole of the arc EF, the distance 
AE is a quadrant ; the point 
C being the pole of the arc DE, 
the distance CE is likewise a 
quadrant : hence the point £ is 
removed the length of a q^ua- 
dratit from each of the points 
A and C ; hence (6. VII. Cor. 
3.) it is the pole of the arc AC. 
It might be shewn, by the same 
method, that D is the pole of the arc BC, and F that of the arc 
AB. 

Cor. Hence the triangle ABC may be described by means of 
DEF, as DEF may by means of ABC. 

PROPOSITION X. THEOREM. 

7%e same supposition continuing as in the last Tfieorem, each 
angle in the one of the triamgles, ABC, DEF wiU be measured 
by the semicircumference minus tJie side lying opposite to it 
in the other triangle. 

Produce the sides (see the preceding figure) AB, AC, if neces- 
sary, till they meet EF in G and H. The point A being the 
g)le of the arc GH, the angle A will be measured by that arc. 
ut the arc EH is a quadrant, and likewise GF, E being the 
pole of AH, and F of AG ; hence EH+GF is equal to a semi- 
circumference. Now, EH+GF is the same as EF+GH; 
hence the arc GH, which measures the angle A, is equal to a 
semicircutnference minus the side EP, In like manner, the 
angle B will be measured by | circ, — DF r the angle C by 
i circ, — DE« 

And this property must be reciprocal in the two triangles, 
since each of them is described in a similar manner by means of 
the other. Thus we shall find the angles D, E, F of the tri- 
angle DEF to be measured respectively by ^ circ— BC, i circ, 
—AC, ^ drc,*-AB. Accordingly the angle D, for example, 
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is measured by the arc MI ; but MI+BC=MC +BI=s:| circ; 
hence the arc MI, the measure of D, is equal to ^ ar<r.— -BC ; 
and so of all the rest. 

Scholium. It must farther be observed, that besides the tri- 
angle DEF, three others might be formed by the intersection 
of the three arcs DE, EF, DF. But the 
proposition immediately before us is ap- 
plicable only to the central triangle, which 
is distinguished from the other three by 
the circumstance (see the figure in the last 
page) that the two angles A and D lie on ffi 
the same side of BC, the two B and E on 
the same side of AC, and the two C and 
F on the same side of AB. 

Various names have been given to the triangles ABC, DEF ; 
we sliall call them polar triangles, 

PROPOSITION XI. LEMMA. 

The triangle ABC being given^ ifjrom the pole A, with a 
distance AC, the arc DEC of a little circle be described ; %f 
from the pole B, with a distance BC, the arc DFC be describ- 
ed in like mcmner ; a/nd ifjrom the point D, where the arcs 
DEC, DFC intersect each other^ AD, DB two arcs of great 
circles be drawn ; then will ADB, the tria/ngte thusjbrmed, 
have all its parts equal to those of the triangle ACB. 

For, by construction, the side AD=AC, 
DB=BC, and AB is common ; hence those 
two triangles have their sides equal, each to 
each. We are now to shew that the angles 
opposite these equal sides are also equal. 

If the centre of the sphere is supposed to 
be at O, a solid angle may be conceived as ^ 
formed at Oby the three plane angles AOB, 
AOC, BOC ; likewise another solid angle 
may be conceived as formed by the three 
plane angles AOB, AOD, BOD. And be- 
cause the ffldes of the triangle ABC are equal to those of the 
triangle ADB, the plane angles forming the one of these solid 
angles must be equal to the plane angles forming the other, 
each to each. But in this case we have shewn (S3. V.) that the 
planes, in which the equal angles lie, are equally inclined to each 
other ; hence all the angles of the spherical triangle DAB are 
respectively equal to those of the triangle CAB, namely, DAB=: 
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BAG, DBA=ABC, and ADB=:ACB ; hence the sides and 
the luigles of the triangle ADB are equal to the sides and the 
angles of the triangle ACB. 

Scholium. The equaUty of those triangles is not, however, 
an absolute equality, or one of superposition ; for it would be 
impossible to appiy them to each ouier exactly, unless they 
were isosceles. The equality meant here b what we have al- 
ready named an equality by symmetry ; therefore we shall call 
the triangles ACB, AjyQ^ symmetrical triangles. 

PROPOSITION XII. THEOREM. 

Tzeo triangies on the same sphere, or on equal spheres, are equal 
in aU their parts, when they have each a/n equal angle indud- 
ed bettoeen equal sides. 

Suppose the side AB=EF, the 
side AC==EG, and the angle B AC= 
FEG; the triangle EFG may be 
placed on the triangle ABC, or on 
ABD symmetrical with ABC, just 
as two rectilineal triangles are placed , \ n 

upon each other, when they have an ^ ' ^^ ^ 
equal angle included between equal 
sides. Hence all the parts of the 
triangle EFG will be equal to all the 

Karts of the triangle ABC ; that is, besides the three parts equal 
y hypothesis, we shall have the side BC=FG, the angle 
ABC=EFG, and the angle ACB=EGF. 

PROPOSITION XIII. THEOREM. 

Two triangles on the same sphere, (yr an equal spheres, are 
equal in all their parts, when two a/ngles and the interjacent 
side of the one are equal to two angles and the interjacent 
side of the other. 

For, one of those triangles, or the triangle symmetrical with 
it, may be placed on the other, as is done in the corresponding 
case of rectilineal triangles. See Prop. 7. I. 
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PROPOSITION XIV. THBORBM. 

If two iricmgks on the same sphere^ or on equal spheres^ have 
aU their sides respectively equals their a/ngles wiU Kkewise be 
aU respectively equals the equal anigles lying opposite the 
equal sides. 

This truth is evident by Prop. 1 1. VII., 
where it was shewn that, with three ^ven 
ludes AB, AC, BC, there can only be two 
triangles ACB, ABD, difiPerent as to the 
position of their parts, and equal as to the 
magnitude of those parts. Hence those two 
triangles, having all their sides rei^)ectively d 
equ£U in both, must either be absolutely 
equal, or at least symmetrically so ; in both 
of which cases, their corresponding angles 
must be equal, and lie opposite to equal 
sides. 

PROPOSITION XV. THEOREM. 

In every isosceles spherical triangle, the angles opposite the eqtial 
sides are equal ; amd conversely, if two angles of a spherical 
triaafigU are equal, the triangU mU be isosceles. 

First. Suppose the side AB=AC ; we shall 
have the angle C=B. For, if the arc AD be 
drawn from the vertex A to the middle point 
D of the base, the two triangles ABD, ACD 
will have all the sides of the one respectively 
equal to the corresponding sides of the other, 
namely, AD common, BI>=DC, and AB= 
AC : nence by the last Proposition, their angles 
will be equal ; therefore B==C. 

Secondly. Suppose the angle B=C ; we shall have the side 
AC=AB. For, if not, let AB be the greater of the two; 
take BO=AC, and join OC. The two sides BO, BC are 
equal to the two AC, BC ; the angle OBC, contained by the 
first two, is equal to ABC contained by the second two. Hence 
(12. VII.) the two triangles BOC, ACB have all their other 
parts equal ; hence the angle OCB=ABC : but by hypothesis, 
the angle ABC=ACB ; hence we have OCB=ACB, which 
is absurd ; hence it is absurd to suppose AB different from 
AC ; hence the sides AB, AC, opposite to the equal angles B 
and C, are equal. 

Scholium. The same demonstration proves the angle 
BAD=DAC, and the angle BDA=ADC. Hence the two 

7 
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last are right angles ; hence the arc drawn Jrom the vertex of 
an isosceles spherical triangle to the middle qf the base^ is at 
right angles to thcU base, and bisects the opposite angle. 

PROPOSITION XVI, THEOREM. 

In a spherical triangle ABC, if the angle A is greater tlum 
the angle B, tJie side BC opposite to A wiU be greater than 
tlie side AC opposite to B ; a/nd conversely, if the side BC is 
greater than AC, the angle A will be greater than the 
angle B. 

First Suppose theangleAp^^B; 
make the angle B AD=B : then 
(15. VII.) we shall have 
Ar)=DB: but AD+DC is 
greater than AC ; hence, putting 
DB in place of AD, we shall have 
DB+DCorBC::^AC. 

Secondly. If we suppose BCp^^AC, the angle BAC will be 
greater than ABC. For, if BAC were equal to ABC, we 
should have BC==AC ; if BAC were less than ABC, we 
should then, as has just been shewn, find BC^tr^C. Both these 
conclusions are false : hence the angle BAC is greater than 
ABC. 

PROPOSITION XVIL THEOREM. 

tf the two sides AB, AC> of the spherical triangle ABC, a/re 
€qiial to the two sides DE, DF of the triangle DEF, drawn 
upon an equal sphere ; and if at the same tim4. the an^ A 
is greater than the angle D, tlien^ wiU the third side BC cf 
ihejirst triangle be greater than the third side EF of the 
second 





The demonstmtion is every way i^milar to that of Prop. S. L 
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. J^KdPOSITION XVIII. THEOREM. 

If two triangtes on the same sphere^ or on equal spheres, are 
mutacXLy equkmgvlar, they will also he mutually equilateral. 

Let A and B be the two given triangles ; P and Q their polar 
triangles. Since the angles are equal in the triangles A and B, 
the sides will be equal in the polar triangles P and Q (10. 
VII.) : but since the triangles P and Q are mutually equi- 
lateral, they must also (14. VII.) be mutually equiangular ; 
and, lastly, the angles being equal in the triangles P and Q, 
it follows (10. VII.) that the sides are equal in their polar 
triangles A and B. Hence the mutually equiangular triangles 
A and B are at the same time mutually equilateral. 

This proposition may also be demonstrated, without the aid 
of polar triangles, as follows : 

Let ABC, DEF ^ 

be two triangles 
mutually equiangu- 
lar, having A=D, 

B=E, C=F; we """^^^-^..^^^/^^^^^ * 
are to shew that B 

AB=DE,AC=DF, AC=DF, BC=EF. 

On the prolongations of the rides AB, AC, take AGr=DE, 
and AH=DF ; join GH ; and produce the arcs BC, GH, 
till they meet in I and K. 

The two sides AG, AH are equal, by construction, to the 
two DF, DE ; the included angle GAH = BAC = EDF ; 
hence (12. VII.) the triangles AGH, DEF, are equal in all 
their parts; hence the angle AGH=DEF=ABC, and the 
angle AHG=DFE=ACB. 

In the triangles IBG, KBG, the side BG is common ; the 
angle IBG=GBK ; andj, since IGB+BGK is equaf to two 
right angles, and likewise GBK + IBG, it follows that 
BGK=IBG. Hence (13. VII.) the triangles IBG, GBK are 
equal ; hence IG=BK, and IB=GK. 

In like manner, the angle AHG being equal to ACB, we 
can shew that the triangles ICH, HCK have two angles and 
the inteijacent side in each equal ; hence they are themselves 
equal; hence IH=CK, and HK=IC. 

Now, if the equals CE, IH be taken away from the equals 
BK, IG, the remainders BC, GH will be equal. Besides, 
the angle BCA=AHG, and the angle ABC=AGH. Hence 
the triangles ABC, AHG have two angles and the inteijacent 
side in each equal ; hence they are themselves equal. But the 
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triangle DEF is equal in all its parts to AHG ; hence it is also 
equal to the triangle ABC, and we have AB=DE, AC=DF» 
BC=sEF ; hence if two spherical triangles are mutually equi- 
angular, the sides opposite their equal angles will also be equal. 

Scholium. This Proposition is not appUcable to rectilineal 
triangles ; in which, equaUty among the angles indicates only 
proportionality among the siaes. Nor is it difficult to account 
tot the difference observable, in this respect, between i^herical 
and rectilineal triangles. In the Fnq)ositioa now before us, as 
well as in Propp. 12, 13, 14, 17, which treat of the comparison 
of triangles, it is expressly required that the arcs be trwsed oa 
the same sphere, or on equal spheres. Now similar arcs are to 
each other as their radii ; hence, on equal spheres, two triangles 
cannot be similar without being equal. Therefore it is not 
strange that equality among the angles should produce equality 
among the sides. 

The case would be different, if the triangles were drawn upon 
unequal spheres ; there, the angles being equal, the triangles 
would be similar, and the homologous sides would be to each 
other as the radii of their spheres. 

PROPOSITION XIX. THEOREM. 

The sum qfaU the angles in cmy spherical triangle is less Aon 
six right angles y a/nd greater thoji two. 

For, in the first place, every angle of a spherical triangle b 
less than two right angles (see the following Scholium) ; hence 
the sum of all the three is less than six right angles. 

Secondly, the measure of each angle in a spherical trian^e 
(10. VII.) is equal to the semicircumference mvnus the Qorre- 
sponding side of the polar triangle ; hence the sum of all the 
three is measured by three semicircumferences vrmms the sum 
of all, the sides of the polar triangle. Now (4. VII.), this 
latter sum is less than a circumference ; therefore, taking it 
away from three semicircumferences, the remainder will be 
greater than one semicircumference, which is the measure of 
two right angles ; hence, in the second place, the sum of all the 
angles in a spherical triangle is greater than two right angles. 

Cor. 1. The sum of all the angles in a spherical triangle is 
not constant, like that of all the angles in a rectilineal triangle ; 
it varies between two right angles and six, without ever arriving 
at either of these limits. Two given angles therefore do not 
serve to determine the third. 

Cor. % A spherical triangle may have two or even three 
angles right, two or three obtuse. 
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If the triangle ABC is bt-rectcmmdari in other 
words, has two right angles B and C, the vertex 
A will (6. yil.) be the pole of the base BC ; 
and the sides AB, AC will be quadrants. 

If the angle A is also right, tne triangle ABC 
will be tri-recta/ngylar; its angles will all oe right, j 
and its sides quadrants. The tri-rectangular 
triangle is contsuned eight times in the surface of the sphere ; 
as is evident from the figure of Prop. SO, supposing the arc MN 
to be a quadrant. 

» 

Scholium. In all the preceding observations, we have sup- 
posed, in conformity with Definition 6, that our spherical tri- 
angles have always each of their sides less than a semicircumfer- 
ence ; from whicn it follows that any one of their angles is al- 
ways less than two right angles. For (see fig. to Prop. 4.) 
if the^ide AB is less than a semicircumference, and AC is so 
likewise, both those arcs will require to be produced before they 
can meet in D. Now the two angles ABC, CBD, taken to- 
other, are equal to two right an^es ; hence the angle ABC 
Itself is less than two right angles. 

We may observe, however, that some spherical triangles do 
exist, in which certain of the sides are greater than a semicircum- 
ference, and certain of the angles greater than two right angles* 
Thus, if the side AC is produced so as to form a whole circum- 
ference ACE, the part which remains, after subtracting the tri- 
angle ABC from the hemisphere, is a new triangle also desig- 
nated by ABC, and having AB, BC, AEDC for its sides. 
Here, it is plain, the Ade AEDC is greater than the semicir- 
cumference AED ; and, at the same time, the angle B opposite 
to it exceeds two right angles, by the quantity CBD. 

The triangles whose sides and angles are so large have been 
excluded from our Definition ; but the only reason was, that 
the solution of them, or the determination of their parts, is al- 
ways reducible to the solution of such triangles as are compre- 
he;!ided by the Definition. Indeed, it is evident enough, that if 
tl^e sides and angles of the triangle ABC are known, it will be 
ea$y to discover the angles and sides of the triangle which bears 
the same name, and is the difierence between a hemisphere and 
the former triangle. 
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The lune AMBNA is to ike surface oftTtx sphere, as MAN, tlte 
angie of this lune, is to Jour right an^s, or as tlte arc MN, 
•which measures that ajigie, is to the circumftrence. 

Suppose, in the first placcj the arc 
MN to be to the arcumfereDce MNFQ 
as some one rational number is to ano- 
ther, as 5 to 48, for example. The 
drcumference MNFQ being divided Bi^ 
into 4S equal parts, MN will contain 5 
of them ; and if the pole A were joined 
with the several points of divi^on, by as 
many quadrants, we should in the he- 
misphere AMNPQ have 48 triangles, 
all equal, because having all their parts equal. Hence the 
whole sphere must contain 96 of those partial triangles, the lune 
AMBNA will contain 10 of them ; hence the lune is to the 
sphere as 10 is to 96, or as 5 to 48, in other words, as the arc 
MN is to the circumference. 

If the arc MN is not commensurable with the circumference, 
we may still shew, by a mode of reasoning frequently exempli- 
fied already, that in this case also, the lune is to the sphere as 
MN is to the circumference. 

Cor. 1. Two lunes are to each other as their respective 
angles. 

Cor. 2. It was shewn above (19. VII.) that the whole surface 
of the sphere is equal to eight tri-rectangular triangles; hence, 
if the area of one such triangles is taken for unity, the surface of 
the sphere will be represented by 8. This granted, the surface 
of the lune, whose angle is A, will be expressed by gA (the 
angle A being always estimated from the right angle assumed 
as unity), since 2A : 8 : : A r 4. Thus we have here two 
differeut unities ; one for angles, being the right angle ; the 
other for surfaces, being the tri-rectangular spherical triuigle, 
or the triangle whose angles are all right, and whose sida are 
quadrants. 

ScluMum. The spherical ungula, bounded by the planes 
AMB, ANB, is to the whole solid sphere, as the angle A is to 
four right angles. For, the lunes being equal, the spherical 
ungulas will also be equal ; hence two spherical ungulas are 
to each otlier, as the angles formed by the planes which bound 
them. 
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PROPOSITION XXI. THEOREM. 

Two symmetrical spherical triofngles anre equal in mrfiice. 

Let ABC, DEP be two symme- 
trical triangles, that is to say, two tri- 
angles havmg their sides AB=DE, 
AC=DF, CB==EF, and yet inca- 
pable of coindding with eacn other : / I \q F/l.^ 
we are to diew that the surface ABC f \.-*7 V" 
is equal to the surface DEF. 

Let P be the pole of the little 
circle passing through the threie points ^^^JB 

A, B, C ;* from this point draw 
(6. VII.) the equal arcs PA, PB, PC ; at the point F, make 
the angle DFQ=ACP, the arc FQ=CP ; and join DQ, EQ. 

The sides DF, FQ are equal to the sides AC, CP ; the angle 
DFQ=ACP : hence (12. VII.) the two triangles DFQ, ACP 
are equal in all their parts ; hence the side D^=AP, and the 
angle DQF=APC. 

In the proposed triangles DFE, ABC, the angles DFE, ACB, 
cmposite to the equal sides DE, AB, being equal (11. VII.), 
ii the angles DFQ, ACP which are equal by conatruction, be 
taken away from them, therp will remain the angle QFE, equal 
to PCB. Also the sides QF, FE are equal to the ades PC, 
CB ; hence the two triangles FQE, CPB are equal in all their 
parts ; hence the side QE=PB, and the angle FQE=CPB. 

Now, observing that the triangles DFQ, ACP, which have their 
sides respectively equal, are at Jhe same time isosceles, we shall 
see them to be capable of mutual adaptation, when applied to 
each other; for, having placed PA on its equal QF, the side 
PC will fall on its equal QD, and thus the two triangles will 
exactly coincide: hence they are equal; hence the surface 
DQF=APC. For a like reason, the surface FQE==CPB, 
and the surface DQE=APB ; hence we have DQF+FQE — 
DQE=APC+CPB— APB, or DFE=ABC ; hence the two 
syfljlaitrical triangles ABC, DEF are equal in surface. 

Scholium, The poles P and Q might lie within the triangles 
ABC, DEF : in which case it would be requisite to add the 
three triangles DQF, FQE, DQE together, in order to make up 



* The circle which passes through the three points A, B, C, or which 
circumscribes the triangle ABC, can only be a little circle of the sphere ; 
for if it were a great circle, the three sides AB, BC, AC would lie in one 
plane, and the triangle ABC would be reduced to one of its sides. 

M 
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the triangle DEF ; and in like manner, to add the three tri- 
E^les APC, CPB, APB together in order to make up the tri- 
angle ABC : in all other respects, the demonstration and the 
result would still be the same. 

PROPOSITION XXII. THEOREM. 

If two great circles AOB, COD intersect each other anyhow 
in the hemisphere AOCBD, the sum of the opposite triaaigles 
AOC, BOD wiU he equal to the lune whose angle is BOD. 

For, producing the arcs OB, OD in 
the other hemisphere, till they meet in 
N, the arc OBN will be a semicircum- 
ference, and AOB one also ; and taking 
OB from both, we shall have BN=AO. -^1 
For a like reason, we have DN=CO, 
and BD=AC. Hence the two triangles 
AOC, BDN have their three sides respec- 
tively equal ; besides, they are so placed 
as to be symmetrical; hence (2\. VII.) they are equal in sur- 
face, and the sum of the triangles AOC, BOD is equivalent to 
' the lune OBNDO whose angle is BOD. 

Scholium. It is likewise evident that the two spherical pyra- 
mids, which have the triangles AOC, BOD for bases, are toge- 
ther equivalent to the spherical ungula whose angle is BOD. 

PROPOSITION XXIII. THEOREM. 

The surface of amy spherical trtamgle is measured by the excess 
qfihp sum of its three angles above two right angles. 

Let ABC be the proposed triangle : pro- 
duce its sides till they meet the great circle 
DEFG drawn anywhere without the tri- 
angle. By the last Theorem, the two tiiangles 
AD£, AGH are together equivalent to the 
lune whose angle is A, and which is measur- 
ed (20. VII.) by 2 A. Hence we have 
ADE-hAGH=2 A; and for a like reason, 
BGF-hBID=2B, and CIH+CFE=2C. 
But the sum of those six triangles exceeds the hemisphere by 
twice the triangle ABC, and the hemisphere is represented by 
4; therefore twice the triangle ABC is equal to 2A+2B-I-2C 
— 4 ; and consequently once ABC=A+B+C — 9.; hence every 
spherical triangle is measured by the sum of all its angles minus 
two right angles. 




I 
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Car. 1. However many ri^it ao^es there be contained in 
this measure, just so many tn-rectangular triapgl^s, Qf eigl^fhs 
of the sphere, which (20. Vlt.) are the unit of surface, wiU the 
proposed triangle contain. If the angles, for example, are each 
e^ual to I of a right angle, the three angles will amount to 4 
right angles, and the proposed tri^gl^ will be represented b^ 
4—2 or 2 ; therefore it will bp equal ^q tyrp trirrectangular tri^ 
angles, or to the fourth part of tl|^ whole sphere^^ surface. 

Cor. 2. The spherical triangle ABC iq equivalent tp tbelune 

whose angle is : — I ; likewise th^ ppheyical pyramid} 

which has ABC for its bas^e, is equivalent to the spherical an- 
g^lfi w}ip8<B apgte is ^ — :!. 

Scholium. While the spherical triangle ABC is compared 
with the trirrpct^ngular triangle, the "spherical pyramid, which 
ha9 ABC for its base^ is ppmpared with the tri-rectangu]ar pyra* 
mid, and a similar propprtion i^ found to subsist between them. 
The solid angle at the vertex of the pyramid is, in like manner, 
compared with the solid angle at the vertex of the tri-rectan- 
gular pyramid. These compariscms are founded on the coin- 
ddence of j^he corresponding parts. \i ^be bases of th^ pj^ra- 
mids coincide, the pyramids then^selves will evidently coincide, 
and likewise the solid angles at their vertices. From this, some 
consequences are deduced. 

First. T vo tqi^ngulftr sph^r^p^^l pyranjids we to each other 
as thdr basps : ai^d sipce a pp^ygpiaa) pyraipid may always be 
divided ii^to a pertmn nup^[)0r pf tqaneular ones, it fpllows that 
any two spherical pyrfimi4s are tP p^cn other? fus the polygons 
whipl^ fpf p^ their bases. 

Secqpd. The spli({ angles «^t the ye^tices of those pyramids arp 
^Iso as t))^i|- bafps ; henpe, fpr epmf)aring ^y two solid angles, 
^e ^ave of^e^ely to place their ve?tic^ at the centres of two 
P({uaX spheres, and the solid fmgles ^iU be to each other as the 
splj^jcal polygpns intercepted betyireea their planes pr faces. 

Tbe vertical angle of th^ tri-rect^ngqW pyramid is form- 
^ by three planes at right angles to ea^^h other : this angle, 
Vf i|ich piay be called a right s6l0 (VngU^ will serve as a very 
natural unit of measure for all other splid angles. And if so, 
fhe same number, that exhibits th^ area of a spherical polygon, 
yill exhibit the measure of the eopr^spondil^g solid angle. If 
die area of the polygon is |, for example, in other words, if the 
polygon is | of the tri-rectangular polyson, then the correspond- 
ing solid angle will also be § of the right solid angle. 
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PROPOSITION XXIV. THEOREM. 

The imrface of a spherical polygon is measured by the sum of 
Mttits a/ngles^ minus the product of two right a/ngies by the 
number of sides in tlie polygon minus two. 

From one of the vertices A, let dia- 
gonals AC, AD be drawn to all the other 
vertices; the polygon ABCDE will be 
divided into as many triangles minus two ^ 
as it has sides. But the surface of each 
triangle is measured by the sum of all its 
angles minus two right angles ; and the 
sum of the angles in all the triangles is 
evidently the same as that of all the angles in the polygon ; 
hence the surface of the polygon is equal to the sum of^all its 
angles diminished by twice as many right angles as it has sides 
minus two. 

Scholium. Let « be the sum of all the angles in a spherical 
pcdygon, n the number of its sides ; the right angle being taken 
tor unity, the surface of the polygon will be measured by 
tf— 2 (n— 2), or *— .2n+4. 




PROPOSITION XXV. THEOREM.' 

Let S be the number of solid ojigies in a polyedron^ H tlie num- 
ber qfitsjacesy A the number of its edges ; then in aU cases^ 
we shall have S+H=A+2. 

Within the polyedron, take a point, from which draw straight 
lines to the vertices of all its angles ; conceive next, that from 
the same point as a centre, a spherical surface is described, meet- 
ing all these straight lines in as many points ; join these points by 
arcs of great cirdes, so as to form on the surface of the sphere 
polygons corresponding in position and number with the faces 
of uie polyedron. Let ABCDE (see the last figure) be one of 
these polygons, n the number of its sides ; its surface will be 
s — 9m+% s being the sum of the angles A, B, C, D, E. If 
the surface of each polygon is estimated in a similar manner, 
and afterwards the wnole are added together, we shall find their 
3um, or the surface of the sphere represented by 8, to be equal 
to the sum of all the angles in the polygons, minus twice the 
number of their sides, plus 4 taken as many times as there are 
faces. Now, since all the angles which lie round any one point 
A are equal to four right angles, the sum of all the angles in 

* This and the remaining Propositions of Book VII. may be omitted or 
not^ as the reader thinks fit— Ed. 
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the polygons must be equal to 4 taken as l&any times as there 
are solid angles ; it is therefore equal to 4S. . Also, twice the 
number of side$ AB, BC, CD, &c. is equal to four times the 
number of edges, or to 4 A ; because the same edge is always a 
side in two faces. Hence we have 8=4S— 4A+4H ; or divid- 
ing all by 4, we have 2==S — A+H ; hence S+H=A+2. 

Kor. From this it follows, that the sum qfatt ike plane angles^ 
which Jbrm the solid angles of a polyedron, is equal to a>s numy 
times Jour right angles a^ there are units in S---3, S being the 
number of solid anfftes in the polyed/ron. 

For, examining a face the number of whose ades is % the 
sum of the angles in this face {95. 1.) will be 29^—4 right aiiglds. 
But the sum of all these 2n\ or twice the number of sides in all 
the faces, will be 4A ; and 4 taken as many times as there are 
faces will be 4H : hence the sum of the angles in all the faces 
is 4A— 4H. Now, by the Theorem just demonstrated, we have 
A— H==S— 2, and consequently 4A— 4H=4(S— 2). Hence 
^ sum qf(iU the pkme angles, Sfic. 

PBOPOSITION XXVL THEOREM. 

OfaU the spherical triangles farmed with two given sides CA, 
CB, and a third assumed at jAeaswre^ the greatest ABC is 
the one in which the angle C, contained by the given sides, is 
eguai to the sum of the two other angles A and B. 

Produce the two 
sides AC, AB till 
they meet in D; 
you will have a 
spherical triangle 
BCD, in which 
the angle DBC 
will also be equal 
to the sum of the 
two other angles 
BDC,BCD. For, 
BCD+BCA being equal to two right angles, and likewise 
CBA+CBD, we have BCD+BCA=CBA-|-CBD ; and add- 
ing on both sides BDC=BAC, we shall have BCD+BCA+ 
BDC=CBA+CBD+BAC. Now, by hypothesis, BCA= 
CBA+BAC ; hence CBD=BCD+BDC. 

Dr^w BI making the angle CBI==BCD, and consequently 
IBD==BDe ; the two triangles IBD^ IBC will be isosceles, 
and we shall have IC=IB=ID. Hence the point I, the middle 
point of BC, is at equal distances from the three points A, B, 
C. 
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Not, suppose OA 
inatheai 




=^A,and the anrie 
BCA'>^BCAt if 
A^ be joined and 
die fares A'C, A^ 

prodlic^ till they 

mtet m iy, the arc 

lyCA' will be a se- 

ttiicircumference, as 

well as DCA; there. 

fttte, unce Ire bare CA'=CA, we shall also have Ciy=CD. 

But in the triangle CII>i we have CI+IIViT'Ciy ; bence 

ID':?K:D— CI; or Iiy^^-ID. 

In the isosceles tiiangle CIB, bisect the angle I at the vertex, 
bjr the arc EIF, which will also bisect BC at right angles. If 
ft point L ii assumed between I and E, the distance BL, equal 
ta LC, will be itss tHftn BI ; for it might be shewn as in Pn^. 
9. 1, that BL +LC^:^BI +IC ; and taking the halves of each, that 
BLr^BI. But in the triangle lyLC, we have lyi/ii^^iyC— CL, 
and still more IXL^DC— CI, or JVL:^!)!, or D'Lzi^'BI ; 
hence IVLP^BI-. Hence if in the are EIF, we seek for a point 
equally distant from the three points B, C, IV, it can only be 
found in the prolongation of El towards F. Let I be the pdiat 
required, such that we have iyi'=BI'=CI' ; the triang^ 
rCB, I'Cty, I'Biy being isosceles, we shall have the equal 
angles I'BC=I/CB, I'BD'=riyB, I'CD'=IiyC. But the 
angles EVBC+CDA' are equal to two ri^t angles, and likewise 
lyCB+CBA' are equal to two right angles, and likewise S'CB 
+BCA'; hence 

IXBI'+I'BC + CBA'=S, 

BCI'— I/Ciy+BCA'=2. 
Add the two sums, observing that I'BC=BCI'', and jyBI's^ 
I'CD'=BD'I'— I'D'C=CI>B = CA'B; we shall have 

2I'BC+CA'B+CBA'+BCA'==4. 
Hence CA'B+CBA'+BCA'— 2 (which measures the ai«a trf* 
the triangle A'BC)=8— 2I'BC ; so that we have wea A'BC= 
S — 2 an^ I'BC ; likewise, in the triangle ABC, we sliould bare 
ih^a ABC=3— Soru^fe IBC. Nott the angle I'BG has li- 
tikAy been proied gAater than IBC ; hence the area A'BG » 
leiis ihM ABC. 

'rlW same demonsCratioD would lead to the same concluaxo, 
if taking always the AH C A'=i^A, the angle BCA' (see the ^. 
iti the lost page) were Mad^ j^reater than BCA ; heoee ABC u 
the gtt»test of all thdse- tiimgles, having two sides givenj and 
the third to be assumed at Ml). 
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SchoUuml, Thetriangle ABC, the greatest 
of all those which have two ^ven sides CA, ^ 

CB, may be inscribed in a semicircle, the di- 
ameter of which is the chord of the third side 
AB ; for O being the middle point of AB, the 
distances OC, OB, as we have seen, are equal ; 
hence the circumference of a little circle, de- 
scribed from the point O as a pole, with the 
distance OB, will pass through the three 
points A, B, C. Moreover, the straight line 
AB is a diameter of this little citde ; for the centre, Ithidl 
tnust lie at once in the plane of the little circle, and (1. VII. 
Cor. 4.) in the plane of the arc of the great circle BOA, must 
of necessity be found in the intersection of those two planes, 
which is the straight line BA ; hence B A will be a diameter. 

Scholmm % In the triangle ABC, the angle C being equal 
to the Slim of the othef two A and B, the sum of all the three 
angles fhust be double of the angle C. But (19. VII.) that 
sum is always greater than two right angles ; hence C is tuways 
greater than one. 

SchaUum 3. If the udes CB, C A are produced till they meet 
in E, the triangle BA£ will be equal to the fourth part of the 
surface of the sphere. For the angle E=C=ABC+CAB; 
hence the three angles of the triangle BAE a!re equivalent to 
the four ABC, ABE, CAB, BAE, whose sum is equal to four 
right angles; hence (24. VII.) the surface of the triangle 
BAE 1 ' 8 2 j which is the fourth part of the surface of the 
sphere. 

Scholmm 4. There could be no majottrmm^ if the sutn of the 
two given sides C A, CB were equal to, or greater than, the half- 
circumference of a great circle. For, since the triangle ABC 
must be capable of being inscribed in a semicircle of the sphere, 
the sum of the two sides CA, CB will be less (3. VII.) than the 
semicircumference BCA, and consequently less than half the 
circumference of a great circle. 

The reason why there can be no mcuvimum, when the sum of 
the two given sides is greater than the semicircumference of a 
great drde, b that in this case the triangle continues to aug- 
ment, as the angle contained by its two given sides augments ; 
and at la3t, when this angle becomes equal to two right angles, 
the three sides lie all in the same plane, and form a whole cir- 
cumference ; the spherical triangle has then increased to a he- 
misphere, but it has at the same time ceased to be a triangle. 
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PROPOSITION XXVII. THEOREM. 

Of all the spherical triangles, formed with a given side and a 
given perimeter y the greatest is that in which the two und^ 
termined sides a/re equal. 

Let AB the guren side be common to 

the two triangles ACB, ADB, and let 

AC+CB=AD+DB ; we are to shew 

thflt the isosceles triangle ACB, in which 

AC=CB, is greater than ADB, which 

is not isosceles. 

Since those triangles have the com- 
mon part AOB, it will be enough to 

prove that the triangle BOD is less than 
AOC. Now, the angle CBA, equal to 
CAB, is greater than OAB ; therefore 
(21. VII.) the side AO is greater than OB. Take OI=OB, 
make OK=OD, and join KI ; the triangle OKI (21. VII.) 
will be equal to DOB. Now if the triangle DOB, or its equal 
KOI, is not admitted to be less than OAC, it must be either 
equal or greater ; in both which cases, since the point I lies be- 
tween A and O, the point K must be found in the prolonga- 
tion of OC, otherwise the triangle OKI were contained in the 
triangle CAO, and therefore less than it. This granted, since 
the shortest path from C to A is CA, we have CK-f KI+IA 
:^CA. But CK=OD— CO, AI=AO— OB, KI=BD ; hence 
OD— CO+AO— OB+BD;^CA, or by reduction, AD— CB-f 
BD::7^CA, or AD-f BD:::5^CA+CB. But this inequality is at 
variance with the supposition of AD+BD=CA-|-CB ; hence 
the point K cannot fall in the prolongation of OC ; hence it falls 
between O and C, and consequently the triangle KOI or its 
equal ODB is less than ACO ; hence the isosceles triangle ACB 
is greater than ADB, which is not isosceles, and has the same 
base and perimeter. 

Schdvwm, The last two Propositions are analogous to Prop. 
1. and 3. of the Appendix to Book IV. ; and from them may 
be deduced, in regard to spherical polygons, the same conse- 
quences as we found above to be true with regard to recti- 
hneal polygons. The chief are as follows : 

1. OfcH the isoperimetrical polygofns having a given number 
of sides ^ the greatest is an equUateral polygon. 

Same demonstration as in Prop. S. App. Book IV. 
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2. Of all the spherical pciygons^Jbrmed with sides all given 
except one^ whim may be assumed cU pleasure^ the greatest is thai 
polygan which may he inscribed in a semicircle^ having Jbr its 
diameter the chord of the v/ndetermined side. 

The demonstration is deduced from Prop. S6, in the manner 
exhibited in Prop. 4. of the Appendix just quoted. It is re- 
quisite for the existence of a maoAm/umiy that the sum of the ^en 
sides be less than the semidrcumference of a great circle. 

3. The grealsstqfaU the spherical pciygons^Jbrmsd with given 
sides J is mat which can be inscribed in a circle of the sphere. 

Same demonstration as in Prop. 4. App. Book IV. 

4. The greatest qfoll the spherical polygons^ having the samie 
perimeter and the same number of sidesy is that which fias its 
angles equal and its sides equal. 

This results from the^r^ and the third of these corollaries. 

Note. All the propositions about ma,oAma in spherical poly- 
gons, are, at the same time, applicable to solid angles, of which 
mose polygons are the measures. 



APPENDIX TO BOOKS VL AND VII. 

THE REGULAB POLYEDBONS. 



PROPOSITION I. THEOREM. 



There can only he Jive regular poLyedrons. 

'^QTBL^ regular pdyedrons were defined as haying equal regular poly- 
gons for their feces, and all their solid angles equal. These conditions 
cannot be fulfilled except in a small numj^r of cases. 

First. If the feces are equilateral triangles, polyedrons may be form- 
ed of them, baying solid angles contained by three of those triangles, 
by four, or by five : hence arise three regular bodies, the tetraedron, 
the octaedron, the icosaedron. No other can be formed with equila- 
teral triangles ; for six angles of such a triangle are equal to four right 
angles, and (SI. V.) cannot form a solid angle. 

Secondly. If the feces are squares, their angles may be arranged by 
threes : hence results the hexaedron or cvbe. Four angles of a square 
are equal to four right angles, and cannot form a solid angle. 
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TMrdfy. In fiilie, if the hem are r^;ular tientagons, Uieir aogles 
likenHne may be arranged by threes : the regular dodeoaedron Will re- 
sult 

We can proceed no farther: three angles of a regular faesmgon are 
equal to four right angles ; three of a heptagon are greater. 

Henoe there can only b^ five regular poiyedrons ; three formed kith 
equilateral triangles^ one with squares, andUene wiUi pentagons. 

Schdtunu In the following Proposition, we shall prove that these 
five polyedrdns actually exist ; ana that ail their dimensions may be 
detennmed, when one of their faces is known. 

PROPOSITION II. PROBLEM. 



One of the faces of a regular pofyedron being given, or only a side of 
it, to construct the poh/edron. 

This Problem subdivides itself into five, which we shall noitr solve in 
succession. 

Construction of the Tetraedron, 

Let ABC be the equilateral triangle which is 
to form one face of the tetraedron. At the point 
O, the centre of this triangle^ erect OS perpen- 
dicular to the plane ABC ; terminate this per- A| 
pendicular in S, so that AS=AB; join SB, 
SC : the pyramid SABC will be the tetraedron 
required. 

For, by reason of the equal distances OA, 
OB, OC, the oblique lines SA, SB. SC are ^ 
equally removed from the perpendicular so, and consequently equal. 
One of them SA=AB ; hence the four faces of the pyramid SABC 
are triangles, equal to the given triangle ABC. And the solid angles 
of this pyramid are aU equal, because each of them is formed by three 
equal pmne angles : hence this pyramid is a regular tetraedron. 

Construction of the Hexaedron. 



Let ABCD be a given square. On the base 
ABCD, construct a right prism whose altitude A£ 
shall be equal to the side AB. The faces of this 
prism will evidently be equal squares ; and its solid 
angles all equal, each being formed with three right 
angles : hence this prism is a regular hexaedron or 
cube. 
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Coiutruction of ike Ociaedran. 

Let AMB be a ftven equilateral tri« 
angle. On the side AB^ describe a 
square ABCD; at the point O, the 
centre of this square, erect TS jyerpen- 
dicular to it8_plane, and terminating on 
both ndes in T and S, so that OT=:OS= 
OA; then jdn SA, S9« TA, &c. : you 
will have a solid SABCDT, amiposed of 
two quadrangular pyramids SABCD, 
TABCD, united together by their com- 
mon base ABCD ; this soUa will be the 
reouired oetaedron. 

For, the triangle AOS is right-angled 
at O, and likewise the triangle AOD ; the sides AO, OS, OD are 
equal ; hence those triangles are equal, hence AS=:AD. In the same 
manner we could shew, that, all the other right-angled triangles AOT, 
BOS, COT, &;c. are equal to the triangle AOD ; hence all the sides 
AB, AS, AT, &C. are equal, and therefore the sc^d SABCDT is con- 
tained by eight triangles, each equal to the given equilateral triangle 
ABM. We have yet to shew tliat the solid angles of thispolyedron are 
equal to each other ; that the angle S, for example, is equal to the 
angle B. 

Now, the triangle SAC is evidently equal to the triangle DAC, and 
therefore the angle ASC is right ; hence the figure SATC is a square 
equal to the square ABCD. But, comparing the pyramid BASCT 
with the pyramid SABCD, the base ASCT of the first may be placed 
on the base ABCD of the second ; then, the point O being their com* 
mon centre, the altitude OB of the first will coincide with the altitude 
OS of the second ; and the two pyramids will exactly apply to each 
other in all points ; hence the solid, angle S is equal to the solid angle 
B ; hence the solid SABCDT is a r^pudar oetaedron. 

SckoUum. If three equal straight lines AC, BD, ST are perpen- 
dicular to each other, and bisect each other, the extremities of these 
straight lines will be the rertices of a regular oetaedron. 
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Cotutrvctum of the Dodecaedron. 

Let ABCDE be a given regular pentagon; let ABP, CBP be 
two plane angles eacb equal to the angle ABC. With these plane 
angles form the solid angle B ; and by Prop. 24i, Y., determine the 




mutual inclination of two of those planes ; which inclination we shall 
name K. In like manner^ at the pom ts C^ D^ £^ A^ form solid angles^ 
equal to the solid angle B^ and similarly situated : the plane CBP will 
be the same as the plane BCG^ since both of them are inclined at an 
equal angle K to tne plane ABCD : Hence in the plane PBCG, we 
may describe the pentagon BCGFP, equal to the pentagon ABCDE. 
If the same thing is done in each of the other planes CDI^ DEL^ 
&c., we shall have a convex surface PEGH, &c. cx>mposed of ax re- 
gular pentagons^ all equal, and each inclined to its adjacent plabe by 
the same quantity K. Let j^gh, &c. be a second surface equal to 
PFGH, &c. ; we assert that these two surfaces may be joined so as to 
form only a single continuous convex surfsu^e. For the anglie og^ 
for example, may be joined to the two angles OPB, BPF> to make a 
solid angle P equal to the angle B ; and in this junction, no changis 
will take place in the inclination of the planes BrF, BPO, that in- 
clination being already such as is required to form the solid angle. 
But whilst the solid angle P is forming, the side ^ will apply itself to 
its equal PF, and at the point F will be found three plane angles PFG, 
jg/e, efg, united to form a solid angle equal to each of the solid angles 
already formed : and this junction, like the former, will take place 
without producing any change either in the state of the angle P or in 
that of the surface efgh, &c. ; for the planes PFG, efp already joined 
at P, have the requisite inclination K, as well as the planes ^, efp. 
Continuing the comparison, in this way, by successive steps, it appears 
that the two surfaces will adjust themselves completely to each other, 
and form a single continuous convex surface ; which will be that of the 
regular dodecaedron, since it is composed of twelve equal regular pen- 
tagons, and has all its solid angles equal. 
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Construction of the losaedrm. 

Let ABC be one of its 
faces. We must first form 
a solid angle witb five 
planes each equal to ABC^ j 
and each equally inclined 
to its adjacent one. To 
effect this^ on the side 
B'C, equal to BC, con- 1 
struct the regular penta- 
gon B'C'H'FD'; at the 
centre of this pentagon^ 
draw a line at right angles to its plane^ and terminating in A'^ so that 
B'A'=B'C; join A'C, A'H', AT, A'D': the solid angle A' formed 
by the ^Ye planes B'A'C, C'A'lf , &c., will be the solid angle required. 
For the obhque lines A'B', A'C, &c. are equal ; one of them A'B' is 
equal to the side B'C; hence all the triangles B'A'C', C'A'H', &c. are 
equal to each other and to the given triangle ABC. 

It 18 farther manifest, that the planes B'A'C, C'A'H', &c. are each 
equally inclined to their adjacent planes ; for the solid angles B', C, &c. 
are all equal, being each formed by two angles of equilateral triangles, 
and one of a regular pentagon. Let the inclination of the two planes, in 
which are the equal angles, be named K ; which K may be determined 
by Prcm. 24. V. ; the angle K will at the same time be the inclination 
of each of the planes composing the solid angle A' to their adjacent 
planes. 

This being granted, if at each of the points A, B, C, a solid angle be 
formed equal to the angle A^ we shall have a convex surface D£FG, &c. 
composed of ten equilatend triangles, every one of which will be 
inclmed to its adjacent triangle by the quantity K ; and the angles 
D, £, F, &c. of its contour or rim will alternately combine three angles 
and two angles of equilateral triangles. Conceive a second surface eaual 
to the sur&oe D£FG, &c. ; these two surfaces will adapt themselves 
to each other, if each triple angle of the one is joined to each double 
angle of the other ; and, since the planes of these angles have already 
the mutual inclination K, requisite to form a quintuple solid angle equal 
to the angle A, there will be nothing changed by tnis junction in the 
state of either surfsu^, and the two together will form a single 
continuous surface, composed of twenty equilateral triangles. This 
sur^Eice wiD be that of the regular icosaedron, since all its solid angles 
are likewise equal. 

PROPOSITION III. PROBLEM. 
Tojlnd the inclination of two adjacent faces of a regular polyedron. 

This inclination is deduced immediately from the construction we 
have just given of the five regular polyedrons ; taken in connexion 
with rrop. 24. V., by means of which, the three plane angles that 
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form a tolid tJtgle bang given, the an^ which two of thew jdue 
angles form with each other mar be determined. 

In Ike Utraedron. Each solid angle !s formed of three anglei of 
equilateral triangles ; therefore Beek, by the ProUem referred to, the 
angle which two of these planes contain between tbein: it will be the 
inaination of two adjacent &ces of the tetraedron. 

In the hexaedron. The angle contained by two adjacent faces is a 
right angle. 

In the oclaedrva. Form a solid an^le with two angles of equi- 
lateral triangles and a right angle : the inclination tf the two plute^ 
in which the triangular angles lie, will be that of two adjacent &cei 
of the octaedron. 

In the dotkcaedron. E?ery M^id angle is fwroed with three angles 
of regular pentagons: the inclination of the pianea of two of thew 
angles will be that of two adjacent laceg of the dodecaedron. 

In the icpiaedron, Forin a solid langle with two anj^CB oi eqns* 
lateral triangles and one of a regular pentagon ; the pcluuidoD of the 
two plaaes, m which the triangular angles lie, will be that of two 
adjacent faces of the icosaedron. 

PROPOSITION IV. PROBLEM. 
The tide of a regular polyedrtm being given, to find the raMi cf the 
tpherei, imcribed m thit pol^edrtm and drcunucrilmtg it. 

It must first be shewn, that every r^^ilar pdy- A 

edron is capable of being inscribed in a sphere, and 
of circumscribing it. 

Let AB be the side common to two adjacent < 
laces ; C and E the centres of those faces ; CD, 
ED the perpendiculars let fall from these centres 
upon the common side AB, and therefore termi- 
nating in D the middle point of that side, llie 
two perpendiculars CD, DE make with each 
other an angle which is known, being the inclina- 
tion of two adjacent faces, and determinable by the 
last ProMem. Now, if in the plane CDE, at right 
angles to AB, two indefinite lines CO and OE 
be drawn perpendicular to CD and ED, and meet- 
ing each other in O ; this point O will be the centre of the inscribed and 
of the circumscribed sphere, the radius of the first being OC, tiiat of 
the second OA. 

For, since the apothems CD, DE are equal, and the hypotennw 
DO is common, the right-angled triangle CDO must (IS. !.) be equal 
to the right-angled triangle ODE, and the perpendicular OC to OE. 
But, AB being perpendicular to the plane CDE, the plane ABC (17- 
V.) is perpendicular to CDE, or CDE to ABC ; likewise CO, in the 
plane CDE is perpendicular to CD, the common interaeptitHi of the 
planes CDE, ABC; hence (18. V.) CO is perpendicular to the plapf 
ABC. For the same reason, EO is perpendicular to the plane AB^ : 
hence the two straight lines CO, EO, drawn perpendicular to the 
planes of two adjacent faces, through the centres of those &ces, will 
meet in the same point O, and be equal to each other. Now, sup- 
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poae that ABC and ABE represent any pther two adjacent fiMses ; the 
apothem CD will still continue of the same magnitude ; and also the 
angle CDO, the hdf of CD£ : hence the right-angled triangle CDO, 
and its side CO will be equal in all the faces of the polyedron ; hence^ if 
Iroia the point O as a centre with the radius OC, a sphere be described, 
it will touch all the faces of the polyedron at their centres, the planes 
ABC, ABE, &c being each perpendicular to a radius at its extremity : 
hence the sphere will be inscribed in the polyedron, or the polyedron 
circumscribed about the sphere. 

Again, join OA, OB : by reason of CA=:CB, the two oblique lines 
OA, OB, lying equally remote from the perpendicular, will be equal ; 
so also will any other two lines drawn from the centre O to the ex« 
tremities of any one side :. hence all those lines will be equal ; hence, 
if from the point O as a centre, with the radius OA, a spherical sur- 
face be described, it will pass through the vertices of all the solid 
angles of the polyedron ; hence the sphere will be circumscribed about 
the polyedrpp, (yr the polyedrop inscribed in the spher^. 

This being settled, the solution of our Problem presents no further 
difficulty, and may be effected thus : 

One face of the polyedron being given, 
describe that face; and let CD be its 
apothem. Find, by the last Problem, the 
iiiclination of two adjacent faces of the poly- 
edron, and make the angle CDE equal to 
tljis inclination ; take D£:=CD ; draw CO 
and EO perpendicular to CD and £D, re- 
spectively: these two ^perpendiculars will 
meet in a point O ; and CO will be the 
radius of the sphere inscribed in t\ie poly- 
edron. 

On the prolongation of DC, take CA 
equal to a radius of the circle, which circumscribes a face of the poly- 
earon ; AO will be the radius of the sphere circumscribed about this 
same polyedron. 

For, the right-angled triangles CDO, CAO, in the present diagram, 
are equal to the triangles of the same name in the preceding diagram : 
and tnus, while CD and CA are the radii of the inscribed and 
the circumscribed circles belonging to any one face of the polyedron, 
OC and OA are the radii of the inscnbed and the circumscribed 
spheres which belong to \]\e polyedron itself. 

Scholium* From the foregoing Propositions, several consequences 
may be dp^^ced. 

1. Ai^y Regular polyedron may be divided into as many regular 
pyraipiids SMi the polyedron has faces ; the common vertex of these 
pyramids will be the centre of the polyedron ; and at the same time, 
that of the inscribed and of the circumscribed sphere. 

2. The solidity of a regular polyedron is equal to its sarkuce multi- 
plied hv a third part of the radius of the inscribed sphere. 

3' Two regular polyedrons of the same name are two similar solids, 
and tKeir homologous dimensions are proportional ; hence the radii 




199 



GEOMETRY. 



(tf the iiucrtbed or of the circumscribed spheres sre to each other as 
the rides of tbe polyedmns. 

4. If a r^;ular polyedron is inscribed in a sphere, the planes drawo 
from the centre, along the different edges, irill divide tne rar&ce of 
the sphere into as maof apherical polygons, all equal and similar at 
the polfcdroD has ttuxa. 




THB THRBE ROUND BODIES. 
Definitions. 

I. A cylinder is the solid produced by the revolution of a 
rectansle ABCD, conceived to turn about the immoveable ode 
AB. 

In this movement, the sides AD, BC, con- 
tinuing always perpendicular to AB, describe : 
equal circular planes DHF, CGQ, which t 
called the bases of the cylinder, the ade CD at 
the same lime describing the convex tur/ace. : 

The immoveable line AB is called the axis of 
the a/Under. 

Every section KLM, made in the cylinder, at - 
right angles to the axis, is a circle equal to either 
of the bases; for, whilst the rectangle ABCD 
turns about AB, the line EI, perpendicular to AB, describes a 
(nrcular plane, equal to the bi^, and this plane is nothing else 
than the section made perpendicular to the axis at the point I- 

Every section PQGH, made along the axis, is a rectangle 
double of the generating rectangle ABCD. 

II. A coTte is the solid produced by the revolution of a 
right-angled triangle SAB, conceived to turn about the im- 
moveable side SA. 

In this movement, the side AB describes fl 

a circular plane BDCE, named the base of 
the com ; the hypotenuse SB describes its 
convex surface. 

The point S is named the vertex of the 
ame, SA the axis or the altitude, and SB 
the side or the Ofothem. 

Every section HKFI, formed at right 
angles to the axis, is a circle ; every section ** 
SDE, formed along the axis, is an isosceles 
triangle double of the generating triangle 
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III. If from the cone SCDB, the cone SFKH be cut off 
by s section parallel to the base, t4ie renuuaing folid CBHF 
is called a truncated cone, or rhajrushan i^a cone. 

We may concdve it to be described by the revolutioa 6f a 
trapezium ABHG, trhose andes A and C are right, about the 
^de AG. The immoveable line AG is called the cuds or cUti- 
tiide ^ihsjruatwm, the drcles BDC, HFE, are its lasea, and 
BH is its side. 

IV. Two cylinders, or two cones, are ahmUar, when didr 
axes are to eacn other as the diameters of their bases. 



V. If in the circle ACD, whidi forms 
the base of a cylinder, a polygon ABCDE 
is inscribed, a right prism, constructed on ' 
this base ABODE, and equd in altitude to 
the cylinder, is said to be inscribed in the 
a/linaer, or the cylinder to be circumscrihed 
about the prism. 

The edges AF, BG, CH, &c. of the 
prism, beings perpendicular to the plane of 
' the base, are evidently included in the con- 
vex surface of the cylinder ; hence the prism A 
and the cylinder touch one another along 
these edges. 



VI, In like manner, if ABCD is a poly- 
gon, circumscribed about the base of a 
cylinder, a right prism, constructed on this 
base ABCD, and equal in altitude to the 
cylinder, is stud to be circtemxribed about 
me cyUTtder, or the cylinder to be inscribed 
in the prism. 

Let M, N, &c. be the pcnnts of contact 
in the adea AB, BC, &c. ; and through the . L 
points M, N, &c. let MX, NY, &c. be "^^ 
drawn perpendicular to the plane of the 
base : those perpendiculars will evidently 
lie bolli in the surface of the cylinder, ana 
in that of the circumscribed prism ; hence th^ mil be dieir 
lines of contact. 

Note. The Cylinda, the Cone, and the Sphere, are the 
th'Ce round Aodtes treated of in the Elements of Geometry. 





194 GEOMETRY. 



PBELIMINABY LEMMAS CONCEBNING SUBFACB& 

I 

I. A pUme 9wrface OABDC is less than amy oiker smfhce 
PABCD, termviwikd by the same contour ABCD. 

This proposition is almost evident enough 
to be ranked in the class of axioms ; for the 

Elane may be regarded among surfaces, as 
eing what the straight Une is among lines ; 
the straight line is me shortest distance be- 
tween two given points ; and so also, it may 
easily be conceived, is the plane the least of all the surfaces hav- 
ing the same perimeter. Yet, since it is advisable to reduce 
the number of axioms as far as possible, we have subjoined a 
demonstration, which will remove all doubt ooncemmg this 
truth. 

A surface being extended in length and breadth, one surface 
cannot be ima^ned to be greater than another, unless the 
dimensions of the first, in some direction, exceed those of the 
second : and if it should happen that the dimensions of one 
surface were, in all directions, less than the dimensions of another, 
the first surface would evidently be the less of the two. Now, 
in whatever direction we stretch the plane BPD to cut the plane 
surface along BD, and the other surface along BPD, the 
straight line BD will always be less than BPD; hence the 
plane surface OABCD is less than the surface PABCD, which 
envelopes it. 

II. Every convex surface OABCD, is less than any other 
surface envehpvng it, amd resting on the same contour ABCD. 

We shall here repeat, that, by convex 
surfa^Cy we understand a surface wnich can- 
not be cut by a straight line in more than 
two points : a straight line, however, may 
in some cases be capable of applying itself 
exactly in a certain direction to a convex 
surface ; examples of this are to be seen in the surfaces of the 
cone and the cylinder. We may farther observe, that the name 
convex surface, is not limited to curve surfaces alone ; it in- 
cludes ^po^^(2raZ surfaces, or surfaces composed of several planes, 
and likewise surfaces partly curve and partly polyedral. 

This being settled, if the surface OABCD, is not less than 
all those which envelope it, there must be among the latter a 
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surface PABCD, less than all the rest, and at most, equal to 
PABCD. Through an^ point O, extend a plane, touching 
the surface OABCD, without cutting it; this plane will meet 
the surface PABCD, and (Lemma 1. VIII.) the part which it 
cuts off from that surface will be greater than the plane which 
terminates in the same boundary : hence, retaining the rest of 
the sur&ce PABCD, we might substitute the plane instead of 
the part cut off from it, and so have a new surface, still en- 
veloping OABCD, and less than PABCD. 

But by hypothesis, PABCD is the least of all ; hence the 
hypothesis was false ; hence the convex surface OABCD is less 
than any other surface enveloping it, and terminating in the 
same contour ABCD. 

Scholium. By a mode of reasonmg entirely similar, we could 
shew. 



1. That, if a convex surface terminated by 
two contours ABC, DEF, is enveloped by 
any other surface, terminated by the same 
contours, the enveloped surface will be the 
smaller of the two. 



2. That, if a convex surface 
AB, is enveloped on all sides by 
another surface MN, whether 
they have any points, lines, or 
planes, in common, or have no 
point at all in common, the en- 
veloped surface will alwavs be 
less than the surface whicli en- 
velopes it. 

For, among the enveloping surfaces, there cannot be any 
one less than all the rest : because in every case a plane CD 
may be drawn so as to touch the enveloped convex surface, 
and (Lemma 1. VIII.) this plane will always be less than the 
surface CMD; whence the surface CND would be less than 
MN; which is contrary to the supposition of MN being the 
least of all. Hence the convex surface AB is less than all those 
which envelope it. 
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. PROPOSITION I. THBORSM. 

The solidUy of a cylinder is equal to 0ie product of Us base by 
Us aUUude. 

Let CA be a radius of the 
^ven cylinder's base; H the 
altitude ; let surf CA, repre- 
sent the area of the circle whose 
radius is C A : we are to shew 
that the solidity of the cylin- ^ . 
der is surf C A x H, For, if 
surf C A X H is not the measure 
of the given cylinder, it must be 
the measure of a greater cylin- 
der, or of a smaller one. Sup- 
pose it first to be the measure of 
a smaller one ; of a cylinder, for example, which has CD for the 
radius of its base, H being the altitude. 

About the circle whose radius is CD, circumscribe a regular 
polygon GHIP (10. IV.), the sides of which shall not meet the 
circumference whose radius is C A. Imagine a right jHism having 
the regular polygon GHIP for its base, and H for its altitude; 
this prism will oe circumscribed about the cylinder, whose base 
has CD for its radius. Now, (14 VII.) the solidity of the 
prism is equal to its base GHIP, multiplied by the altitude H ; 
the base GHIP is less than the circle, whose radius is CA; 
hence the solidity of the prism is less than swi^. CA X H* 
But by hypothesis, surf C A X H is the solidity of the cyhndar 
inscribed in the prism ; hence the prism must be less than the 
cylinder : whereas in reality it is greater, because it contains the 
cylinder ; hence it is impossible that surf CA X H can be the 
measure of the cylinder whose base has CD for its radius, H 
being the altitude ; or in more general terms, the product qfihe 
base, by the altitude of a culinderj cannot measure a less cyUnder. 

We must now prove tnat the same product cannot measure 
a greater cylinder. To avoid the necessity of changing our 
figure, let CD be a radius of the given cylinder's base ; and, if 
possible, let suif. CD x H, be the measure of a greater cylinder, 
for example, of the cylinder, whose base has C A for its radius, 
H being the altitude. 

The same construction being performed as in the first 
case, the prism, circumscribed about the given cylinder, will 
have GHIPxH for its measure: the area GHIP is greater 
than surf CD ; hetice the solidity of this prism is greater than 
surf CDxH : hence the prism must be greater than the cyUnder 
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having the same altitude, and sfwrf, CA for its base. But on 
the contrary, the prism is les8 than the cylinder, being contain- 
ed in it ; hence ihd hose of a cylinder^ multiplied by its attitude^ 
camwt be the mecbsure of a greaier cylinder. 

Hence finally, the solidity of a cylinder is equal to the pro- 
duct of its base by its altitude. 

Cor. 1. Cylinders of the same altitude are to each other as 
their bases ; and cylinders of the same base are to eadi other 
as th^r altitudes. 

Cor. %. Similar cylinders are to each oth'er as the cubes of 
their altitudes, or as the cubes of the diameters of their bases. 
For the bases are as the squares of their diameters ; and the 
cylinders bein^ similar, the diameters of their bases {D^. 4) 
are to each other as the altitudes : hence the bases are as the 
squares of the altitudes ; hence the bases, multiplied by the alti- 
tudes, or the cylinders themselves, are as the cufaies of the 
altitudes. 

SduJivm. Let R be the radius of a cylinder's base ; H the 
altitude : the surface of the base (12. I Y.) will be ^rR' ; and 
the solidity of the cylinder will be ?rR* x H, or xR? H. 

PROPOSITION II. LEMMA. 

The convex surface of a right prism is equal to the perimeter 
of its base multiplied by its altitude. 

For this surface is equal to the sum of the reptangles^ 
AFGB, BGHC, CHID, &c. (see fig. of Def. 6.) which compose 
it. Now the altitudes AF, B6, CH» &c. of those rectangles^ 
are equal to the altitude of the prism ; their bases AB, BC9 
CD, &c. taken together, make up the perimeter of the prasm's 
base. Hence the sum of these rectangles, or the convex sur- 
face of the prism, is equal to the perimeter of its base, multU 
plied by its altitude. 

Cor. If two right prisms have the same altitude, their con- 
vex surfaces "wSi be to each other as the perimeters of their 
bases. 
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PROPOSITION III. LEMMA. 

The convex surface of a cylinder is greater than the xsonvea 
surface of amy inscribed prism^ and less ihan the convex 
surface of any circumscribed prism. 

For (see the fig. of Def. 5.), the convex surface of the Cylinder 
and that of the prism may be considered as having the same 
length, «nce every section made in either parallel to AF is 
equal to AF ; and if these surfaces be cut, in order to obtain 
the breadths of them, by planes parallel to the base, or perpen- 
dicular to the edge AF, the one section will be equal to the 
circumference of the base, the other to the contour of the 
polygon ABCDE, which is less than that circuniference : hence, 
with an equal length, the cvlindrical surface is broker than the 
prismatic surface ; hence the former is greater than the latter. 

By a similar demonstration, the convex surface of the cylinder 
might be shewn to be iess than that of any circumscribed 
prism BCDKLEH. (See the fig. of Def. 6.) 



H 



PROPOSITION IV. THEOREM. 

The convex surfbce of a cylinder is equal to the circumference 
qftts base multiplied by its altitude. 

Let CA be the radius of the ^ 
^ven cylinder's base, H its al- 
titude ; the circumference whose 
radius is CA, being represented 
by drc. C A, we are to shew that 
cwc. CAxH will be the convex 
surface of the cylinder. For, if 
this proposition is not true, then 
drc. C A X H must be the surface 
of a greater cylinder, or of a less 
one. Suppose it first to be the 
surface of a less cylinder ; of the 
cylinder, for example, the radius of whose base is CD, and 
whose altitude is H. 

About the circle whose radius is CD, circumscribe a regular 
polygon GHIP, the sides of which shall not meet the circle 
whose radius is CA ; conceive a right prism having H for its 
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altitude^ and the polygon CHIP for its base. The convex 
surface of this prism wul be eqiial (2. VIII.) to the contour of 
the polygon GHIP multiplied by the altitude H : this con- 
tour is 1^ than the circumference whose radius is C A ; hence 
the convex surface of the prism is less than circ. CA x H. But, 
by hypothesis, drc, C A x H is the convex surface of the cylin- 
der whose base has CD for its radius; which cylinder is inscrib- 
ed in the prism : hence the convex surface of the prism must 
be less than that of the inscribed cylinder. On the other hand 
(3. YIII.) it is greater ; hence our hypothesis was false : hence, 
in the first place, tlie circumference gr a cyUnder''s base multi- 
plied hy its altiiude cannot be the measure of a sm^aUer cylmder. 

We are next to shew that this product cannot be the measure 

of a greater cylinder. For, retaining the present figure, kt 

CD be the radius of the given cylinder*s base ; and, if possible, 

let circ. CDXH be the convex surface of a cylinder, which 

with the same altitude has for its base a greater drde, tha 

circle, for instance, whose radius is C A. The same construction 

being performed as above, the convex surface of the prism 

will again be equal to the contour of the polygon GHIP multi-t 

plied by the altitude H. But this contour is greater than 

circ, CD ; hence the sur&ce of the prism must be greater than 

drc. CD X H, which, by hypothesis, is the surface of cylinder 

having the same altitude, and CA for the radius of its base. 

Hence the surface of the prism must be greater than that of 

the prism. But even though this prism were inscribed in the 

cylinder, its surface (3. VIII.) would be less than the cylinder's ; 

still farther is it less when the prism does not reach so far as to 

touch the cyHndn*. Hence our last hypothesis also was false ; 

hence, in the second place, the circumference of a cylinder's 

base multiplied by the altitude cannot m/easure the surface of a 

gre(xter cyli/nder. 

Hence, finaUy, the convex surface of a cylinder is equal to 
the circumference of its base, multiplied by the altitude. 
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FROeOglTION V. THBOftBM. 

Tkf solidify 6f a cofw is equal to ih4 product ^ Us basehy Ae 
third qfks oMUvde. 

Let SO be the altitude of the 
eiven cone^ AO the radius of it^ 
Mfie; the surface of the base 
being designated by surf, AO, 
we are to shew that svHl AO 
X}SO is equal to the sondity of 
the cone. 

Suppose, first, that surf. AO 
X ^SO, is the solidity of a greater 
cone ; for example, of the cone 
whose altitude is still SO, but 
whose base has OB, greater than 
AO, for its radius. 

About the circle whose radius is AO, ciroumsoribe a regular 
polygon MNPT (10. IV.), so as not to meet the circumference 
whose radius is OB ; imagine a pyramid having this polygon 
for its base, and the point S for its vertex. The solidity of this 
pyramid (19. VI.) is equal to the area of the polygon MNPT 
multiplied by a third of the altitude SO. But the polygon is 
greater than the inscribed circle represented by sivrf. AO; 
nence the pyramid is greater than surf, AO x ^SO, which, hj 
hypothesis, measures the cone having S for its vertex and Op 
for the radius of its base : whereas, in reality, the pyramid is 
less than the cone, being contained in it ; hence, first, the base 
of a cone multiplied by a third of its altitude cannot be the 
measure of a greater cone. 

We are next to shew that this same product cannot be the 
measure of a smaller cone. For, retaimng the present figure, 
let OB be the radius of the ^ven oone^s base ; and, if pos^e, 
let surf OBx^SO be the solidity of the cone having SO for its 
altitude, and for its base the circle whose radius is AO. The 
same construction as above being gone through, the pyramid 
SMNPT will have for its measure the area MNPT multiplied 
by J SO. But the area MNPT is less than surf OB ; hence the 
measure of the pyramid must be less than surf OBx^SO, and 
consequently it must be less than the cone whose altitude is SO 
and whose base has AO for its radius. But, on the contrary, 
the pyramid is greater than the cone, because the cone is con- 
tained in it ; hence, in the second place, the base of a cone 
multiplied by a third of its altitude cannot be the measure of a 
smaller cone. 
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Henoe, jSnallir^ the solidity of a cone is ^ual to the product 
of its ba^ by the tiiird of its altitude. 

C&r. A con6 is the third of a cylinder having the same base 
and the same altitude; whence it follows, 

1. That cones of equal altitudes are to each other as their 
bases; 

S. That cones of equal bases are to each other as their alti- 
tudes ; 

3. That similar cones are as the cubes of the diameters of 
their bases, or as the cubes of their altitudes. 

Scholium, Let R be the radius of a cone'*s base, H its alti- 
tude; the solidity of the cone will be srR^xiH, or |tII^H. 



PROPOSITION Vt THEORBM. 

7%^ trmccOed cane ADEB, whose aUUude is FO, and the radii 
of whose basses are AO, DP, is measured by 
J;r.OP.(AO«+DP«+ AOx DP). 

Let TFGH be a triangular 
pyramid having the same altitude 
as the cone SAB, and a base 
F6H equivalent to the base of 
the cone. These two bases may 
be conceived as placed on the 
aame plane ; in which case, the 
vertices Saiid T will be equally 
distant from the plane of the 
bases, and the plane EPD pro- 
duced will {{xm m the pyramid a 
section IKL* Now this section 
I£L is equivalent to the base DE : for (11. IV.) the bases 
AB, D£ are tp each other as the squares of the radii AO, DP, 
or as the squares of the altitudes SO, SP ; the triangles FGH, 
IKL (1& VI.) are to each other as the squares of these same 
alutudes ; henoe the eircles AB, DE are to each other as the 
triangles FGH, IKL. But by hypothesis, the triangle FGH 
is equivalent to the circle AB; hence the triangle lEL is 
equivalent to the circle DE. 

Now, the base AB multiplied by ^SO is the solidity of the 
cone SAB ; and the base FGH multiplied by |S0 is the solidi- 
ty of the pyramid TFGH ; hence, by reason of the equivalent 
bases, the solidity of the pyramid is equal to that of the cone. 
For a like reason, the pyramid TIKL is equivalent to the cone 
SDE ; hence the truncated cone ADEB is equivalent to the 
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truncated pj^ramid FGHIKL. But the base FGH, equivalent 
to the circle whose radius is AO, has for its measure sr x AO* ; 
likewise the base IKL has for its measure ^rxDP^; and the 
mean proportional between «• x AO' and «- x DP' is «- x AO x DP; 
hence (20. VI.) the solidity of the truncated pyramid, or of the 
truncated cone, is measured by JOPx(5rXAO*+«'XDP*+5rX 
AOxDP), or, which is the same thing, by JtxOPx(AO*+ 
DP'+AOxDP). 

PROPOSITION VII. THEOREM. 

The convex surface rf a cone is equal to the ekrcwn^rence qf 
its ba^e multiplied by half its side. 

Let AO be a radius of the 
^ven coneys base, S its vertex, 
and S A its side : the surface will 
be drc. AOx JSA. For, if possi- 
Me, let drc, AOxSO be the sur- 
&ce of a cone having S for its 
vertex, and for its base a circle 
whose radius OB is greater than 
AO. 

About the smaller circle de- 
scribe a regular polygon MNPT, 
the sides of which shall not meet 

the circle whose radius is OB ; and let SMNPT be the i^^^ular 
pyramid, having this polygon for its base and the point S for 
its vertex. The triangle SMN, one of those which compose 
the convex surface of the pyramid, has for measure its oase 
MN multiplied by half its altitude S A, or half the side of the 
given cone ; and since this altitude is the same in all the other 
triangles SNP, SPQ, &c., the convex surface of the pyramid 
must be equal to the perimeter MNPTM multiplied by JSA 
But the contour MNPTM is greater than drc, AO ; hence the 
convex surface of the pyramid is greater than drc, AOxjSA, 
and consequently greater than the convex surface of the cone 
having the same vertex S and the circle whose radius is OB 
for its base. On the contrary, however, the surface of this cone 
is greater than that of the pyramid ; because, if two such pynu 
mids are adjusted to each other base to base, and two such cones 
base to base, the surface of the double cone will envelope on all 
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ttdes that of the double pyramid, and therefore (Lemma 2.) be 
greater than it ; hence the surface of the cone is greater wan 
that of the pyramid. The reverse of this resulted from our 
hypothesis ; hence that hypothesis was false ; hence, in the first 
place, the circumference of the coneys base multiplied by half 
the side cannot measure the surface of a greater cone. 

We are next to shew that it cannot measure the surface of a 
smaller cone. Let BO be the radius of the given coneys base ; 
and, if possible, let circ, BO x i SB be the surface of a cone having 
S for its vertex, and AO less than OB for the radius of its base. 

The same construction being made as above, the sur- 
face of the pyramid SMNPT will still be equal to the peri- 
meter MNPTx^SA. Now this perimeter MNPT is less 
than drc. OB ; likewise SA is less than SB : hence, for a 
double reason, the convex surface of the pyramid is less than 
circ. OBx^SB, which, by hypothesis, is the surface of the cone 
having S A for the radius of its base ; hence the surface of the 
pyramid must be less than that of the inscribed cone. On the 
contrary, however, it is greater; for, adjusting two such py- 
ramids to each other base to base, and two such cones base to 
base, the surface of the double pyramid will envelope that of 
the double cone, and (Lemma 2.) will be greater than it. Hence, 
in the second place, the circumference of the given coneys base 
multiplied, by naif the side cannot be the measure of the surface 
of a smaller cone. 

Hence finally, the convex surface of a cone is equal to the 
drcumference of its base multiplied by half its side. 

Sch4jiu/9^ Let L be the side of a cone, R the radius of its 
base; the^rcumference of this base will be 2tR, and the sur- 
face of the coQe will be S^rU x ^L, or srRL. 

PROPOSITION VIII. THEOREM. 

7%e convex surface of a truncated cone ADEB is equal to its 
side AD muMplied hy the half sum of ABy DE, the circunh- 
Jerences qfits two ba^es. 

In the ^ane SAB which passes through the axis SO, draw 
the line At perpendicular to SA, and equal to the circumfer- 
ence having AO for its radius ; join SF ; and draw DH parallel 
toAF. 

5 



904, GEOMETRY. 

By reason of the similar triangles SAO, SDC, we daall have 
AO : DC : : SA : SD ; and by reason (^ the similar triangles 



SAF, SDH, we shall have AF : DH : : SA : SD ; hence 
AF : DH : : AO : DC, or (11. IV.) as drc. AO is to circ. DC. 
But by construction, AF= cvrc. AO ; hence DH=circ. DC. 
This being granted, the triangle SAF, measured by AF x iSA, 
is equal to the surface of the cone SAB which is measured by 
iArc. AOx^SA. For a like reason, the triangle SDH is equal to 
the surface of the cone SD£. Hence the surface of the trun* 
Gated cone ADEB is equal to that of the trapezium ADHF. 

(AF4-DH\ 
^ j ; hence the 

surface of the truncated cone ADEB is equal to its side AD 
multiplied by half th^ sum of the circumferences of its two 
bases. 

Cor. Through I, the middle point of AD, draw lEL parallel 
to AB, and IM parallel to AF ; it may be shewn as above tliat 
IM = circ. IK. But the trapezium ADHF=:ADxIM = 
AD X arc. IK. Hence it may also be asserted, that ^ surface 
tfa truncated cone is equal to its side mult^lied by the circum^ 
Jerence of a section at equal distances Jrom the two bases. 

Scholium. If a line AD, lying wholly on one side of the line 
OC, and in the same plane, make a revolution around OC, 
the surface described oy AD will have for its measure 

DC, IK being perpendiculars, let fall from the extremities and 
from the middle of the axis OC. 

For, if AD and OC are produced till they meet in S, the sur- 
face described by AD is evidently that of a truncated cone 
having AO and DC for the radir of its bases, the vertex of the 
whole cone being S. Hence this surface will be measured as we 
have said. * 

This measure will always hold good, even when the point D 
falls on S, and thus forms a whole cone ; and also wnen the 

7 



BOOKVIII. 



905 



line AD is parallel to the axis, and thus forms a cylinder. In 
the first case DC would be nothing ; in the secondf, DC would 
be equal to AO and to IE. 



PROPOSITION IX. LEMMA. 

Let AB, BC, CD be several siLccessive sides of a regtdar poly- 
gon^ O its centre^ and 01 the radius qf the mscribed circle ; 
if that jportion qf the polygon ABCD, which lies whoUy on 
one side of the diameter FG, he supposed to make a revolution 
about this diameter^ the surface described by ABCD xoiU have 
for its measure MQ x drc. 01^ MQ being the altitude qfthat 
surface^ or the aosis included between AM a/nd DQ the eoe- 
treme perpe^idiculars* 

The point I being the middle of 
AB, ana IE a perpendicular let fall 
from the point I upon the axis, the 
surface described by AB must (8. 
VIII.) have for its measure ABx 
(Arc. IE. Draw AX parallel to the 
axis; the triangles ABX, OIE will 
have their sides perpendicular each to 
each, namely, 01 to AB, IE to AX, 
and OE to BX ; hence these triangles 
are similar, and give the proportion 
AB : AX, or MN : : OI : IE, or as 
circ, OI to cvrc. IE; hence AB x 
circ, IE=MN xcirc. OI. Whence it 
is plain that the surface described by 
the partial polygon ABCD is measured 
by (MN+NP+PQ)xrirc. OI, or by 
MQxcir(?. 01 ; hence it is equal to the 
altitude multiplied by the circumference of the inscribed circle. 

Cor, If the whole polygon has an even number of sides, and 
if the axis FG passes through two opposite vertices F and G, 
the whole surface described by the revolution of the half-poly- 
gcm FACG will be equal to its axis FG multiplied by the cir- 
cumference of the inscribed circle. This axis FG will at the 
same time be the diameter of the circumscribed circle. 
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PROPOSITION X. THEOREM. 




The surface of a sphere is equal to its diameter multipKed by 
the circumference of a great circle. 

We shall first shew, that the diameter of a 
sphere multiplied by the circumference of its 
great circle cannot measure the surface of a larger 
sphere. If possible, let AB x circ. AC be the 
surface of the sphere whose radius is CD. 

About the circle whose radius is CA, circum- 
scribe a regular polygon having an even number 
of »des, so as not to meet the circumference 
whose radius is CD : let M and S be the two gj^ 
posite vertices of this polygon; and about the dia- 
meter MS let the half-polygon MPS be made to 
revolve. The surface described by this polygon will be mea- 
sured (9. VIII.) by MS X circ. AC : but MS is greater than 
AB ; hence the surface described by this polygon is greater than 
AB xcirc, ACy and consequently greater than the surfiiceof 
the sphere whose radius is CD. Now, on the contrary* the sur- 
face of the sphere is greater than the surface described by the 
polygon, since the former envelopes the latter on all sides. 
Hence, in the first place, the diameter of a sphere multiplied 
by the circumference of its great circle cannot measure the sur- 
face of a larger sphere. 

We shall now shew that this same product cannot measure the 
surface of a smaller sphere. For, if possible, let DExcirc. CD 
be the surface of that sphere whose radius is CA. The same 
construction being made as in the former case, the surface of 
the solid generated by the revolution of the half-polygon will 
still be e^ual to MS xcirc, AC. But MS is less than DE, and 
drc, AC IS less than drc, CD ; hence, for these two rea^ns, the 
surface of the solid described by the polygon must be less than 
DE xcirc. CD, and therefore less than the surface of the sphere 
whose radius is AC. Now, on the contrary, the surface de- 
scribed by the polygon is greater than the surface of the sphere 
whose radius is AC, because the former envelopes the latter ; 
hence, in the second place, the diameter of a sphere multiplied 
by the circumference of its great circle cannot measure the 
surface of a smaller sphere. 

Hence the surface of a sphere is equal to its diameter multi* 
plied by the circumference of its great circle. 
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Car. The surface of the great drde is measured by multiply- 
ing its circumference by haff the radius, or by a fourth of the 
diameter ; hence the mrface of a sphere isjbwr times thai of Us 
great circle. 

Scholkwm. The surface of the sphere being thus determined, 
and compared with plane surfaces, it will be easy to find the 
absolute value of the various lunes and spherical triangles whose 
ratio to the surface of the whole sphere has been determined 
above. 

First, the lune having A for its angle, is to the surface of 
the sphere (20. VII.) as the angle A is to four right angles, 
or as the arc of the great circle which measures the angle A is 
to the circumference of that great circle. But the surface of 
the sphere is equal to the same circumference multiplied by the 
diameter ; hence the surface of the lune is equal to the arc, 
which measures the angle of that lune, multiplied by the diame- 
ter. 

In the second place, every spherical triangle is equal to the 
lune whose angle is half the excess of its three angles above 
two right angles. Let F, Q, R, then, be the three arcs of a 

great circle which measure the three angles of the triangle ; 
t C be the circumference of a great circle, D its diameter ; 
the spherical triangle will be equivalent to the lune whose angle is 

measured by  ^ ; and consequently its surface will 

be Dx ^ P+Q-t-R-iC ) 

Thus in the case of the tri-rectangular triangle, each of the 
arcs F, Q, R being equal to JC, their sum will be |C, the 
excess of that sum aWe JC will be JC, and half of that ex- 
cess JC ; hence the surface of the tri-rectangular triangle is 
\G xD, the eighth part of the whole surface of the sphere. 

The measurenaent of spherical polygons follows immediately 
from that of triangles; indeed it is entirely determined by 
Pn^. 24. VII., since the unit of measure, or the tri-rectangular 
triangle, has now been estimated as a plane surface. 
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PBOPOSITION XI. THEOREM. 

The mrfhct of any spherical zone is equal to Us altitude muUr- 
plied by the drcum/erence of a greai circle. 

Let EF be any arc less or greater than a quadrant ; and let 
FG be drawn perpendicular to tbe radius EC : the zmie with 




one base, described by the revolution of the arc EF about EC, 
will be measured by EG x circ, EC, 

For, suppose, first, that this zone is measured by sometfiing 
less ; if possible, by EG X drc, C A. In the arc EF, inscribe 
a portion of a regular polygon EMNOPF, whose sides shall 
not reach the drcumference described with the radius CA ; and 
draw CI perpendicular to EM. By Prop. 9. VIII. the sur- 
face describen by the polygon EMF turnine about EC will be 
measured by EG x drc, CI. This quantity is greater than 
EG X drc. AC, which by hypothesis is the measure of the 
2X)ne described by the arc EF. Hence the surface described 
by the polygon EMNOPF must be greater than the sucfiKe 
described by EF the circumscribed arc ; whereas this latter 
surface is greater than the former, which it envelopes on all 
sides ; hence, in the first place, the measure of any spherical 
zone with one base cannot be less than the altitude multiplied 
by the circumference of a great circle. 

We are now to shew that the measure of this zone cannot be 
greater than its altitude multipUed by the circumference of a 
great circle. For suppose the zone described by the revolution of 
the arc AB about AC to be the proposed one ; and, if posable, 
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let sssme AB::?^AD x drc. AC. The whole surface of the 
sphere composed of the two zones AB, BH is measured by 
AHx arc. AC (10. VIII.), or by AD x drc. AC+DHx 
(xrc. AC ; hence if we have stme ABjP'AD x fArc. AC, we 
must also have zone BH^t'DH X (xrc. AC ; which cannot be 
the case, as we have shewn above. Hence, in the second pUce, 
the measure of a spherical zone with one base cannot be greater 
than the altitude of this zone multiplied by the <nrcumierence 
of a great circle. 

Hence, finally, every spherical zone with one base is mea- 
sured by its altitude multiplied by the drcumference of a great 
circle. 

Let us now examine 
any zone with two bases, 
described by the revolu- 
tion of the arc FH about 
the diameter DE. Draw 
FO, HQ perpendicular 
to this diameter The 
zone described by the . ffl 
arc FH is the difference 
of the two zones describ- 
ed by the arcs DH and 
DF; the latter are re- 
spectively measured by 
DQxrirc. CD and DO 
'i:,tirc. CD; hence the 
zone described by FH 
has for its measure (HQ— DO) X rim CD, orOQxrirc. CD. 

Hence any spherical zone, with one or with two bases, is 
measured by its altitude multiplied by the drcumferenceof a 
great circle. 

Cor. Two zones, taken in the same sphere or in equal 
spheres, are to each other as their altitude ; and any zone is to 
the surface of the sphere as the altitude of that zone is to the 
diameter. 
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PKOPOSITION XIV. THEOREM. 

ei AB> BC, CD be several successive sides qf a regvlar 
polygon^ O its centre^ a/nd 01 the radius of the inscribed 
circle ; ifthepolygmal sector AOD, lying aU on one side of 
the diameter FG be supposed to perform a revolution about 
this diameter^ the solid so described will have Jbr its measure 
|jr.OP.MQ, MQ being that portion of the aoAs which is ith 
eluded by the extreme perpendiculars AM, DQ. 



For, since the polygon is regular, 
all the triangles AOB, BOC, &c. are 
equal and isosceles. Now, by the last 
Corollary, the solid produced by the 
isosceles triangle AOB has for its J 
measure §jr.bP.MN; the soUd de- 
scribed by the triangle BOC has for 
Its measure §«•. 01* . NP; and the solid c 
described by the triangle COD has 
for its measure §«• .01^ PQ : hence the 
sum of those solids, or the whole solid j 
described by the polygonal sector 
AOD, will have for its measure 
air. OP. (MN+ NP + IQ or 
frOP. MQ. 



A^^^- 

I^-\;- 



PROPOSITCON XV. THEOREM. 

Every spherical sector is measured by the zone, which Jbrms its 
base, multiplied by a third of the radius; and the whole sphere 
hus Jbr its measure a third of the raditis, midtiplied by its 
surface. 

Let ABC be thi? circular sector, which, by its revolution 
about AC, describes the spherical sector : the zone described by 
AB being ADxri^c. AC, or St. AC. AD, we are to shew 
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that this zone multiplied by ^ of AC, or that fir. AC* AD , 
Will measure the sector* 



M JS 




First, suppose, if possible, that |«-. AC^.AD is the measure 
of a greater spherical sector^ say of the spherical sector describ- 
ed by the circular sector ECF similar to ACB. 

In the arc EF, inscribe ECF, a portion of a regular 
polygon, such that its sides shall not meet the arc AB ; then 
imagine the polygonal sector ENFC to turn about EC, at the 
same time with the circular sector ECF. Let CI be a radius 
of the circle inscribed in the polygon ; and let FC be drawn 
perpendicular to EC- The solid described by the polygonal 
sector will (14. VIII.) have for its measure «CP. EG ; but CI 
is greater than AC by construction : and EG is greater thna 
AD ; for joining AD, EF, the similar triangles EFG, ABD 
give the proportion EG : AD : : FG : BD : : CF : CB ; hence 
EGp-AD. 

For this double reason, fsrCP. EG is greater than f «■. CA^ 
AD. The first is the measure of the solid described by the 
polygonal sector ; the second, by hypothesis, is that of the 
spherical sector described by the circular sector ECF : hence 
the solid described by the polygonal sector must be greater 
than the spherical sector ; whereas, in reality, it is less, being 
contained in the latter : hence our hypothesis was false ; hence, 
in the first place, the zone or base of a spherical sector multi- 
plied by a third of the radius, cannot measure a greater sphe- 
rical sector. 
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We are next to shew that it cannot measure a less sphmeal 
sector. Let CEF be the drcular sector, which^ by its reyolu* 
tion, generates the given spherical sector ; and suppose^ tf pos- 
nble, that fir.CE^EG is tne measure of some smaller spherical 
sector, say of that produced by the areolar sector ACB. 

The construction remaimng as above, the solid described hj 
the polyffonal sector will still have for its measure f x-.CPJBG* 
But CI 18 less than CE ; h^ce the solid is less than fr.CE^EG, 
which, according to our supposition, fa the measure of the 
spherical sector described by the circular sector ACB. Hence 
the solid described by the polygonal sector must be less than 
the spherical sector described by ACB ; whereas, in reality, 
it is greater, the latter being contained in the f(Hrmer« Hence, 
in the second place, it is impossible that the zone of a spherical 
sector, multipued by a thira of the radius, can be the measure 
of a smaller spherical sector. 

Hence every spherical sectc»r is measured by the zone, which 
forms its base, multiplied by a third of the radius. 

A circular sector ACB may increase till it becomes equal to 
a semicircle : in which case, the spherical sector described by its 
revolution is the whole sfdiere. Hence the solidify of a sphere 
is equjoi to its swrjhce mtiUiplied by a third of the radius^ 

Cor. The surfaces of spheres being as the squares of their 
radii, these surfaces multiplied by the squares of the radii must 
be as the cubes of the latter. Hence the solidities of two spheres 
are as the cubes of their radii^ or as the aibes of their diameters,, 

SchoRvm, Let R be the radius of a sphere, its surface will 
be 4srR' ; its solidity 4nrR^xiR9 or fx-.R^ If the diameters 
named D, we shall have R=^D, and R^siD' ; hence the so- 
lidity may likewise be expressed by !«* x iiy$ ox i^D^* 
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PROPOSITION XVI. TUBOHB&f. 

The surjbcecf ck sphere is to the whole swrface of the drcum^ 
scribed qfUnder (indudififf i^ bases)^ as % is to i. The so-> 
Udities of these two bodies are to each oAer i» the same ratio. 

Let MNFQ be a great drde o£ 
the sphere ; ABCD the cireumscribed 
square : if the semichrcle PMQ and the 
half square PADQ a#e at the same 
time made to revolve about the diameter 
PQ, the semicirele will generate the 
sphere, while the half-square will ge- 
nerate the cylinder circumscribed about 
that sphere. 

The altitude AD of that cylinder is 
equal to the diameter FQ ; the base of 
the cylinder is equal to the great drcle, its diameter AB bdng 
equal to MN ; hence ^4. VIII.), the convex surface of the 
cylinder is equal to the circumference of the great circle mul- 
tiplied by its diameter. This measure (10. VIII.) is the same 
as that of the surface of the sphere: hence the swrfau^e of the 
^here is equal to the convex surface ^ the circumscribed cy^ 
tinder. 

But the surface of the sphere is equal to four great circles ; 
hence the convex surface of^ the cylinder is also equal to four 
^reat drdes : and adding the two bases, each equal to a ^eat 
drcle, the total surface oi the circumscribed cylinder wul be 
equal to dx great circles ; hence the surface of the sphere is to 
the total surface of the circumscribed cylinder as 4 is to 6, or 
as 2 b to 8 ; which was the first branch of our Proposition. 

In the next place, since the base of the orcumscribed cylinder 
is equal to a great drcle, and its altitude to the diameter, the so- 
liditj^ of the cylinder (1. VIII.) will be equal to a great drcle 
multiplied by its diameter. But (15. VIII), the solidity of the 
sphere is equal to four great circles multiplied by a third of the 
radius, in other terms, to one great circle multiplied by f of the 
radius, or by § of the diameter ; hence the sphere is to the cir- 
cumscribed cylinder as 2 to 3, and consequently the solidities of 
these two bodies are as their surfaces. 

Scholium. Conceive a polyedron, all of whose faces touch 
the sphere ; this polyedron may be copndered as formed of 
pyramids, each having for its vertex the centre of the sphere, 
and for its base one of the polyedr(»i''s faces. Now it is evi- 
dent that all these pyramids will have the radius of the sphere 
for their common dtitude ; so that each pyramid will be e^ual 
to one face of the polyedron multifdied by a third of the radius : 
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hence the whole polyedron will be equal to its surface iDuIti'* 
plied by a third of the inscribed sphere'^s radius. 

It is therefore manifest, that, the solidities of polyedrons cir- 
cumscribed about the sphere are to each other as the surfaces 
of those polyedrons. Thus the property, which we have shewn 
to be true with regard to the circumscribed cylinder, is also true 
with regard to an infinite number of other bodies. 

We might likewise have observed, that the surfaces of poly- 
mns, circumscribed about the circle, are to each other as tb^r 
trimeters. 

PROPOSITION XVII. PROBLEM. 

The circular segment BMD being supposed to make a revolur- 
tion about a diameter exterior to it^ to find the value of the 
solid so prodtcced. 

On the axis, let fall the perpendiculars 
BE, DF; from the centre C, draw CI 
perpendicular to the chord BD ; also draw 
the radii CB, CD. 

The solid described by the sector BOA 
is equal to f ^. CB.^AE (15. VIII.) ; the 
solid described by the sector DCA= 
fflp. CB^. AF ; hence the difference of these 
two solids, or the solid described by the 
sector DCB=§«^.CB^ (AF— AE)=fT. CB^EF. But the 
solid described by the isosceles triangle DCB (14. VIII.) has 
for its measure §«•. CI^. EF ; hence the solid described by the 
segment BMD==f^. EF. (CB^— CI^). Now, in the right-angled 
triangle CBI, we have CB«— CI2=BI2=iBD* ; hence the solid 
described by the segment BMD will have for its measure 
f ^. EF. iBD^ or J^. BD^ EF. 

Scholium. The solid described by the segment BMD is to the 
sphere, which has BD for its diameter, as |«". BD*. EF is to 
J^: BD^ or as EF to BD. 

PROPOSITION XVIII. THEOREM. 

Every segment of a sphere ^ included between two parallel planes^ 
is measured by the half sum of its bases multiplied by its alti- 
tude^ plus the solidity of a sphere whose diameter is that 
same altitude. 

Let BE, DF (see the preceding figure), be the radii of the seg- 
ment's two bases, EF its altitude, our segment thus being the 
one produced by the revolution of the circular space BMDFE 
about the axis FE. The solid decribed by the segment BMD 
is equal to i^^.BD^EF (17. VIII.) ; and (6. VIIL) thetruncated 




\ 



one. 
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cone described by thetrapezium BDFE is equal to J?r.EF.(BE*+ 
DF^+BE.DF); hence the segment of the sphere, which 
is the sum of those two solids, must be equal to J«- . EF . 
(2BE*+2DF2+2BE.BF+BD2). But, drawing DO parallel 
to EF, we shall have DO=DF— BE, hence (9. III.) D0^= 
DF'^— 2 DF . BE + BE^; and consequently BD2=B0*+ 
D02=EF2 + DF^—g DF . BE + BE^. Put this value in 
place of BD^ in the expression for the value of the segment, 
omitting the parts which destroy each other ; we shall obtain 
for the solidity of the segment, 

i^ EF. (3 BE^+S DFH EF^), 
an expression which may be decomposed into two parts ; the 

^. EF. (3 BE^+3 BF% or EF. /^ ^'B^^+^P^' ^ being 

the half-sum of the bases multiplied by the altitude ; while the 
other Jx. EF^ represents (15. VIII. Schol.) the sphere of which 
EF is the diameter : hence every segment of a sphere, &c. 

Cor. If either of the bases is nothing, the segment in question 
becomes a spherical segment with a single base ; hence ani^ 
spherical segment^ with a single base^ is equivalent to half the cy- 
Under having the same base and the same altititde, plus the sphere 
of which this altitude is the diameter. 

t 

General Scholium. 

Let R be the radius of a cylinder's base, H its altitude : the 
solidity of the cylinder will be ^rR^ x H, or «-R^H. 

Let R be the radius of a cone's base, H its altitude : the so- 
lidity of the cone will be «-R*^x JH, or ^w-R^H. 

Let A and B be the radii of the bases of a truncated cone, H 
its altitude: the solidity of the truncated cone will be 
i^.H.(A^+B2+AB). 

Let R be the radius of a sphere ; its solidity will be |tR^ 

Let R be the radius of a spherical sector, H the altitude of 
the zone, which forms its base : the solidity of the sector will be 
|tR«H. 

Let P and Q be the two bases of a spherical segment, H its 

altitude : the solidity of the segment will be J^ . H-t-J^rH^. 

If the spherical segment has but one base, the other being 
nothing, its sohdity will be iPH+ J^rH^. 
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NOTE I. 
Oh some Names and Definitions, 



Some new expressions and definitions liave been employed in this WchtIc, 
where they seemed likely to give more accuracy and precision to geo- 
metrical language. We mean, here to give some account of those 
changes^ and to propose a few others^ which might accomplish the same 
purpose more completely. 

In the ordinary definition of the rectangular parallelogram and of 
the square, it is usual to say, that the angles of those figures are right; 
it would be more correct to say, that their angles are equal. For, to sup- 
pose that the four angles of a quadrilateral can be riglit, and even that 
the right angles are equal to each other, is to assume two propositions 
which require demonstration. This inconvenience, and several others 
of the same sort, might be avoided, if, instead of placing the definitions, 
according to the o(»nmon practice, at the head of each Book, we were 
to disperse them over the course of the Book, each at the place where 
all it assumes i& already proved. 

The word paraUdqgram, according to its etynwlogy, signifies paraU 
lei lines ; it no m(»re suits die ^g^% of four sides, than it does that of 
six, of dght, &C. which have their qpponte sides parallel. In like man* 
ner, the word paridlelepipedon signifies parallel planes y it no more de- 
signates the solid with six faces, than tne solid with eight, ten. Sec of 
which %h^ opponte fistoes are parallel. The names, panillelogram and 
parallelepisecKm, have the additional inconvenience of being very long. 
Feiiiaps, tner^re, it woyld be advantageous to banish them altogether 
firom geometry ; and to substitute in their stead, the names rhombus 
and rhomboid, retaining the teana lozenge, for quadrilaterab whose sides 
aie all equaL 

It might also be useftil to extend the meaning of the word incUnation, 
so as to make it svnon3^oiis with an^ : both of them indicate a par- 
ticular relation of two lines, or oi two phmes, which meet together, or 
would meet tf produced^ The inclination of two Mnes is nothmg, when 
their angle is nothing ; in other words, when the lines coindde, or lie 
parallel to each other. The inclination is greater when the angle is 
greater, or when the two lines form together a very obtuse angle. The 
quality of sloping has a jdifferent meaning; a Ime skpes the more 
towards another, the mor^ it deviates from the perpendicular to that 
other. 
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It is cuBtomary with Euclid^ and various geometrical writers^ to give 
the name equal triangles, to triangles which are equal only in surface ; 
and of eqiml solids, to solids which are equal only in solidity. We have 
thought it more suitable to call such triangles or solids equivaieni ; re« 
serving the denomination equal triangles or solids for such as coincide 
when applied to each other. 

In solids and curve surfaces^ it is farther necessary to distinguish two 
sorts of equality^ which differ m some respects. Two solids^ two sdid 
angles^ two spherical triangles or polygons^ may be equal in all their 
constituent parts^ and yet be incapable of coinciding when applied to 
each other^ — an observation which seems to have escaped the notice of 
elementary writers^ as their inattention to it has vitiated certain de- 
monstrations relying on the coincidence of figures^ where no such coin- 
cidence can exist. Such are the demonstrations by which the equality 
of spherical triangles is sometimes imagined to be shewn> in the same 
manner as that of rectilineal triangles which are similarly related. A 
striking example of this oversight is exhibited by Robert Simson^* when 
this geometer impugns the demonstration of Euclid's Prop. 28. XI.^ 
yet falls himself into the error of grounding his own demonstration upon a 
coincidence which cannot take place. For these reasons^ we have judged 
it necessary to assign a particular name to this kind of equality, which 
is not accompanied by coincidence ; we have called it equaUiy by j^- 
metrtjy the figures to which it applies being called s^meiriatL 

Thus the terms equal figures, svmTnetrical figures, equivaieni figures, 
refer to different objects, and should not be confounded in the same 
denomination. 

In those propositions which relate to polygons, solid angles, and pdye- 
drons, we have formally excluded all figures that have re-entrant an- 
gles. Our reason was, that, besides the propriety of limiting ah d^ 
mentary work to the simplest cases, if this exclusion had not taken 
place, several propositions either would not have been true, or, at leasts- 
would have required some modifications. We thought it better to re- 
strict oiu* reasoning to those lines and surfaces which we have named 
convex, and which are such that a straight line cannot cut them in 
more than two points. 

We have frequently employed the expression, product of two or more 
lines ; by which is meant, the product of the numbers repfesentttg 
those lines, when valued according to a linear unit, assumed at wiU. 
The signification of the phrase once fixed, there can foe no objectioa 
against using it. In the same manner must be understood whal is 
meant by th^product of a surface by a line, of a solid by a sur&oe, &c. 
It is enough to have settled, once for all, that such products are, €C 
ought to be, considered as products of numbers, each of the kind proper 
to it Thus, the product of a surface by a solid; is nothing but the 
product of a number of superficial units by a number of solid units* 

In ordinary language, the word angle is often employed to designate 

the point situated at the vertex. This expression is inaccurate. It would 

be more correct and precise to use a particular name, such as that of 

vertices, for designating the points at the comers of a polygon or of a 

  . ■- . .■-■-■   -^ 

* See his work, entitled : Euclidis Ekmeniorum libri hx, ^c. Ghtguce^ IT5& 
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polyedron. The denomination vertices cf a polyedron, as employed by 
ns^ is to be understood in this sense. 

We haye followed the common definition of smUar rectiUnealJiffures ; 
we must obserre^ however^ that it contains three superfluous conaiitions. 
In order to construct a polyedron^ the number of whose sides is n^ it is 
necessary first to know one side^ and^ next^ the position of the vertices 
of all the angles situated out of this side. Now^ the number of those 
angles is n— -2^ and the position of each vertex requires two dcAa; 
hence^ the whole number of data requisite for constructing a regular 
polygon of n sides^ is 1 -f 2 n — - 4^ or 2 n — 3. But in the similar 
pc^jgon^ one side may be assumed at will/ therefore the number of con- 
ditions regulating the similarity of a polygon to a given polygon, is 
3 u — 4. Now the common definition requires, ^r^y^, that the angles be 
equal each to each, which amounts to n conditions ; secondly, that the 
homologous sides be proportional, which amounts to n — 1 conditions. 
Consequently, there are 2 n — 1 conditions in all, therefore three too 
many. To obviate this inconvenience, the definition might be subdivid- 
ed into two, as follows : 

First. Two triangles are similar, when they have two angles in each 
respectively equal. 

Second. Two polygons are similar, when both may be divided into 
the same number of triangles, similar each to each, and similarly placed. 

But to prevent this latter definition itself from including any super- 
fluous conditions, ftie number of triangles must be fixed equal to the 
number of the polygon's sides, minus two ; which may be accomplished 
in either of the following ways : From the vertices of two homologous 
angles, diagonals may be drawn to all the opposite angular points ; in 
which case, all the triangles formed in each polygon will have a com- 
mon vertex, and their sum will be equal to the polygon : Or, let all the 
triangles formed in one polygon, have a side of it for their common 
base, and for vertices, the vertices of the different angles opposite to 
this base. In both cases, the number of triangles formed in the respec- 
tive polygons being n — 2, the conditions of their similarity will amount 
to n^^ 4 ; the definition will contain nothing superfluousVhatever ; and 
this being once settled, the old definition wUl become a theorem suscep- 
tible of immediate demonstration. 

If the definition of similar rectilineal figures usually given in ele- 
mentary works is imperfect, that of similar solid polyedrons is much 
tnore so. Euclid makes this definition to depend on a theorem which 
is not proved ; in other treatises, it has the inconvenience of being very 
redundant. We have, therefore, rejected those definitions of similar 
sdids, and substituted one in their place, which is founded on the 
principles just explained. But as many other observations upon this 
subject sohcit our attention, we shall return to it in a separate Note. 

Our definition of the perpendicular to a plane may be looked upon 
as a theorem ; that of the inclination of two planes likewise requires to 
be sanctioned by a train of reasoning ; several others do the same. Ac- 
cordingly, while in conformity to custom, we have retained the old de- 
finitioin, care has been taken to refer the reader to those Propositions 
where their accuracy is demonstrated ; or, in other cases, to subjoin a 
brief explanation. 
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Thf di^ farmed hy tbe meeltag cftwQ pl im eit and the noiul tfUgfe 
farmed by the meeting of several manes at the same point, are magni* 
tudet, each of its own kind, to whidi it would perhi^ be coUT^Ieiit 
to five separate names. Aa they stand at present^ it is difficult to 
avoid obscurities or circumlocution^, when making <rf the avrangeMieiit 
of tlie planes which compose die suriace of a pelyedion. And as tkte 
theory of those solids has hitbeifto been little investigated, ao great in- 
cottTenienoe cticld arise from introducing any new expreeeions whieb are 
called f(Mr by the nature of Uie objects. 

The angle formed by two planes^ I should therefore propiwe to de- 
nominate a eorfi«r / the edge or ridge €i the comer might designate the 
common intersection of the two planea* The comer might 1^ namtf 
bjr means of four letters, the middle two ooneipondittg to the edge. A 
nghi comer would be the angle formed by two planes perpendicdbr to 
ei^ other. Four right comers would fiD up aU the solid angular 
space about a given Une. Under this new d^omination, the corner 
would st^ly not the less, have for its meaeure, the angle formed by lAie 
two perpendiculars, drawn each in its own plane, at the same point, to 
the edge <^ common intersectioii. 
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On the DemotuiraHon cf Prop. 20. Book I, and ^ some other Jundt^ 
mental Propmtione in Geometry* 

Prop. 20. L is only a particular case of the fiunous pattulaie, on 
which Euclid has foimded the doctrine of paralleb, and l&ewise the 
theorem concerning the sum of the three angles of a trianglcL This 
postulate has never hitherto been demonstrated in a wav strictly geo- 
metrical, and independent of all considerations about insnity,<»ra cir- 
cumstanoe attributable, doubtless, to the imperfection of our common 
definition of a straight line, on which the whole of geometry binges. 
But viewing the matter in a more abstract light, we are furnished by 
analysis with a very simple method of rigorously proving both this 
and the other fundamental propositions of geometry. We here pro- 
pose to explain this method, witn all requisite minuteness, beginning 
with the tneorem concerning the sum of the diree anglee of a trian|^ 

By superposition, it can be shewn immediately, and without any ps«- 
liminary propositions, that two triangles are equal when they haw two 
angles and an uUerjaceni side in eacheqmL Let us call this side p^ the 
two adjacent an^l^ A and B, the tbird angle C. This third ans^e C, 
therefore, is entirely determined, when the angles A and B, with the 
side p, are known ; for if several different angles C might correspond fo 
the three given magnitudes A, B, p, there would be several differelit 
triangles, each having two angles and the inteijaoent nde equal, which 
is impossible ; hence the angle C must be a determinate function gf the 
three quantities A, B, p, which I shall express thus, C = f : (A, B, p\ 

Let the right ang^e be equal to unity, then the angles A, B, C, 
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will beBumbcn induded between o and ft ; and liiioe Cszfi (A, B, p% 
I anerty that the line p cannot enter into the funtion f. Fw we 
have already leen that C must be entirely determined by the givea 
quantities A^ B,p alone, without any other line or angle whatever* 
But the line pis heterogeneous with the numbers A, B, C; and if there 
existed any equation between A, B> C, p^ the TiUue of p might be 
found from it in terms of A« B, C; whence it would follow, thatp is 
equal to a number ;* which is absui^ : hence p cannot enter into the 
function f, and we haye simply C == f : (A, B).* 

This fomula already proves, that if two angles of one triangle are 
equal to two angles of another, the third ai^le of the former must also 
be equal to the third of the latter; and this granted, it is easy to ar- 
rive at the theorem we have in view. 

First, let ABC be a triangle right-angled at A ; 
from the point A, draw AD perpendicuUur to the 
hynotenuse. The angles B and D of the jtnangle 
ABD are equal to the angles B and A of the triangle 
BAG; hence, from what has just been proved, the 
third angle BAD is equal to the third C. For a like reason, the angle 
DAC = B, hence BAD + DAC, or BAG s= B + G; but the angle 
BAG is right ; hence the two acute angles qfa rigkUangled triangle are 
together equal to a right angle. 

Now, let BAG be any triaogle, and BG a side 
of it not less than either of the other sides ; if 
from the opposite angle A, the perpendicvdar 
AD is let ^1 on BG, ^is perpendicular will fall ' 
within the triangle ABG, ana divide it into two 
right-angled triangles BAD, DAG. But in the right-angled triangle 
BAD, the two angles BAD, ABD are together equal to a right angSs ; 
in the right-angM triangle DAG, the two DAC, ACD are also equal 
to a right angle ; hence all the fimr taken t<^ther, or, whidi amounts 
to the same thing, all the three BAG, ABG, AGB are together equal to 
two right angles ; hence in every triangle, the sum of its three an^ee ii 
equal to two right angles. 

It thus appears, that the theorem in question does not depend, when 
considered a priori, upon any series of propositions, but may oe deduced 
immediately mim the principle of homogeneity; a principle which must 



* AgtSnst this demonstration it has been objected, that if it were applied word 
-for word to spherical triangles, we should find that two angles being Iciiown, are 
suffideot to determine the third, which is not the case in that species of tri. 
angles. The answer is, that in spherical triangles, there exists one element 
more than in plane triangles, the radius of the sphere, namely, which must not 
be omitted in our reasoning. Let r be the radius ; instead of C m ^ (A, B, p), we 
shall now have C m f (A, B, p, r), or by the law of homogeneity, simply am 

^ (a, B, JL V But since the ratio •£- is a number, as well as A, B, C, there is 

nothing to hinder •£- from entering the function f^ and consequently we have 

no right to infer from it, that C s f (A, B). 

5 
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display itself in a relations subsistiog between all quantities of what* 
eyer sort. Let us continue the investigation^ and shew that from the 
same source^ the other fundamental theorems of geometry may likewise 
be derived. 

Retaining the same denominations as above> let us farther call the 
side opposite the angle A by the name of m, and the side opposite B by 
that of 71. The quantity fn must be entirely determined by the quan- 



m 



titles A, B. p alone ; hence m is a function of A^ B^ p, and — is one 

P 

also ; so that we may put — = >^ : (A, B, p). But — is a number, 

P P 

as well as A and B ; hence the function -^ cannot contain the line p, 

jfi 
and we shall have simply — = V' : (A, B), or m =z p^p : (A, B). 

Hence, also, in like manner, n =z p -4^ (B, A). 

Now, let another triangle be formed with the same angles A, B, C, 
and with sides wi', n', p', respectively opposite to them. Since A and 
B are not changed, we shall still, in this new triangle, have m' = 
//^ : (A, B), and n' = p'^ : (A, B). Hence m : n/ : : n: nf : : p : p^. 
Hence in equiangular triangles^ ike sides opposite the equal angles are 
proportional. 

From this general proposition, 
we can deduce, as a particular case, 
the property assumed in the text 
for aemonstrating Prop. 20. 1. For 
the triangles AFG, A ML have 
each two angles respectively equal, 
namely, the angle A common, and 
a right angle: hence they are 
equiangular, hence we have the 
proportion AF : AL : : AG : A m, 
by means of which Prop. 20 is 
completely proved. 

The proposition concerning the 
square of the hypotenuse, we al- 
ready know, is a consequence of 
that concerning equiangular tri- 
angles. Here then are three funda- 
mental propositions of geometry, — 
that concerning the three angles of a triangle, that concerning equi- 
angular triangles, and that concerning the square of the hypotenine, 
which may be very simply and directly deduced from the considera- 
tion of functions. In the same way, the propositions relating to similar 
figures and similar solids may be demonstrated with great ease. 
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Let ABCD bf anypoly|:oa. Haviog taken M 

aay iide AB, upon Afi u a base, fonu a« loaor 
tmiWles ABC, ABD, && aa tbere an an^ 
C, D, £, &c. lying: out of it. Put the base 
AB =p; let A fmd B rqireMat the two 
aBglta of tlie triu^le ABC, which an adjacent 
to tbe aide AB ; A' and B' the tvo angles of 
the triangle ABD, which are adjacent to tbe 
same udeAB, and sown. The figure ABCOE 
will be entirely determined, if the side p vith ' 
the angles A, B, A'. B', A", B",&c are known, 
and the number of data will in all amount to 
2 » — 3,n being the number of the polygon's 
sides. This being granted, any side or line x, P 
anyhow drawn in the polygon, and from the data alone which serve to 
determine this polygon, wiU b^ a fonction of those ^ren quantities; and 

smce - must be a number, we may suppose - = ^l- : (A, B, A', B', &c.) 

M a: =; p '^ (A, B, A', B', Sjc,), and the function ^ will not contain p. 
If with the tame angles, and another tide p'.asecund polygon be formed, 
tbe line x- corresponding or homologous to x will have foritBTaluex'=: 
|/ ■J- : (A, B, A', B', &c.) ; hence x: X' : : p : j/. Figures thus con- 
structed might be defined as similar JiguTes ; hence in siTnUar Jt^ret 
the komologous lines are proportionaL Thus, not only the homologous 
sides and the homologous diagonals, but also any lines terminating the 
same way in the two figures, are to each other as any other two homo- 
logoua lines whaterer. 

Let us name the surface of the first polygon S ; that surlace is ho- 

tnt^neous with tbe square o" ; hence ~s must be a number, contain- 

Ing nothing but the angles A, B, A' B' &c. ; bo that we ahall have S 
=.p'p : (A, B, A', B', &c.) ; for the same reason, S' being the surfece 
of the second polygon, we shall have S' =ip'H  (A, B, A' B', &c,) 
Hence S:S! izp^ -.p'^ ', hence the surfaces i^ similar Jlguret are to 
each other as the squares of their komdogous sides. 

Let us now proceed to polyedrons. We may take it for granted, 
that a iace ii determined by means of a given side p, and of the several 
given angles A, B, C, &c. Nest, the vertices of the solid angles 
which lie out of this face, will he determined each by means of three 
given quantities, which may be regarded as so many angles; so that the 
whole determination of tbe polyedron depends on one side, p, and se- 
veral angles A, B, C, &c- the number of which varies according to the 
nature of tbe polyi^dron. This bdng grafted, a line which joins to do 
vertices, or more generally, any line x drawn in a determinate manner 
in tbe polvedron, and &om the data alone which serve to construct i^ 
will be a function of the given quantities p, A, B, C, &c. ; and eince 

- must be a number, the function equal to -, will contain nothing but 

the angles A, B, C, &c., and we may put x tz pf. (A, B, C, Sk.) 
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The Burfiioe of the solid u homogeneoiiB to p* ; hence that vaihce may 
he represented hy p^ ^ : (A, B, C, &c) : its soliditT is homogeneoov 
with p', and may be represented hyp' n : (A^ B^ Cj &c.)^ thefimctioos 
designated by ^ and n bang indraendent of p. 

Suppose a second soKd to be rormed with the same angle A, B, C, 
&c> and a side p' different from p ; and that the solids so formed are 
caUed sinular soUds. The line which in the former s(^d was 
p f : (A^ B, C, &c.)> or simply p f will in this new sdid become p f; the 
sur&ce which wasp^ ^ in the one> will now become pi'^ V^ in the odier; 
and, lastly, iJie soliditv which was p' n in the one, will now beoome 
p'^ n in the other. Hence, first, tn similar solids, the homologous lines 
are proportional; secondly, their surfaces are as the squares of the 
homdoffms sides ; thirdly, their soUdiUes are as the cubes of those same 
sides. 

The same principles are easily applicable to the circle. Let c be the 
drcumference, and s the surface of the circle whose radius is r ; since 
there cannot be two unequal drdes with the same radins, the quantities 

c s 

- and — must be determinate functions of r: but as these quantities are 

numbers, the expresnon of them cannot contain r ; and thus we shall 

c s 

have - = c, and -r- =: ^, « and ^ being constant numbers. Let & be 
r r" 

the circumference, and ^ the sur^M^e of another circle whose radius is 

r'; we shall, as before, hare p = «, and -75 =c. Hence ci(/iirii*, 

and *:*':: r* : r'* ; hence the drcumferenees of circles are to each 
other as their radii, and their surfaces as the squares of those radii. 

Let us now examine a sector whose radius is r. A being the, angle 
at the centre, let x be the arc which terminates the sector, and y the 
mihce of that sector. Since the sector is entirely determined when r 
and A are known, x and y must be determinate ninctions of r and A ; 

X U X 

hence -, and ^ are also similar functions. But - is a number, as wdl 
r r^ r 

as ^ ; hence those quantities cannot contain r, and are nmply func- 
tions of A ; so that we have - = «: A, and ^ = ^ : A. Let sf and 

y be the arc, and the sur£u^ of another sector, whose angle is A, and 
radius r'; we shall call those two sectors similar i and unoe the ai^e 

A is the same in both, we shall have -^ = ^: A, and*^ = ^ : A. 

Hence xiofiirit^, and yiifiir^ ir'^; hence sirmlar arcs, or the 
arcs of similar sectors are to each other as their radii ; and the sectors 
themselves are as the squares of the radii. 

By the same method, we could e?idently shew, that spheres are as the 
cubes of their radii. 

In all this, we have supposed that surfaces are measured by the pf»> 

2 
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duct of two lines, and solids by the product of three ; a truth which it 
is easy to demonstrate by Analysis, in like manner. Let us examine a 
rectangle, whose sides are p and q ; its suHace, which must be a func- 
tion of p and q, we shall repjresent by ^ : (|?, g). If we examine an- 
other rectangle, whose dimensions arep+p' and q, this rectangle is evi- 
dently composed of two others, of one having p and q for its dimensions, 

of another having p' and q; so that we may put ^ : (jp + jp', 9) = 
^' (P»9) + ^' (p'* 9)« Let p" =jo ; we shall have ^ (2 p, g) = 2 ^c 
(p, g.) Let |/=2p ; we shall have ^ (3 p, g)=^ (p, g) + ^ (2 p, g)= 
3 p (p, g.) Letp' = Sp; we shall have ^ (4p, g) = ^ (p, 5) + ^ 
(3 p, 5)=4 ^ ( p, g). Hence, generally, if ^ is any whole number, we 

shall have^(;tp,g) = yfc|>(p,g), or -l^i^^ = ^&-2^; from 

which it fc^ows that ^' ^ ^ is such a function of p as not to be 

changed by substituting in place of p any multiple of it kp. Hence 
this &nction is independent of jo, and cannot include any thing except 



9- 



But for the same reason ^^ ^ must be independent of g ; hence 



9. 



^ ^P' , ^ ^ includes neither p nor g,v and must therefore, be limited to a 



pq 



constant quantity «. Hence we shall have ^ (i'»9) = «P9; &ud 
as there is nothing to prevent us from taking « = 1, we shall have 



I 



ip, q) =^pq; thus the surface of a rectangle is equal to the pro- 
uct of Its two dimensions. 

In the very same manner, we could shew that the solidity of a right- 
angled parallelepipedon, whose dimensions are p, g, r, is equal to the 
product jp g r 01 its three dimensions. 

We may observe, in conclusion, that the doctrine of functions, which 
thus affords a very simple demonstration of the fundamental proposv- 
tions of geometry, has already been employed with success in demon* 
strating the fiinaamental principles of Mechanics. See the Memoirs of 
Turin, voL IL 



ADDITION TO NOTE II. 
(Furnished hy M. Leoendre for this Edition,) 

The celebrity which Professor Leslie of Edinburgh so justly enjop, 
forbids me to pass over in silence the objections which this learned 
geometer has adduced against the foregoing theory, and particularly 
agunst my proof of the equation C=:f ( A, B ), from which our theorem 
concerning the three angles of a triangle is derived. 

The olgections alluded to, first made their appearance in the second 
edition of Mr lue^e'h Elements (f Geometry, pp. 403 et seq. and though 
they were refuted, quite completely, as I think, in the equally severe 
and judicious criticism of that work, published by Mr Playfair, in the 
Edinburgh Review, vol. xx ; though 1 replied to them in a private let- 
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ter addreaed to the author ; yet Mr Leslie in his 3d edition, 1817, Cpp* 
S9S d seq.). has again brought forward his objections, inserting atone 
inUi them an extract from my letter * (whidi, as may be gathered 
from the end of the quotation, was not in an j way designed for publi- 
cation), and subjoining, in &TOur of his opmion, the testimony of a 
mathematician whom he does not name, but declares to be at the head 
of British geometers. 

Without entering into any profound discussion of this question, I 
shall restrict myself to place before the reader the principal pomt of 
the difficulty. I am required to shew, in opposition to Mr Leslie's 
opinion, that a line, which is an absolute length, cannot be determined 
solely from angles, which are represented in calculation by their ratios 
to the right angle assumed as unity^ that is to say, by numbers always 
included between and 2. Thus the side c of a triangle cannot be de- 
termmed solely from the angles A, B, C of this triangle ; for these angles 
being only numbers, they can of themselves serve only for determining 
numbers. Accordingly, what information would you gain, if the value 
of the side c, as determined by calculating the function which repre- 
sented it, were to come out r^j^, for example ? Is it ^ of an inch, ^^ 
of a foot, 3^5 of the earth's radius, or j\^ of the sun's distance ? You 
cannot say, unless the question offer some other linear datum as unit, 
or which may serve for unit. With angles, however, the case is dif- 
ferent, because the right angle is their natural unit, and any angle is 
completely determined, whenever we have discovered the value of its 
numerical ratio to the right angle. 

If it is absurd to suppose, that the line c can be determined by the nu- 
merical quantities A, B, C alone ; hence there can exist no equation 
between the quantities e, A, B, C. Hence the equation C=^ (A, B, <?), 
which is given immediately by the principle of superposition, can exist 
only on condition that c disapjiear from the second member of it ; other- 
wise, we are taught by Analysis that an equation containing at once the 
four quantities A, B, C, c, would allow us to determine c by means of 
angles A, B, C. Hence we have simply C = ^ (A, B) ; that is, in 
every triangle, two given angles determine the third. From this pro- 
perty, it is easy to deduce the theorem concerning the three angles of 
a triangle, either by the demonstration given above, or by that which 
Mr Leslie himself proposes, which is very simple, but subject to excep- 
tion in the case of the equilateral triangle. 

Mr Leslie endeavours to draw an argument against this theory, 
from the case where the angle C, and the two sides a and b which 
contain it are given. Here, the third side c must be entirely deter- 
mined by those data, which is expressed thus: C=^ (a, by C). Mr 
Leslie adds, (page 93, 3d edit.) 

'* But the angle C being heterogeneous to the sides a and b, can- 
not coalesce with them into an equation, and consequently the base c is 
rimply a function of a and b, or it is the necessary result merely of the 
other two sides. Such is the extreme absurdity to which this sort 
of reasoning would lead." 

But the only absurdity here is the reasoning employed by the 

* Two errors of the press have found their way into this extract; they may 
be corrected bj putting c in place of C» jiage t96, lineSl, &c. 
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tfMector^ of which certainly I did not give him the example. 
n<yugh att angle C, measared by a number^ is undoubtedly hetero- 
geneous to each of the quantities a and h which are lines, it is not on 

that account heterogeneous to their ratio ~ ; and consequently there is 

no reason to expunge C from the function ^ {a, b, C.) In the m«- 
sent case, where the function is to represent die line f c, this line 
c must be homogeneous with the lines a and b, and oi one di- 
mension ; or what amounts to the same, it must be the product of a 

by a function of - and of G; henoe we shall hare simply c=a ^J, (-, c) ; 

so that the function of three quantities is, in this case, reduced to a 
function of two quantities only. Such is the common doctrine of ana- 
lytical writers : See the IntroducL in Anal of Euler, p. 65, It is 

evident, moreover, that the equation c=:a ^i-, C ) agrees completely 

(b^ 9,b \ 

1-| cos CL From 

this, therefore, no objection against mj theory can be drawn, but ra- 
ther a full and entire confirmation of it. 

To shew in a manner, if possible still clearer, that the law of homo- 
geneity, combined with the known principles of the theory of jfunctions, 
can lead to no results but what are accurate, let us consider an isos- 
celes triangle formed, by two equal sides a, a, and the angle C contained 
by them. Since this triangle is entirely determined by the given 
quantities a and C, the angle A opposite the side a must be a deter- 
minate function of the quantities a and C ; we shall express it thus :-«- 
A=^ {a, C.) Now, if the quantity a does not disappear from the 
function ^, then from the equation A=^ (a, C), the valuQ of a might 
be deduced in terms of A and C. But a line a, not being referred to 
any unit« cannot be equal to a function of two numbers A. and C, 
which must itself be a number. Hence we have simply A=^ (C) ; 
that is to say, in every isosceles triangle, the angle at the base, is de- 
termined by the angle at the vertex, and conversely. From the vertex 
to the middle of the base, draw a straight line ; it will divide the isos- 
celes triangle into two equal right-angled triangles, and you will infer 
that in these right-angled triangles, one acute angle determines the 
other. Hence we conclude, as in the first demonstration, that the two 
acute angles of a right-angled triangle are together equal to a right 
angle ; and then that in every triangle the sum of all the angles is 
equal to two right angles. 

Let us now proceed to the chief objection made by the anonjrmous 
mathematician whose suffrage Mr Leslie brings to bear against me. 
He maintains that I have done nothing but elude the difficulty; and 
that my method, or what he calls the mise en Equation of the prob- 
lem, involves a supposition equivalent to Euclid's postulate, because I 
have considered as existing, and already constructed a triangle in 
which the angles amount to ^ sum as near two right angles as we 
please. If I had indeed made this supposition, my critic were un- 
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ing a given base c, and two adjacent angles A and B^ whose sum differs 
from two right angles as little as we please ; and by this ccmstnictioo, 
Euclid's postulate is demonstrated in the most rigorous manner. 

I shall extend my obsenrations no farther ; I might even liave for- 
borne to write on this subject at all, since M. Maurice of the Academy 
of Sciences has undertaken the task of replying to the objections of Mr 
Leslie and his learned correspondent, in the BibUothkpie Umoer^dk 
of Geneya, Oct. 1819; and )m dissertation (excepting one or two 
passages, perhaps liable to.dispute^ but having no influence on the 
question) completely fulfils the object <^ its author, and establishes in 
H manner as solid as luminous, the theory which Mr Leslie has at- 
tempted to overturn. 

May I observe, in conclusion, that Mr Leslie, who has hitherto ap- 
peared in the diaracter of an assailant, has not sufficiently secured 
nis own defence, having left without reply the very strong objection 
alleged against his demonstration of Pn^. ^2, by Mr Plajrisurj at p. 88 
in the volume of the Edinburgh Revtew already quoted. In reality, 
this demonstration supposes, that through a given point, no mare than 
(me parallel to a given line can be made to pass, or that there is only 
one position in which the line meant to be drawn will not meet the 
given line. Such an assumption is identically the same as Euclid's 
postulate. There is only this difference between Mr Leslie's method 
and that of Euclid, that the ancient geometer does not dissemUe the 
difficulty, but presents it, on the contrary, in all its breadth, and re- 
quires to have that granted which he cannot prove; while the modem 
geometer envelopes the difficulty in a shadow of demonstration which, 
though doubtless it has seduced himself, is certainly any thing but 
rigorous. It is difficult to conceive bow such a mistake could proceed 
from a mathematician so well versed as Mr Leslie is in the geometry of 
the ancients ; who has shewn himself acquainted with ^1 its most subtle 
refinements, and has himself invented many demonstrations which the 
ancients would not have been ashamed to own. One would have ex- 
pected him to look more narrowly into a subject, which has formed 
the great difficulty of geometers ancient as well as modem ; amd not 
to give out as rigorous a demonstration, which is very far from bong sow 

%• We subjoin the paper of M. le Baron Maurice, alluded to 
above, which M. Legendre has taken the trouble to alter in a iew 
points, and adapt for appearing in this Translation. — £d. 

On the Appficatim of the Algorklm of Fundkms to demMi^raU ihe 
fundamental Propositions of Geometry; in Reply to seme Criti' 
0sms. — Extracted from the Bibl. Univ. Geneva, October 1819. 

In a justly valued work (Elements of Geometry, by John Leslie, 
8dedit 8vo, Edinbui^gh, 1817)> a great number of oi^tiMis, more 
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or less specious, are combined together, and directed against the force 
of the demonstration, which M. Legendre, in Note XL of his Geometry, 
gives of the flmdamental proposition, that, in every reetUineal iriangle, 
the sum of the three angles is equal to two rigkl armies* This demon- 
stration is the more remarkame, as it makes no use of the theory of 
parallels, but, on the other hand, .itself serves rigidly to establish that 
theory afterwards ; and as, being founded solely on' the principles of 
superposition and of homogeneity, the most palpable and evident of sill 
principles, it shares to the full extent in theu* correctness. 

Accordingly, on examining with attention the objections brought 
forward by Mr Leslie, and by one of his mathematical correspondents, 
whom he does not name, but speaks of as being at the head of British 
mathematicians (p. 294 ^his work), we shall not fail to discover that 
their objections, if well-founded, would overthrow the two principles we 
have mentioned as well as the demonstration which is deriv^ from 
them. In this paper we mean to establish M. Legendre's demonstra^ 
tion upon an indisputable basis, and to point out, as we proceed, an 
immediate consequence from it. 

Let us first recollect what it is that forms the ground-work of this 
' demonstration : we shall then present the objections and our replies to 
them. 

According to M. Legendre, since the principle of superposition 
shews that a triangle is determined when one of its sides and the angles 
adjacent to this side are known, it follows that the third angle must 
be entirely determined by these three elements which are supposed to 
be known, or using the terms of Analysis, that it must be a determinate, 
thougii as yet an unknown^nc^um of them. Thus naming the angles 
of this triangle A, B, C, and the sides opposite to them a, b, c, we have 
the symbolical equation C=^ (A, B, c). Now A, B, C being deter- 
minate angles, are also in a determinate ratio with the total angular 
quantity, or with the right angle, which is a fourth part of it ; they 
are consequently real numbers, if we assume, as the angular unit, the 
right angle for example. Hence, if the line c could remain in the pre- 
ceding equation, we might deduce from it c=/(A,. B, C), or that a 
line is a function of the angular unit ; an absurd consequence incom- 
patible with the law of homogeneity. By virtue of this law, th^e- 
fore, we must admit that the proposed equation will reduce itself 
to this : C=^ (A, B), which signifies that thie third angle of a triangle 
is entirely determineid by means of the other two ; therefore, two angles 
of one triangle being equal to two of another, the third in the one must 
be equal to the third in the other ; from which the author very easily 
infers (by a mode which has never been attacked) that the sum of the 
three angles in a rectilineal triangle is always equal to two ri^ht 
angles. The function ^(A, B) is therefore an algebraical function 
equal to 2 — ^A — B; and the proposed function becomes C+B+A=:2, 
a rigorous equation among abstract numbers. 

If the triangle were spherical, this reasoning would not be applicable. 
In spherical triangles there is another element, the radius of the sphere, 
to which all the sides must be compared. The proposed equation in 

that case would be C=^ [A, B, ^ ] ; and there it no absurdity in gup- 
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p6ihig -, an abstract number^ to be a function of angles^ since this func- 

T 

tion itself is an abstract number. 

Such is very nearly M. Legendre's demonstration : let us now see Mr 
Leslie's objections. 

According to Mr Leslie this demonstration will not bear a rigid ex- 
amination. '* Many quantities^ in fact, appear to result from the corn- 
bin^ relation of other quantities that are altogether heterogeneous. 
Thus the roace, which a moving body describes, depends on the joint 
etoients of time and velocity, things entirely distinct in their nature ; 
and thus the length of an arc of a circle is compounded of the radius, 
and. of the angle it subtends at the centre, which are obviously hetero- 
geneous magnitudes. For aught we previously knew to the contrary, 
the base c might, by its combination with the angles A and B, modify 
their relation, and thence affect the value of the vertical angle C. In 
another parallel case the force of this remark is easily perceived. Thus 
when the sides a, b and their contained angle C are given, the trian- 
gle is determined, as the simplest observation shews. Wherefore the 
base c is derived solely from these data, or c=^ : {a, b, C). But the 
angle C being heterogeneous to the sides, a and b cannot coalesce with 
them into an equation, and consequently the base c is simply a function 
of « and b, or it is the necessary result merely of the other two sides. 

*' In other words, as the third angle of a triangle depends on the 
other two angles, so the base of a triangle must have its magnitude de- 
termined by the lengths of the two incumbent sides. Such is the ex- 
treme absurdity to which this sort of reasoning would lead ! In both 
these instances, indeed, the conclusion is admitted by implication, only 
in the one it is consistent with truth, while in the other it is palpably 
false. • * * The whole stress of the argument, it may be perceiveu, 
lies in the distinction which M. Legendre endeavours to establish be- 
tween angles and lines, — a distinction which I hold at bottom to be 
merely arbitrary. Angles and lines are both equally real quantities, 
though of different kinds ; they arc capable of being measured, and 
consequently represented by numbers, by referring each of them to some 
definite measure or unit of its own denomination. Angles are measured 
or expressed numerically by angles, and lines by lines. It is true that 
the mensuration of angles is facilitated by a reference to a subdivision 
of the circuit or entire revolution ; yet even this mode of denoting 
angular magnitude is evidently only conventional. As standards for 
measuring straight lines, nature has furnished the limbs of the human 
body, and the extent of our globe itself. Such units of mensuration 
are not indeed very definite or readily attainable ; but they arc not 
therefi)re the less real or prominent. Nor is there any essential dif- 
ference in principle between the expressing of an angle by degrees, of 
which S60 or 400 are contained in a complete revolution, and the de- 
noting of a straight line on the French system, for instance, by the 
number of metres it includes, each of which is the forty millionth part 
of the entire circumference of the earth. Angles and lines hence pre- 
sent to the mind no radical or absolute discrimination, and therdfore 
the argument grounded on such a distinction must lose all its efficacy." 
'^Leslie's Geometry, pp. 293, 294, 297.) 



NOTE II. 283 

Such are all the criticisms which belong to the ingenioufi geometer 
and natural phOoflopher of Edinburgh. He adds (p. 294e), that, with 
a single exception^ he is acquainted with no geometer of any eminence 
in Britain^ who does not admit the fallacy of the aipiment employed 
in the demonstration before us. Nevertheless^ it is easy^ in reading his 
objections^ to perceive that they rest on a palpaUe error; he con- 
founds^ throughout^ the natural homogeneity of quantities^ with the 
principle of homogeneity observed in every relation^ founded on the 
Jaws of the calculus ; which two principles are widely different. 

Let us begin by resuming this latter principle^ and establishing it 
firmly. 

A very little reflection will convince us that no equation can sub« 
sist except between homogeneous quantities, that so it may afterwards 
be reduced to a relation between abstract numbers, when each term of 
this equation shall have been delivered (if necessary), by division from 
the unit peculiar to the nature of the quantities considered. Thus no 
question of arithmetic or algebra ever occurred, in which the unknown 
quantities were aught but abstract numbers ; and it is in knowing how 
to write the questions, so as to obtain this end, that the art of the 
analjTst consists. So, likewise, in questions of Mechanics,^ no times or 
velocities, for example, are ever actually assigned for the value of certain 
spaces : in such questions, where it seems at first that heterogeneous 
quantities are combined t<^ether, it may still be discovered, that 
by the skill of the analyst, the true elements of the calculation at 
length become simply the ratios of these different quantities to their 
respective units, and the ratios of these ratios ; so that, even in ques- 
tions of this sort, no actual relation is ever definitively established^ ex- 
cept between abstract numbers. 

Consequently, in the case before us, when we have arrived at the 
general relation expressed by the symbolical equation C=^ (A,.B, c,) 
it is rigarotisli/ essential to its existence that it be capable of being re» 
duced to a relation among abstract numbers. Now, if only the angles 
A, B, C entered into it, there would be no difficulty : for since each 
of them expresses a multiple or submultiple of the angular imit, this 
unit may be made to disappear by means of division. But if the 
straight line c enters also, this relation becomes manifestly absurd^ 
since there occur in it two heterogeneous units, which cannot both be 
made to disappear from the calculation. If, however, another straight 
line as a or o, other sides of the triangle, or if a and b occurred at 
once in the equation, this impossibility of the equation would no longer 
exist ; since we are allowed to suppose that only the ratios of those 
lines enter into the function ; and as these ratios are abstract numbers, 
the equation would rigorously subsist, inasmuch as these ratios would 
be factors of the angles or of certain functions of the angles, because in 
that case, the angular unity disappearing from the calculation, there 
would only remain a relation between abstract numbers. Hence it is 
because the line c is the only straight line which occurs in the proposed 
relation, that we are rigorously authorised a priori to eliminate this 
line from it, as a quantity which cannot remain without leading to a 
manifest absurdity. 

We can also give an irrefragable mathematical proof, a posteriori, 
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that 'tills diminatioii must take place^ in the case we are now god- 
sidering. Suppose the triangle in question were a spherical one ; we 

have seen that the symbolical equation becomes C=:f f A^ B, - V and 

that we cannot here reason as we did in the case of the rectilineal 

triangle^ - being a real number. But if r becomes infinite, that is to 

say, if the sphere becomes a plane, and so our spherical triangle is 
changed into a rectilineal one, then it is evident that C, A, B, the de- 
termined andes being Jinite multiples or submultiples of the angular 
unit, which itself bears a finite proportion to the total angular quan- 
tity, those angles can no longer be compared with the quantity -^, and 

this, whatever be the magnitude of c ; whence it is evident that the 
magnitude of the angle C cannot be afiected by that of the side c, and 
that hence the proposed relation must of necessity reduce itself to the 
rigorous equation C=;^ (A, B.) 

It is objected, that on the same principle, from this other symbolical 
relation c = f (a, h, C), it will also be necessary to eliminate C, and 
therefore to arrive at an absurd conclusion ; an objection which proves 
fitill more clearly, that Mr Leslie has confounded the homogeneity of 
quantities with the principle of homogeneity in the calculus. But JM. 
Legendre has shewn sufficiently, that such an elimination is not in this 
case necessary ; and for proof he exhibits the trigonometrical relation 

p a^ a^ 

'^^ ^ — 7 — — 9 an equation between abstract numbers. Now 

2- 
a 

• 

this example is not, as might in the first glance be supposed, at variance 
with the principles here liud down : if the angular unit, though not 
affecting all the terms, has disappeared, the reason is^ that the proposed 
relation turns out to establish, that a certain function of the sides of a 
triangle is a function of one of its angles ; and as this latter function 
may be transcendental, and consequently, equal to the cosine of the arc 
which corresponds to that angle, it follows, that just as we have the ge- 

Art* 

neral relation Angle ^ - ^ ,. , so also we have a certain cosine (and 

every cosine must be an abstract number) equal to a certain algebraical 
function of the ratios between the sides. By writing the trigonometrical 

r ! + *'«£*" 

equation under the form ^!l£ = ~\ cos = ^* "' J- • 

a 



• This supposes r == 1. and the angle C to be measured by the arc C taken 
in a circle whose radius is 1. ^^Tote hff JT. Uffmdrc. 
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we should see, in like manoer, how in this case the proposed equa- 
tion may be reduced to a relalion between abstract numbers. 

What has now been sud is enough^ without doubts completely to 
illustrate the questicm. We may add^ however^ liiat if we chose to ascoid 
to a more elevated analytical principle^ it were easy to shew> that be- 
tween angles and one straight line^ there cannot exist any relation from 
which the latter^ as a function of the former, can be determined. These 
quantities considered as magnitudes destined to enter into our calcula* 
|ion^ are not homogeneous, when referred to the wholes of which they 
respectively form part. The angle is a portion of a finite whole, the 
sU^ight line a portion of an infinite whole ; so that every ^ven angle is 
ajinile quantity, whilst every given straight line is a quantity infinitely 
small, and only the ratios of given straight lifies can enter into our calcu^ 
lotions miih given an^Les^ 

It is upon this principle only that we can explain the analytical pa- 
radox which seems to result from the relation C = ^ (A, B, c) not be- 
ing capable of admitting the solution c = ^ (A, B, C). By the fore- 
going considerations, it is evident that this solution is impossible, and 
the geometrical indetermination of the question c(»rresponds to this ana- 
lytic impossibility.' 

The objections stated above may now be considered as entirely dis- 
sipated ; a few reflections may, however, be subjoined. 

Mr L^ndre i^ reminded, that heterogeneous quantities are consider- 
mL simultaneously in the science of Mechanics. But every one knows, 
that in this science, all equations expressing any relation between space 
and time, will, besides these two elements, of necessity include a line-unit 
and a time-unit. The equation considered, therefore, will not be sim- 

s s' 
ply between «, ** - - and /, t'; but in truth, between -^-, -^ - - - and 

i if 
=-, =^, - - •, S and T being the two units of space and time ; so that 

no equation of this kind will ever exist, except between abstract num- 
bers. And if velocities also are supposed to enter into this equation, is 
it not, in like manner, well known, that these velocities, mere concep- 
tions of our own mind, are nothing but abstract numbers resulting from 

s i 

the ratios of abstract numbers, as -^ and =-? 

' Another objection is sought for in the dependence which exists be- 
tween an arc of a circle, its radius and the angle to which it corre- 



* This is a very subtle and very just metaphysical idea : it is, at the same 
time, strictly analytical ; and explains why c Istood alone in the equation C as 
f (A., B, c), where c may be suppressed, because it is infinitely little, or nothing. 
It also explains why, in the case where two lines a and h are found in an equa- 
tion containing no other quantities but numbers ; these two lines cannot exist in 

the equation except by their ratio — , so that making h ss ap, the quantity, a 

a 

would of necessity disappear from the equation. NtU by M» I^gendre, 



838 NOTE III. 

the question^ be meeto^ and auite gratuitously, with all the difficiilties 
inherent in the direct establishment of the theory of parallel lines, and 
arisin|f from the idea of infinity, which is immediatMy connected With 
that of the straight line in general ; whilst M. L^ndre, naturally 
setting out from the exUting triangle (and we hare seen that this pro- 
ceeding cannot be objected to without completely changing the state of 
the question), finds means to deduce this v^ theory from the proposition 
concerning the sum of the three angles. He thus most skilniUy eludes 
the difficulty, by taking advantage of the indisputaMe equation 
C=^ (A, B, c) in order to get rid of every idea of infinity by means 
(^eliminating the straight line c; an operation depending, as we have 
teen, on a principle as rigorously true as any of those whk;h have been 
hitherto admitted in geometry. 

The force of M. Legendre's demonstration is therefore derived from 
the fiict, that a necessary law of the calculus, when applied to any 
relation indicated by geometry, is to retain in this relation nothing but 
quantities of a comparable magnitude ; and the art of its author, on this 
occasion, has been to put under the decision of the calculus which im- 
plied the necessity of such an elimination, the solution of a question 
which geometrical considerations alone left in its primitive complexity. 

In ^ue, if we make the superfluous remark, that the same mode t»f 
reasoning, when employed to demonstrate several other very important 
propositions, in the remaining part of M. Legendre's secona Note« has 
always guided its author to correct results, whilst no one has succeeded 
in legitimately deducing fit)m it a single consequence in itself incorrect^ 
we shall be warranted in concluding from all that jmcedes, that Me 
denumstratum attacked in Mr Leslies work is perfectly rigorous. The 
algorithm of functions had previously been employed with success in 
establishing the fundamental principles of Mechanics (see tibe MiscelL 
Taurin, torn. I. and II.) ; but this new application of it does not yield 
to those which have gone before ; indeed, such a result was to be ex- 
pected from so happily introducing into the fundamental relation which 
geometry furnishes, a principle so evident and incontestable as that of 
homogeneity, F, M 



NOTE III. 
On the Approximation employed in Prop. l6. IV. 

So soon as we have found a radius too great and a radius too little 
which agree in then* first ciphers, the calculation may be completed in 
a very speedy manner by means of an algebraical formula. 

Let a be the defective radius, and b the excessive one, their difference 
being small ; let a' and b' be the radii next in order deduced by the 

formulas 6'=^ ab, a'= V (a . ^^\ What we are in quest of is the 

last term of the series o, a\ a!', &c, which at the same time will be the 
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last of ibe genes b, h\ h'\ &c. Let this last term be named Xy and put 
6=:a (!+•»); we can suppose ar=a (l + P«+Q*'*+&c»)> P.andQ 
being indeterminate coefficients. Now the values of h' and a' give 

6'=:a(l + J-— }-« + &c.); 
a'=a(l + X— sy..« + &c.) 
And if^ in like manner^ we put h* = ci (1 4-«^)> we shall have 
* •' = J« — ^«a&c 

But the value of x must be the same whether the series a^ dy c'*, &c. 
begins with a or a* ; hence we shall have 

fl (1 + P«+ Q^'a + &c) = a' (1 + P-.'+ Q-^2 + &c.) 
Substitute^ in this equation^ the values of a' and •*' in terms of a and m ; 
and comparing the similar terms^ we shall deduce from it P = J> and 
Q = — ^V * hence 

x=za(l + i. — ^.^). 
If the radii a and b agree in the first half of their ciphers^ the term 
•»a may be rejected in the calculation^ and the preceding value will be 

h ^mm It 

reduced to a? =a (1 + J*) = « H s — • Thus making a = 1 . 1282657, 

and 6 = 1.1286063^ we shall immediately deduce from it ar= 
1 . 1283792. 

If the radii a and h agree only in the first third of their ciphers^ 
we shall have to take in the three terms of the preceding formula ; 
and thus making a z= 1 . 1265639^ and 6 = 1 . 1320149, we shall find 

x= 1.1283791. 

We might suppose a and 5 to be still farther different ; but in that 
case it would be requisite to calculate the value of x with a greater 
number of terms. 

The approximation exhibited io Prop. 14, the author of which is 
James Gregory, is susceptible of similar abridgments. We refer to 
Gregory's book, entitled vera Circuit ei Hyperh(£as QuadnUura, a work 
of great merit, considering the time when it appeared. 
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Shewing that the Ratio of the Circumference to the Diameter, and also 
its square, are irrational Numbers. 

Let us examine the infinite series 

a , 1 a^ 1_^ a^ 

■^ 2 "*" 2* z.z+1 "^ 2.3 * c.s+l.z+2' 

of which the general term is i^g,L,^%,,+ | ,^+;l.,(,^^^l) 
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and suppose that f : z represents the sum of it Putting ^-f* 1 in ]fi9^ 
ofz,f(z+l) will in like manner be the sum of the series^ 

a . 1 a* .1 «*« . ^ 

1 -i. 1- — • -4- • -4- etc. 

^2+1^2 2+1.2r+»^ 2,3 2+1.2+2.2+3^ 

Subtract the one of these series from the other, term by term ; we 
shall have ^ : 2 — ^ : ( 2 + 1 ) for the sum' of the remaindef^ which, 
in its expanded form, will be 

a a« 1 «' - 

r H ri 7: + s • — 7^ — rs — r^ + «c. 



2.2+1 ^ 2.2+1.2+2 ^ 2 2.2+1.2+2.2+3 
But this remainder may be put under the form 

-^.(+-^+1 ^ +&C.); 

2.2+1 ^^2+2^2 2 + 2.2 + 3^ ^' 

and then it is reducible to — —- ^ : (2+2). Hence, generally, we 

2.2 "J' JL 

shall have 

^ : 2 — ^ : (2 + 1) = -^py tp : (2 + 2). 

Divide this equation by ^: (2 + 1), and to simplify the result, let 

^ : 2 be a new function of 2, such that '»/' : 2 = - •  ' , ^ < ; we mav 

2 ^:(2) * ^ 

then put — ; — instead of — /-^ r, and ^ ; v * v "r ; instead 

'^ 2 v : 2 ^: ( 2+1 ) a 

^ : ( 2+2 ^ 
of '^ _it V ^^-'^ substitution being made^ we shall have 

a 



2+^:(2+i y 

But by successively inserting^ z + 1, 2 + 2, &c., in place of 2 in this 
equation, there will result from it 



^:(2+l) = 



~ + l +^:(s + 2)' 



Hence the value of ^ : 2, may be expressed by the continued fraction, 

a 
^:z = - a 



£: + 2 + &c. 

Reciprocally this continued fraction, produced to infinity, has for its 

sum ^p : s, or its equal | . - ^' y^ ' » which sum, developed into Us 
two ordinary series, becomes 
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-" • III I • III I    I 11. 

' z ^ z,z+ 1 .' 
Now suppose z = } ; the continued fraction will become 

4 a 

1 + 3+*" 



5 + Sec., 

in which all the numerators, cizoept the firsts are equal to 4 a, and tbe 
denominators form the series of odd numbers, 1> 3, 5, 7> &c. The value 
of this continued fraction mnj, therefore, be expressed by 



2a • 



1 + jLf. + _i6f!L + _«lfl_+ &C 
4fl l6a® 64 a' 

1 + ^- + ^TsTT + TTsTTS- + **=• 



But these series have a relation to some admitted formulas; and it is 
well known that, putting e for the number whose hyperbolic logarithkii 
is 1, the foregoing expression becomes 

— 7- 7- • ^ a; SO that we shall have, generally. 



— ~->2^azs~-— + 4a 

e^v^ + e— ^'^^ / 3 + 4a 

5 + ^c. 

From tktSy two principal fermujaa are derived, acoordiiig as a is positive 
or negative. First, let 4 a = a?« ; we shall have 

e — e X 



X , — X 1 +a?« 
^lext let 4 a =: — x^ ; and agreeably to the demonstrated formula 

\»V-i.^_,V-i 

Hi ^= ^ — 1 . tang, ar, we shall have 

T— f^ 

7— Ac- 



S«S NOTE IV. 

This formula will netre as the basis (^ our demonstration. Before proi^ 
ceediog to it, however, we must prove the two followiiig Lemmas. 

Lemma I. Suppose 

to he a continued Jradion prolonged to infintty, m which all the numbers 
m, n, m', n' are positive or negative integers; if the ccfmponewt fractions 

-^> -T* -^f* ^DC. are all less ikon unites then wilithe total value ^ the 

continued fraction be rfneoessih^an irrational number. 

In the first place, this value is less than unity. For, without in- 
terfering with the general applicability of the continued fraction, 'we 
are at liberty to suppose all the denommators, n, nf, n", &;c. to be posi- 
tive ; in which case, taldng a dngle term of the proposed series, we shall, 

m 
by hypothesis, have — J^U Taking the first two, by reas<m of 

"j.^ 1, it is evident that nJ{ — 7, is greater than n -— 1 1 but nt is less 

n n 

tiian n ; and since they are both integers, 971 will also be less than n -f 

m' 

—7 . Hence the value which results from the two terms 
n' 

m 

"n -f- w^ 

is less than unity. Calculate three terms of the proposed continued 
fraction ; and ia the first place, as we have just seen, the value of ^ 
part 

n' +m'' 



n"" 



will be less than unity. Call tiiis value «r ; it is plain tiiat this 



9ft 



!• + - 



will still be less than unity : hence tiie value which results from die 
three terms 

m 

nf + mr 

h less than unity. By continuing the same process, it will appear, tiial 
whatever numbor of terms in the proposed continued fracnon ht cal- 
culated, the value resulting frt>m them is less than imity ; hence the 
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total vdae of Ae fraetioB jprolonged to ittfini^^ it ako Itts than Unitjr^ 
It camwt be eqml to amty esoept in tlw mgk caae^ wken the prv* 
poied fraction i»d the form 

^ III' 



* j«' + 1 — 



m^ 4- 1 — . &c. 

in erery other caae it ib lett. 

This behig proved^ if the Take of the -oontimied fractiob is'not ad- 
mitted to be an irrational number^ sappose it to be a rational number, 

B 
to be -^^ for example, B and A being any integers; we shall then hare 

?L — ?L 

Let C, D, E, &c. be indeterminate quantities^ such that 

D _ ne' ^ 



and so on to infinity. These different continued fractions hflringc all 

B C D C 
their terms less than unity^ their values or sums x~» 'd~> p~> fT' ^^ 

will be less than unity, as We have proved above ; and thus we shall 
have B.^::::A, C.<^B, D^^C, &c; so that the series A, B, C> D^ JE^ 
&& goes on decreasing to infinity. But the combination of the con<« 
tinned fractions we are treating of gives 

A ** 11+ -^; whenceresttltsCsiif A — 9iB, 
B - 

C 2^jj 

B" ~ x'+ -^ ; whence iwuhs D sr «^ B — Ji* C, 

D _ P* r- 

C "n'^- ^; whence nnlt(E=<R*C— n^D, 

&C &0. 

And nnoe the two first numbers A and B are integers by hypothesis, 
it fi)llowB that all the often C, D, B, &c. which were hitherto uad^ 
termined, are idso intq[;er». Now it implies a contradiction to suppose 
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tbtt 4111, Infinite lerics A, B^G, D, B;, Sta^xm.wkiina^ W ^liiiirPlMig 
«id eotnffmti of iate^ nua^n ; for, beside^ no iew^ #f ihemiHilMn 
A, B^ C^ D^ £> &c can be zero^ since the pn^osfld dsnitinucd fraction 

BCD 

extends to infinity^ and therefore the sums l^resented by ^ , :pr;^'&e. 

must alwap be something;. Hence our hypothesis^ that the sum of 
the proposed continued fraction was eoual to a rational quantity^ can- 
not stand ; hence that sum is of necessity a rational number^ 

•.',.'  m  w* m** '■''■•• • '-.^  it " 

tfthe component Jractvons — , — ;-, —7,, &c. are of any magnitude what" 

U U U • - , I 

..  . .. '   . . . . • • I ; -•  < t •♦ • .1 . . » 

ever at the beginning of the series, provided after a certain interwd they 
become less than umt ; we assert, that the propped continued Jraction, 
if it Hill extends to infinity, wUl have an irratiomal value. 

For if^ reckoning from — ^^7- for example^ all the fractions 

n 

nf** wi*^ wi' 

~t* iv^ *~~v' ^^- ^ infinity^ are less than unit, then by Lemma I> the 

continued fraction i 



'^'" + —vT I »»' 



n»^ 



n^ +&C, 



will have an irilttional ralue. Call this value », the proposed continu- 
al fraetioli will beeome 



m ,. 



» + — .»«" 



fi^t if We successively put 



m" , m' „ m __ ,,, 



it is evident that « being irrational>:aU jthe Quantities < •/', J", must 
be .80 likewise. But «^'^ the last of these, is equal to the proposed con- 
tinued fraction^ hence the value of this fraction is irrational. 

We are now in a condition to i^osume :Oitr rafcject, aird demonstrate 
this general proposition. 

THEOREM. 

If an arc is conmensurahle with the radius, its tangent wiU be incom- 
mensurable with that radius, 

t . • .  . • - 

iHil thrtadlui srl, sM the ar^ afdz S.^m^d^ bUn^iHi^)itoi>^ 
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bm; <tlie ftraula iiwnd^ vime, muldng ^ proper lufastitiltioa; w9f 

Sn — -- m« 
7**^«c 

Now this continued fraction falls under Lemma II ; for nnce the de» 
nominators 3n, 5n, 7n, &c. increase continually, whilst the numerator 
m^ continues of the same magtiitud^, the component fractions will evi- 
dently be, or at least will soon become^ less than unit ; hence the 

value of tang. — is irrational ; hence if the arc u commensurable wUh 

 • • n  

the radius, its tangent will be incommensurable. 

From this, we deduce, as an immediate consequence, the proposition 
which forms the object of this Note. Let * be the semicircumference 

If 
of which the radius is 1 : if ^ were rational, the arc - would be so 

 4  . 

too, and therefore its tangent would be irrational : but the tangent of 

the arc t is well known to be equal to the radius ] ; hence ir cannot 

be irrational. Hence the ratio qf the drcumference to the diameter U 
an irrational number.* 

It is probable that this number «* is not even included among alge- 
braical irrational quantities, in other words, that it cannot be the root 
of an sdgebnucal equation having a finite number of terms with ran 
tional coefficients : but a rigorous demonstration of this seems very 
difficult to find ; we can only shew that the square of «r is also an irrv 
tional nuniber. 

Thus, if in the continued fraction, which denotes tang« a;, we ! p^t 
xzs*, since tang. ir=o, we must have 

But if •'« were rationid, and we had *•=:—, m and ii Keing whob 
numbers, there would result from it : . 

^ TO ' 

8= --TO 

9n — — — TO 

711 — 3- m 

Now, as thii continued fraction evidently comes under Lemma II., 



" Hiis ^tofonMk was fint deoMmstisted hjf Lttnbert» in the MonoMt of Bsriin, 
4MII0 1761. 
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its value also must beirmtionalt and cannct be equal t» llie iiiimbar 

S, Hence the square of the ratio between the drctmfirence and ike 
diameter is an irrational number. 




NOTE V, 

. «  . 

Containing the analytical solution of various problems oonoermng thetri- 
angle^ the inscribed quadrilateral, the parallelepipedon, and the tri^ 
angular p^amid. 

PROBUCJi I. 

Given the three sides of a trian^, to find its surface, nfHk the radU of 
the inscribed and the circumscribed circle. 

Put the sides BCz=a, ACz=b, AB=c; if from the 
▼erft^ A^ the perpendicular AD is let iall on BC 
the opposite siae, then (Prop. 12. IIL), we shall 
have AC« = AB« + BC« — 2BC x BD ; hence B 

BD= ^^^■i|^=^« This yalue gives AB«—BD«, or AD = c« — 

(r^ ) = 4S^ — -r ^^°^ ^^ = 

i-t ~— ^ ^-^. Let S be the area of the tnangle> we 

AsU have 8=^ BC x AD ; hence 

This formula ma^ £uther be reduced to a £atm more oottvenient isr 
logarithmic calculation. To effect this, we must consider that the 

quantity 4a^c^ — (<i«+c* — 6*)* is the product of the two factors 

2flc+(a«+c«— i«) and 2ac— <a«+c»— A*); thefirst=:(fl+c)«-^« 

z=i(a+c+b) (a+c-^b); the second = 6* — (i^—c)* = (b+a-^c) 

(b^^a+c); hmce we shall have 

S=iVC(«+&+c)(a+^-<:)(fl+o-^)(6+cw«)]. Lastly, by mak- 
ing — g =p, which gives a+6+c = 2p, <i+6-«-c=^Sp-*2c, 

a+C""*'"^P-'^> fr+c*-«5=S^>-*2fl> we shall have, still more simply, 

S=:,y (p . p — a .jp — 6 ,|> — c). 

Thus U appears, that to obtain tlie surface of a triaij^le whose tiiree 
, sides are given, we must take the half sum of those three sides ; froin 
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tbU half 80111 subtract each side fieparately, whidi will give us three 
remaiiiden ; multiply these three remaindera and the half sum all 
together ; and fiuaUy^ extract the square root of the product : this 
root will be the area of the triangle. 

Now^ let z be the radius of the drde which circumscribes the tri^ 
angle^ and u the radius of the circle inscribed in it; by Prop. 23. III., 
we shall have 

z = i-^— and u = - . , . — =- ; or, substituting the value found for 
S a+b+c p 

S, wcAan find z = -r-, t^-j ., u=^?=^£=^£=^\ 

PROBLEM II. 

Given the four sides of the inscribed quadrilaieralf to find the radius 
of the circle, the surface of the quadrUateral, and i^ angles. 

Put the given sides AB=a, BC=:6, 
CD=:c, DAzzid, and the unknown diitfo* 
nals AC=ar, BD=^ ; by Prop. 88. III., 




we shall have anf:sac+bd aud- = 

, . ^ ; whence we obtain 
ao-^cdfi 

^_ /f (ac+bd) {ad+bc) \ ^^ /r{ac+bd) {ab+Gd)\ 

^^\ ab+Zd >^ = v/V ad+bc } 

But according to the preceding Problem, the radius of the circle 
drcumscribing the triangle ABC, whose sides are a, by x, may be ex- 
pressed by the formula 2: == ^^^p^j-^^-^^ Inplaceof 

Xy substitute the value just found for it, and decompose the result 
^to fiustors ; we shall have 

-_ /r jac+bd) (^ad+bc) jab+cd) -1 

This being proved, the area of the triangle ABC = ^ , that of the 

^iangle ADCs= -=— - ; hence the area of the qoadrikteral ABCD = 

* z 

i^ft{a+b+c—d)(a+b+d'^c)(^a+c+d—b)(b+c^d—a)J 
And if for the sake of brevity, we put p = ^ (a+b^c+d),we shall 
have thearea ABCD = jj (p ^^ a . p ^^b i p "^c . p '^d). In fine» to 
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IDS of the aafHw, B for eunple, ob«Te that the truui^ ABC 
»Ba» ? gJy"* * mbitibptetbflTalneof .>, «adbf n^io 

_ a» + 6«— ca_<f« „ ^, , 



tkn, jaa wiU hsTe cm B =: - 



„_ {c+ay — (,a—by _ 






In the quadrilaieral ABCDE, qfmhich the oppotUe angUt B and C are 
righi, the tteo tide* AB, AC tvUh their contained angle BAC bang 
given, to find the other two tide* and the diagonal AD. 



eAC=S,AB: 

they 
tnangle BAE, right-angled at B, waereia are known 



SuppoaeA 
BDitndA 



. and the angle BAC=:A 
produced till they meet in E, the 



the angle BAE and the Bide AB, will give AE = 

r : hence CE = 7 — 6. Then the triangle 

«w A CO* A ** 

DCE, right-angled at C, wherein are known the 
ade CE and the angle CDE = A, will give CD = 

CEcotA = : — 3 — r- In like manner we shall 




two required ndes of tbe quadrilateral. 

From thii win be found AD =: ^ (ACa + DC>) = ^ (b* + 



~b a» 



^')= 



V(&'-Hc«— a&ccoiA) 



X— I iss - ' - ' -  ' 1 — - - 111 - . Butfromthe fariangit 

'J nn A " 

BAC, we hare BC = V (&■ +c> — 2 he cm A.) Hence the dtagoiul 
ADj which joint the two oUique angles, i« to toe diagtrnol BC, ^idi 
jmni the two right angles, aa 1 is to ein A. 

Schdbim. The diagonal AD, i* alio the diameter of tlie drde ii 
which the quadrilateral ABCD would be inscribed. 

In this circle we should have tbe angle ABC = ADC ; hence drav- 
ing CF perpendicular to AB, the triangles BFC, ADC are dmilar, and 
give AD:BC:: AC;FC::1 :»in A; which agrees with the lemh 
obtajned Mx»'e. 



GfWM Hu thrm edgei of a paratieiepipeJott, wiik ike anglet mUck tk^ 
Jorm U^eUier, tajvnd the ididiljf of the paredleUjnpeJfm. 

Suppose the edges SA =:/, SB =a 
SC = A; and Uie incluaed angles 
ASB=:y,ASC = e,BSC=». If 
frmn the poiat C, a straight line CO 
be drawn at right angles to the plane 
ASB, the right-angled triangle CSO, 
will gire CO = CS sin CSO = 
AnnCSO. Likewiic theaur&ceofthe ' 
parallelogram ASBP z= fg sin r. ^ 
Hence, a we put S for the wtlidity 
of the parallelempedfln ST, we (hall 
have S =fgk m> « sin CSO. "^" ' 
haT« yet to find lin CSO. „ _ ,_ 

To effect this, from the point S as 
a centre, with a radioa = 1, describe a spherical mrface mectmg the 
■tnught lines SA, SB, SC, SO. in the points D, £, F, G; jou will 
hare a triangle DEF, in which the arc FG is perpendicular to 
ED, KDce the [dane CSO ia perpendicular to ASB. Now the triangle 
DEF, which has its three sides DE = r, DF = e, EF =. «, give* 




cnDEf *, DF = e, EF=»', gives cos E 



cosf - 



sin « sin r 



— j»/(l — cos"* — cos' t — Cl 



'r+2c 



^ 



KnE = 

Theo die right-angled triangle EFGgivesHu GF, or da CSO=Bin E 
dn EF ^UD r sin £. Hence S =:/gk sin > sin y sin E, or 

!k J (1 — cos*  — cos" e — cos''y+ S cos'cosCcoay). 
us expression, thequantity under the radical is the product of the 
:l(vi,sin'dar+C08C — cosucos y, and dn "sia'^ — cosf+coaa 

Thefi«t = C0Bfr-C08(«+y)=28ia^^ti+»:=i„ 1+r ' " 



S 



— C0B<=3 sin 



.-He — y  i±y 



: Hencs 



aieiecciiid=coe('> — y)- 
dw nqiurad loliditr 



Tke lame ihingi being given as in the last Problem, to find the exprei- 
Mon ^Ihe diagoned rvhkh joins two opposite vertices. 
Sui^oae the diagonal of the base SP = x, and the required diagonal 
" the triangle ASP, in which cog SAP = — cosy, will give 



ST 
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z^ =f^ + g^ + ^fgcoBy; likewise the triangle TSP, in which 
TPS= — C08 CSP, wm give «« =2« + A« + 2 A« co8 CSP. We 
BOW want only to find the cosine of the angle CSP^ or of the arc FH: 
and here, in the spherical triangle EFH, we have cos FH =cos £F 
COS EH + sin £F sin EH cos £ ; substituting the values £F=:« and 

-, cosC— cos«cosy . . _,„ •,„ , nn EH 

cosEs — z ; 2: weobtam cos FH=co6«cos£H + —. 

sm«suir smy 

.sin £H COS C sin (y — - EH), ooa « . 

A.EHc«.e+rinDHcoe. HeDceaibcQ.FH,oriifco«CSPs 

Sin y 

^ , . z sin EH , ^ , 2 sin DH « ^ . . 1 ^ • t «oi^ 

2 A COS C. — ; + 2 A cos «. — ; . But in the triangle BSP 

sin y sin y ^ 

, ^^ SP sin BSP ,^« SPrinBPS , . , . 
we have BP = "-jpggp-, andBS= ^^^p , whrii give. 

gjlg^=/ and ^ ^1° ^^ = g. Hence2A2CosCSP=2/A«» 
sin y "^ sm y ® "^ 

C -i- gkoMm. Hence, finally, the square of the required diagwial 

»« =/« + g* + A« + 2fg co8y+2/'AcosC + 2gAco6«. 

Car* The solid angle A, is formed by the edges^^ g, h, making with 
each other, two by two, the angles 200^ — y, 200<> .. c, « ; hence 
it is enough to change die signs of cos y and cos C in the expression 
of S£^, in order to have the expression of AM^. By doing the same 
ibr the other two diagonals, we shall have the values of their squares as 
follows : 

ST«=/« + g« + A«+ 2/gcosy+ 2/Aco8ff + 2gAcos« 
AM« =/« + g^ + A« — . 2/g cos y — 2/A cos C + 2gA coe« 
BN« =/« + g« + A« --2/gcosy + 2/A cos C _2gAcos» 

CP« =/« + g* + A* + 2/g cos y — 2/A cos C — 2 ]^i 0»« 

Hence we derive ST« + AM« + BN« + CP« =4/« + 4g« + h^ 

Hence, tit every parallelepipedon, ike sum of the squares qfihefiur 
diagonals, is equal to the sum of the squares^ the twelve edges* Tkm 
remarkable theorem is analogous to that concerning the i^ingimalr 
of a parallelogram (14. HI), and might be derived immediately. Aota it* 
For Dy means of the paraUelograms SCTP, ABMN, we have 

ST« + CP« = 2 SC« + 2 SP« 
AM« + BN« = 2 BM« + 2 AB«. 

Add these two equations together, observing that we haveSC= BM, 
and SP« + AB« = 2 SA« + 2 SB« ; there will result ST« + AM« 
+ BN« + CP« = 4 SA« + 4 SB« + 4 SC«. 
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PROBLEM VI. 

Owen the three edges ending at one vertex of a triangular pyramid, and 
the three angles which these edges Jbrm together, to find the solidity 
i^ the pyramid. 

Let SABC be the proposed triangular W T 

pyramid, in which are given the edges SA /* *****.. /l 

= ^ SB = ^, SC = *, and the contained / :« ^< L 

angles ASB^= y. ASC = C, BSC = «. / yf^' T'-p 

If on the edges SA, SB, SC, whidi are //7 \ / / 

given in magnitude and position, the paral- /y/ \ / / 

lelepipedon ST be described, the pvramid, ,^ / \ / / 

which is the third of the prism, wul be the B 

sixth of this parallelepipedon ST. Henc^ 

calling P the solidity of the pyramid, by 

Prob. IV. we shall have S A 

P = \fgh V(l-- COS«« C08«C— «y + 2coB«co8Coo6r)or 

PROBLEM VII. 

Given the six sides or edges of a triangular pyramid, tojind Us soUdiiy. 

Retaining the same denominatiom as in the fbn^ing Problem, and, 
forther, putting BC =f, CA = ^^^ BA = h', we shall have ooe r =: 

substituting these values in the formula already found, and fiur ihe sake 
ofabridgment, makingg* +A« — ^/'•=F,/« + A«-.g'«=:G, 

f9 +g« — A'«=H,we8hallhavBthe«olidityP = T?^V(*/*^"*" 
_/«F«— g«G«*— A«H« + FGH). 

In the application of these fbrmulas, it will be observed, that^^, g^ ¥, 
dcrignate the sides of one face or base, while^ g, h, designate the o^er 
three edges which end at the vertex, their ammgement being such, 
thaty*is opposite to^^ g^^> and hioh\ 

SchoUum. Let A be the sum of the four triangles composing the sur- 
bee of the pyramid ; let r be the radius of the inscribcMi sphere : it is 
easy to see uat P =r A x j( r ; for the pyramid may be conceived as di- 
vided into four others, having for their common vertea^ the centjre of the 
sphere, and for their bases the different foces of the pyramid. HenCe 

3 P 
we have the radius of the inscribed sphere r = -x-. 



PROBLEU VIII. 

Gwat the ume thitlgt at in Proii. 6., to ^nd the radiut ^ the tpAert 
dnunucribed ahoat the pyramitL 

Let M be the centre of the circle 
drciiniBcnbed about the triangle SAB ; 
MO the perpendicular drawn tfarou^b 
the point M to the plane SAB: in 
like manner, let N be the centre of the 
circle circumscribed about the triangle 
SAC ; NO the perpeudicuhr raised 
through the point N to the plane 
SAC. Thesetwo perpendicularB, lying 
in the same plane MDN perpendicular 
to SA, niuet intersect each other in a 
point O, which will be the centre of 
the circumecribed sphere ; for the point 
O, ns belonging to the perpendicular ^ 4 
MO, 19 equally distant from the three 
points S, B, A ; and this same point, 
as belonging to the perpendicular NO, 
ii equally dialant from the three points 
S, A, C: hence it is equally distant 
from the four points S, A, B, C. 

The point M in the plane SAB may be conceived as detenained by 
mean* of the quadrilateral SDMH, whoee two angles D and H are 
right, and in which we have SD = j/, SH = J ^, and ASB = t. 




Heoce (Prob. 3.) we shall have DM 



a like n 



ner we diall hare T)N :: 

Let us designate die angle MDN, which moBmre* the incUmtioo «f 
die two planet SAB, SAC> by D ; in the qiherical trisn^^ (tf iMA 
«« e, > are the ndes D will be the angle of^toaite the ude > ; and thw 

iiii-T-. Cd8"-^-CMy«»C , , ,-, ; 

we ihall hare D ±: 1 — —, — ;; : m> that the anine D aw.|» 

ain y sin C "  " 

rmtrded u known. 

This being granted, in the quadrilateral OMDN, in which the two 
ajigles M and N are right, the two sides MD, DN, and the coDtained 
angle MDN ^ D being known, we shall have (Proh. 3.) the square of 



the diagonal OD* = 



DM' + DN" — gPMxDNo 
Bin«D 



triangle OSD right-angled at D, we shall have SO" = CD* + SD«; 
whicn is the value of the square of the circumscribed iphere'B radius. 
If it i* reqiured to find the expression of the radius SO inunediatdj 
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tyjr meaat of the data in Prob. €., substitute tbe values of DM» DN» 
and next the values of cos D and of sin D ; the result will be 

r/«8in««+g«8in«C+A«siil«y--S/^(co8y--caBCcos«)^ 

SO=J Vi — 2/A(C08g — COS^COSy)— 2gA(C0S> — OOSyOQSg k 

t 1— *eos^ «^-— cos^S-^oos^ y+gcos«co6Ccos>r J 




NOTE VI. 

On the shortest distance between two straight lines not situated in the 
same plane. 

Let AB, CD be the two straight lines, 
not in the same plane, whose distance it 
is required to find. 

AK)ng AB, extend two planes perpen- 
dicular to each other, and meeting CD, 
tbe one in C, the other in D ; from the 
points C and D, draw CA an4 DB per- 

Sendicular to AB ; in the plane ABD, 
raw DE parallel and AE perpendicular 
to B A, thus forming the rectangle ABDE ; jg ^ 
in the plane CAE, join CE, and draw 
AI pwpendicular to C£ ; lastly^ in the plane CDE, draw IK parallel 
to DE till it meet CD in K, make AL = IK, and join KL: then, 
Jirst, the straight line KL will be at once perpendicular to the two 
given straight lines AB, CD; se^mdUf, this straight line KL will .be 
shorter than anv other that can join two points in the lines AB, CD, 
the Une KL> or its equal At, thus bping th<e shortest distance required. 

First. The three stra^ht lines AB^ AC, AE being pepbendicvikr to 
encfa other by- construction, one of them AB is perpendicular to the 
plane of the other two ; hence AB is perpendicular to AI : besidei 
kl is parallel to DE, and DE to AB, hence KI is parallel to AB; 
and since we made AL =: KI, the figure AIKL must be a rectangle. 
This being proved, the angle AIK is right as well as AIC ; hence the 
straight line AI is perpendicular to the plane KIC or CDE ; hence its 
parallel KL is perpendicular to the same plane CDE, and consequently 
perpendicular to CD. Hence, Jirst, the straight line KL is at once 
perpendicular to the two straight lines AB» CD. 

Secondly. Let M be any point in the straight line CD ; if through 
ttkh pdbfi, MIST is dralwn p^urallel to DE or AB, the distance of the 
jfijfifeit M' frdm the strktjg^ht line AB will be iequal to Al^, the angle 
BAN being right. Now we have AN p?^ AI ; hence AI is the shortest 
dbtaaoe df tlie given fines AB; CD; 

Put the perjpesidiculafB CA = a, and DB =: A£ ^b; we shall harve 
CE =: V(a ^+6 ^) ; ^^ Mttoe the area of the triangle ACE is »« 
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prated equally by JACxAE and by JCExAI, we thall have 

AI = ^^^^^ = J (a^^gy This latter w the exprewon for the 

8h(Hrte8t distance between the given lines. 

If at the same time we put AB = c, and give the name A to the 
angle included between the two given lines^ that is^ to the angle CD£ 
induded between the line CD and DE a parallel to AB^ the tri- 

DE 
angle CDE, right-angled at E^ will give us cos CDEs^g^ or 

CO* A=r ,, , .^^, . ,^ ; because we have CD«=CE« + ED«=fl«+ 

jj (a« + 6« + c«) 

6* +c*» From this also we might infer that sin A = ,/ q . iq , ax , 
and cot A =: 



V(«« + n' 



NOTE VII. 

On symmetrical Pdtfedrans* 

It was for the sake of simplicity that^ in Definition l6. VI., we sun- 
posed the plane to which the symmetrical polyedrons are referred to be 
the plane of a fistce : we might have supposea it to be any plane what- 
ever ; and the Definition in that case would have become more general 
without causing any change in the demonstration of Prop. %, by which 
the mutual relations of the two polyedrons were established. A very 
correct idea of the nature of those two solids may also be obtained, by 
considering the one of them as the image of the otoer formed in a plane 
mirror, which mirror will occupy the place of the plane we have just 
been describing. 



NOTE VIII. 

On PropasiHon 25. Book VII. 

This theorem, which Euler first proved, in the Memoirs of Peten^ 
burgh, anno 1758, presents several consequences worthy of being de» 
vdoped. 

First. Let a be the number of triangles, b the nunaber of quadiU 
laterals, c the number of pentagons, &c., composing the sur&oe of a 
polyedron; tiie total number of faces will be a+b+c+d+&e.; and 

5 
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the ^tal number of .their sides will be 3a+^b+5c+6d+&c. 
This latter number is twice that of the edges^ since the same edge be- 
longs at once to two &ces ; hence we shall have 

H=za+b+c+d+8cc. 

And unce^ by the theorem in question^ S4* H =: A+2, we obtain 

2 S = 4 4 a + 2 6 + 3 c + 4 1{ + &c. 

The first l^hing which strikes us in these values is, that the number of 
faces haying an odd number of sides is always even. 

For the sake of brevity, we may put *» = 6+2 c+3 rf+ &c. ; we 
shall then have 

A = fH + i-., 
S = 2+iH+i^ 

Thus in every polyedrbn, we have alwajrs Az^iH, and S :::^ 2 + J H, 
it being observed that the sign ::;?^does not exclude equality if we should 
ever have « = o. 

The number of all the plane angles in the polvedron is 2 A, that of 
ihe solid angles is S ; so that the mean number of plane angles which go 

2A 
to the formation of a solid angle is -^. 

This number cannot be less than S, because at least three plane 
angles are required to form a solid angle; hence we must have 
2 A :::^ 3 S, the sign z^ not excludiDg equality. If in place of A and 
S, we substitute their values in terms of H and •», we shall have 
SH+##::::^6+5H + |*', or3H::^12+*'. Bring back the values 
of H and « into terms of a, h, c, &c, we iliall have 

3 a+2 6+c ::^ 12+e+2/+3g+ &c. ; 

from which it . appears that a, b, c cannot all be nothing at once, and 
that consequently there exists no polyedron all whose faces have each 
more than five sides. 

Since we have H ::^ 4+ } *, by substituting the values of S and A, 
we get S i::::^ 44- 1«, and A j^ 6+ «. But at the same time, we have 
«.^3H — 12; and from it there result S.^2H»-4, and 
A^^SH — 6, where it must be recollected that the signs z:^ and ^^ 
do not exclude equality. These limits are observed in all polyedrons 
generally. 

Second. Suppose 2 A z^ 4 S, which is true of a multitude of polye- 
drons, and particularly of those which have all their solid angles formed 
by four planes or more ; we shall in this case have H :^ 84-«, or by 
substituting^ 

az^8+c+2d+Se+&c. 

Hence the solid must at least have eight triangular fi^es; the limit 
H7^B+i0 gives S:^6+w, and A :^ 12+2 •'•But we have, at 
Ae same time, atZ^ H — 8; and frcnn this there result S:^H — 2, 
and A::5^^H — 4. 

Third. Suppose 2 A ;:^ 5 S> which^ among other polyedrons, includes 
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all Bocb as bare each of tlieir solid angles formed bjr fire planes at least ; 
there will result from it H :^20+8 », or 

We shall at the same time have S :::?^ 12 + 2 *», and A^^SO-^-Sf; 
and, lastly, from • :^?^ J (H — 20), we diall deduce the limits 
S::^f (H — 2), and A:;^|(H — 2.) 

We cannot suppose 2 A = 6 S : because we have 2 A4-2 m+ 12=6 S 
generally ; hence there is no polyedron whidi has all its solid angles 
formed of six planes or more ; and accordingly, the least vahiej whidk 
each plane angle, one with another, could have, would be the ai^le 
of an equilateral triangle, and six of such angles make four light 
angles, which is too much for a solid angle. 

Fourth, Let us examine a polyedron whose faces are all triangular; 
we shall have • = o, which will give A = |H, and S = 2+^H. 
Suppose farther, that the solid angles of the polyedron are in part 
quintuple, in part sextuple ; let p be the number of quintuple solid 
angles, a of sextuple; we shall have S =p+g and 2 A = 5^+69, 
which give 6S — 2A = o: but we have besides A = |H, and 
S = 2 + J H ; hence p = o S — 2 A = 12. Hence if a polyedron has 
all its faces triangular, and if its solid angles are in part quintuple, in 
part sextuple, the number of quintuple solid angles wul always amount 
to 12. The sextuple may be in any number whatever : thus, leaving 
a undetermined, we shall have all those solid angles S=:12-f-9> 
H = 20 + 2 g, A = 30 + 3 g. 

We shall finish these applications by investigating the number of 
conditions or data necessary for determining any polyedron; an in- 
teresting question, which does not yet seem to have been resdved. 

Suppose, first, that the polyedron is ^ a determinate kind, in other 
words, that we Icnow the number of its fiures, the number of their sides 
individually, and their arrangement with r^ard to one another. Wt 
therefore know the numbers, H, S, A, and likewise a, h,e,d, te»; 
we only want farther to discover the actual number of given quantities^ 
lines or angles, by means of which the pdyedron may be constmcted 
and determined. 

Let us examine one of the polyedron's faces, which we shaB legwd 
as its base. Suppose 'fi to be the number of its sides ; thcFe wm be 
2 n -— 3 data required to determine this base. The solid angles oat of 
this base amount in number to S — n: the vertex of each solid angk 
requires three data for determining it ; hence the position ef S-— 11 
vertices will require 3 S — 3n; to which adding the ^n-^^S data of 
the base, we shall have in all SS — n — 3. But this number in 
general is too great ; it must be diminished by the number of ccmdi- 
tions necessary for making the vertices which correspond to the same 
face lie all in one plane. We have called the number of sides in 
the base n; let us in like manner call the number of sides in tfaei 
other faces n^, n", &c Three points determine a plane ; hence wbal-t. 
ever more than 3 are found in each of the numbers w', n", &c., will giFS 
just so many conditions for making the different vertices lie in the 
planes of the faces to which they belong ; and the total number of con- 
ditions will be equal to the sum («'— 3) + («"— - 3) + (n'"— S) + &c 

1 
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But de numfaer oS tanm ia tbis teriei u H — 1 ; aad, moreorer, 
m + n' -^ >^' + &C. =£A: bence the nim of the leriei will be 
2 A — n — S (H-wl). From Uua sum, taike away S S — n — S; 
there will icDuin SS — SA-j-sH — 6, aquantity, which by reason 
of S-|-H^ A+3, loay be reduced to A. Hence the number ^ data 
necessary Jbr detemUmng a poh/edron, among ail tkoK ^ im tame 
tpeciet, is equal to the number of its edgei, 

Obeerre, howerer, that the data here spokea of must not be taJcen 
at random amon^ the lines and angles which conititute the elements <£ 
the polyedriHi ; far although there were as many equationR as unknowD 
quantities, it might happen that certain relations between the known 
quantities might render the problem indeterminate Thus from the 
theorem just discurered, it might seem that a knowledge of the edges 
alone would be enough' for detOTmiDiog the poly edron ; yet there are 
cases Id which this knowledge of itself b not suffident If, for ex- 
ample, any prism not triangular were git'en, an infinite number of 
other prisms mig^t be formra. having edges equal and placed in the 
eanie manner. For, whenever the base has more than three sides, the 
angles may be changed though the same uidea are retained, and thus 
the base may have an infinite number of different forms; also the po- 
rition of the prism's longitudinal edge with regard to the plane of the 
base may be changed ; finally, these two changes may be combined with 
each other ; and from every new arraogement, a new prism will result 
still having its edges or sides unchanged. From all wnich, it is dear, 
that in this case the edges al<»ie are not enough for determining the solid. 

The data which it is proper to select for lu- 

delermining a solid, are tnoee which leave no 
indeterminateness, and give absolutely only one 
solution. And first, the base ABCDE will be 
determined by this among other modes ; by 
knowing the side AB with the adjacent 
angles BAG, ABC for the point C; the angles 
BAD, ABD for the prant D ; and so for all 
the rest Next, letM be apoint without the 
base whose position it is required to deter- c/ 
mine: thu point will be determined, if, y 
imagining the pyramid MABC or nmply the ^r 
plane MAB, we know the andes MAB, ABM, 
and the inclination of the plane MAB to the p 
base ABC' If by means of three analogous 

data, the position of each vertex lying without the base of the polyedron 
is determined, the polyedron, it is evident, will be absolutely determia- 
ed, and so that two polyedrona constructed with the same data must 
<4 necessity be equal ; or symmetrically equal, if conetnicted on different 
udes of the plane of the base. 

It is not always required to have three data for determining each 
vertex of a polyedron; for if the point M must be found in a plane 
already determined, whose intersection with the base is FG, it wdl be 
sufficient, after having assumed FG at will, if we know the angles 
MGF, MFC ; and thus one datum less will be enough. If the point 
M must be found in two planes already determined, or in their commoa 
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intenection MK^ which meets ABC in K^ we diall in thk case already 
know ^e nde AK^ the angle AKM^ and the indinatioB of the plane 
AKM to the base ; hence it will be enough to have for a new datum 
the angle MAK. By such means^ the number of data necessary for 
determining a polyedron absolutely and without any ambigiuty will 
always be reduced to A^ the number of its edges. 

The side AB and a number A — 1 of given angles determine a 
polyedron ; another side assumed at pleasure and the same angles de- 
termined a similar polyedron. Hence it follows that the number of 
conditions necessary Jar detemdmng the similarity of two pobfedrons he* 
longing to tJie same species is equal to the number ^ edges minus one- 

The question we have just resolved would be much simpler^ if, in- 
stead of knowing the species of the polyedron, we knew only S the 
number of its solid angles. In that case, determine three vertices at 
pleasure, by means of a triangle in which are three data ; this triangle 
will be regarded as the base of the solid ; then the number of vertices 
out of this base will be S — 3; and since the determination of each of 
them requires three data, the total number of data necessary for deter- 
mining the polyedron will evidently be 3 + 3 (S — 3), or 3 S — 6. 

Hence 3 S — 7 conditions will be necessary for determining the 
similarity of two polygons having the same number S of solid angles. 



NOTE IX. 
On the regular Pdyedrons. (See Appendix to Book VII.) 

In Prop. 2 of the Appendix referred to, we set about demonstrating 
the existence of the five regular polyedrons, that is to say, the possi- 
bility of arranging a certain number of equal planes, so that a solid, uni- 
form in all its extent, shall result. It appeared to us that, in other works, 
this arrangement was assiuned as existing, without any good reason being 
given ; or was demonstrated, as in Euclid, by figures too complex and 
difficult to comprehend. 

The problem of determining the inclination of two adjacent feces in 
a polyedron, and that of determining the radii of the inscribed and the 
circumscribed sphere, are in Problems 3. and 4. reduced to very simple 
constructions : it will not, however, be without use to apply the trigono- 
metrical calculus to these same Problems, and so to obtain some new 
propositions. 

Let a, 6, c he the three plane angles which 
form the solid angle O ; and let it be proposed 
to find the inclination of the planes in which 
the angles a and b are situated. From the centre 
O, describe the spherical triangle ABC; its three 
sides BC = a, AC = b, AB = c will be known : 
we are required to find the angle C included 
between the sides a and b. Now, by admitted 

r 1 1 /^ cos c — cos a cos 6 

formulas, we have cos C == : ; — ; • 

sm a sm b 
This formula^ when applied to the ^ve regular 
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sm 



pdyednHis, will shew us the inclination of two adjacent faces in each 
of these sdids. 

In the teiraedron, the three plane angles form- 
ing the solid angle S are angles of equilateral 
triangles : therefore^ put the semicircumference 
or the arc of 200° = «•; we shall have a = fr = A 

- ^ cos a — cos « a 
c = Jtr; hence cos C = ^j^ = 

cosa(l-cosa)^ cos a ^ butwealready 
1— co6*a l + cosa '' 

know that cos } «• = | ; hence cos C = }. 

In the hexaedrm or cuhe, the three plane angles 
forming the solid angle A are right angles : hence 
we have a = 6 = c = J*-, and cos a = o ; hence ^ _ 
cos C = 0. Hence the angle of two adjacent faces 
is right. 



In the octaedron, if we put a =2 
DAS=J«-,6=DAT=:J,r,c=TAS=: 




s 



t 111- /^ COSJ*- — COS^Ja- 

«•, we shall have cos C= -. — 5-^ • 

' sm » J,r 

But cos W = p^ cos J«r = J, sin Ja- = 
J ^ 3 ; hence cos C = — }. From 
which it appears, that the inclination of 
two faces m the octaedron, and the in« 
clination of two feces in the tetraedron, 
are two angles which are supplements of 
each other. 

In the dodecaedron, a solid angle is formed of three plane angles^ 
each equal to the angle of a regular pentagon; hence^ making 

cos o 
fl = 6 = c = f «• we shall have cos C = ,^^^ ^ ; hut cos f «* = — . 




l+cosa' 
in ^.=— ^; ^^^^^^ = TZrj5^ =-.75' "^ ^ = 



sin 



V5^ 



2 
V5' 



and tang. C = — 2. 

In the icosaedron, we 
must make c=C'B'D'= 
|a.,a = 6=C'B'A' = 
J** ; and we shall have jg[ 

*=°'^= sin" J* - 

i ~ 3 ' 

hence sin C=:|. 




Su<^ BK the rery flinple expreanoDi, by mttu of whidi the inclinataon 
of two facea in all the five ngaiar poIyedronB u determined. We flliall 
fuiher obearre, that they m^ht all baye been included under one 
Hogle formula. 

Tbas, let R be the numheF of rides in each fitcCf 
« the number of plane anf^es combined in each 
•(did angle; if from the -point O with a radius 
=1, a spherical Bur&ce be described to meet the ^ 
line OA, GC, OD in p, q, r, we shall have a 
spherical triangle pqr, m which are known the 

angle r, the angle p ^ — , and the angle 5 = - ; 

hence by admitted formulas, we shall have 

cw?r=^. Butc«9r;=cosCODz=ainCDO 

nn ^ C, C designating the angle CDE ; hence 




un}C = ; a generalfbrmulawbich,if applied M 



isively tothe 



fire polyedroni, will give the same values of cos C, or of 1 — ein' ^, 
a* were found above by another method. For this purpow, we must 
■ubtt!tut« the values of m and n in each particular ease, namely. 



The same spherical triangle wr, from which the inclination of two 
adjacent &ces has now been deduced, gires also cos ^ = cot p cot a. 

Of ^^=:cot . — cot-> Hence, if the radius of the ^heredrcum^ 

.fcribed about the polyedron is called R, the radius of the sphere 

inscribed in the same polyedron being called t, we shall haTe — = 

tang ^ tang -j also, making AB=a, we have CA= 4^, and con«e- 
rin - 

(juuitly R» =r" + -3 — . These two equations will give, for each 
sin"- 

polyedron, the values of R and r, the radii of the circumscribed and of 
the ips^ibed sphere. Likewise, supposing C known, we have r-=. 



iacot^ tangle, and R = Jo tang-^ tang-JC 



NOTE X. £61 

R 

la the dodecaedron and the icosaedron^ the ratio — lias evidendy the 

same value^ tang ^ tang^* Hence if R is the same for both^ r also 

will be the same ; in other words^ if these two solids are inscribed In, 
the same sphere^ they will also be circumscribed about the same sphere^ 
and vice versa. The same property subsists between the hexaedron 

and the octaedron. the value of — being: tansr ^ tanff -> ^or both; 

We' may observe^ that the r^^ular polyedr(»is are not the only 
solids contained by equal and regular polygons. If two regular tetra- 
edrons are adjusted to each other by a ccnnmon face^ a solid 
bounded by six equal and equilateral tnangles will result. Another 
solid might be formed with ten equal and, equilateral triangles; but 
the regular pglyedrens are Ike only ones which at the same time have 
their solidtingies eqijcd.' 



NOTE X. 

On the Area of the Spherical Triangle, 

Let 1 be the radius of the sphere^ * the semicircumfermice of a great 
circle; let a^ 6^ c be the three sides of a spherical triangle; A, B^ C 
the arcs of great circles which measure the opposite angles. Plit 
A+B + C — irrrS. According to what was proved in the text 
(Prop. 23. VI I*)^ the area of the spherical triangle is €qual to the arc 
S multiplied by the radius^ and consequently it is represented by S. 
Now, by Napier's analogies, we have, 

A+B ^ C a — h a+h 

tang-^— : cot~::cos-^: cos-|-; 

from which having found the value of tang \ (A+B), we shall easily 
deduce that of tang (j A+JB+JC) =s — cot |S : we shall tkus^have 

. , « cot Ja cot i^+cos C 

cot iS = ^ __^_-! 

* sm C 

a very simple formula, which will serve for calculating the area of a 
spherical triangle, when two sides a, 6, and the included angle C, are 
known. Some remarkable consequences may also be deduced from it 

First. If the angle C is constant, and likewisd the product cot - 
cot -, the area <^ the spherical triangle represented by S will also be 
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constant. Hence two triangles CAB, CDE, which have an equal angle 

C, will be equivalent^ if they have ^ 

tang i CA : tang i CD : : tang i CE : tang J CB, 
in other words, if the tangents of the half-sides 
containing the equal angles are reciprocally pro- ^. 
portional. 

Second. On the given side CD, and with the same j, 
angle C, to make a triangle CDE equivalent to the 
given triangle CAB, we must determine CE by the 
proportion 

tang JCE : tang JCA : : tang JCB : tang JCE. 

Third. With the angle C at the vertex, to make an isosceles triangle 
DCE equivalent to the given triangle CAB, we must take tang }CD, 
or tang JCE, a mean proportional between tang JCA and tang }CB. 

T7 _^» mi- i? 1 X 10 cot Jflcot I ft+cosC .,, - 

Fourth. The same formula cot JS = — . *^ will af- 

* sin C 

ford a very simple demonstration of Prop. 20. Book VII., where it is 
proved that of all the spherical triangles formed with two given sides 
a and b, the greatest is the one in which the angle C, induded be- 
tween the given sides, is equal to the sum of the other two angles A 
and B. 

With the radius OZ = 1, 
describe the semicircumference 
VMZ ; make the arc ZX=C ; 
and on the other side of the 
centre, take OP = cot J a 
cot lb; lastly join PX, and 
draw XY perpendicular to 
PZ. 

In the right-angled triangle P X Y, we have cot P = ^ - 

cot la cot lb + cos C , _ 

^^-Q ; hence P =. JS ; hence the surface S will be a 

maximum, when the angle P is one. Now it is evident that if PM is 
drawn to touch the circumference, the angle MPO will be the maxvimm 
of the angles P ; in which case, we shaU have MPO = MOZ — I*. 
Hence the spherical triangle with two given sides, will be a maximum, 
if we have JS = C — J*-, or C = A + B ; which agrees with the Pro- 
position referred to. 

From this construction, it is also plain that no maximum could exist, 
if the point P were within the circle, that is, if we had cot Ja cot J^-^1 ; 
a condition from which we successively deduce cot la .^s::! tang J b, 
tmg (W — la) ^ tang }6, J* — Ja -^ lb, and finally sr^^a + b; 
which also agrees with the SqhoUum of the same Proposition. 
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Problem i. To Jlnd the surface of a spherical triangle hy means of 
its three sides. 

To effect this, in the formula 

^ g^cotiocoyj + cosC 
^ sin C 

we must substitute the values of sin C and cos C expressed in terms of 

;»-iCOS a 

sin a sin b 



, XT t rt COSC — COSflCOSft , ^> ^,, 

a, by c. Now we have cos C = ; r-r and cot \a cot JJ= 



l + cosa l+cos6. , 

— ; • — L — -^ — ; hence results 

8in a sm 6 

cos C + cot 4« cot ^ft^ 1 + COB f + CQg 6 + 008 c^ 

* * sin a sin b 

Next, the value of cos C gives 

, , ,. 2 sm —  sm — ---• 

, , ^ cose — co8(a+6) 2 2 

1 + cos C = ; j-^^r-i — ^=: — 



sin a sin 6 sin a sin b 

_ . a+c — b . 6+c — a 

2sm sm —i-- 

^ cos (g — 6) — cos c _ 2 2 

1 — ■— cos \^ — M •  y — • . . y • 

sm a sm 6 sm a sm 6 

Multiply these two quantities together, and extract the root of the pro- 
duct ; we shall have 

Vf , a+6+c . fl+5 — c . a+c — b , b+c — a\ 
I gin gin — L_- sm _ gm — l__ l 

V 2 2 2 2 / 

sin C =  ' ' ! — y '^ ■■'  ■» 

Hence, finally, 

^ 1+C08 g+cos 6+ cos c 

^ V''' 2 ®''' "^ '''' — 2 ""^ 2 j 

This formula resolves the proposed Problem ; but a more simple result 
may be obtained. 

For this purpose, let us resume the formula, 

^ 1 o cot I a cot J 6 + cos C 

cot J S = -—2 .^ ^ ^, 

* sm C 

we first deduce from it 1 + cot * J S or 

1 cot ^ I g cot » ^ 6 + 2 cot ^ g cot ^ 6 cos C + 1 

sin « i S " im"^C * ^^"^^ 

cos C - COS g COS o 

the value of cos C gives 2 cot J g cot } 6 cos C = _~^,_j-— ^. 
In the numerator, instead of cos c, cos g, cos fr, insert their values, 1 — 
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28iii«Jc, 1 — 28in«ia, 1— 28m«j6; by reduction, we shall have 

sin « J fl + sin « J 6 — an « J c 
** » sm * J a sin * J o 

« ., , o,r 1 — 8in« Ja 1 — sin^lft 

Besides, we have cot « J a. cot ^i&= sin^j^a ' 8ia«^6 ~ 

^"^■^V,^^r;^.°r''^^ + 1- Hence, substituting these values, we shaU 
sin « J a sm » J 6 ^ ^ 

, 1 l^sin^Jc v-i.-'to 

^av« « a, c. = -t— ri . a 1 1 > a r ^ which gives sm J S = 

sm « J S sin « J a Bin « J 6 Bin * C 

sin i a sin 4 6 sin C , . ^t. i r • /^ i. 

— f- ; and resuming the value of sin C, we have 

,/. a + b + c. a+b — c. a + c — b . 6 + c— fl\ 

. ,« ^r°^v^^'°-^ v-"''—i — '^ — I— ) 

nnJS= --2 = r-7 = ' 

2co8 I a cos } o 006 ^ c 

A formula convenient for logarithmic calculations. 

Multiply it by the value of cot J S ; there will result 

- ^ l+COBg + C08 6+C08C_ COS^|a'+C08^ |6 + C06^ JC'^I 

^ *" 4cos}acos^6co8}c 2 cos J a cos J 6 cos J c 

A new formula, which has the advantage of being composed of rational 
terms. 

From this we deduce ferther *T ^ J — or 

sm J S 

, « __ 1 — (»s^}a — co8g ^b — co8^^c + 2cos}aco6^5co8^c 
° * "" , / . a+b+c . a+b — c . a+c — b . b+c — a\' 

But the numerator of this expression may be put under the form 

(1 — cos « J a) (1 — cos 2 ^ 6) — (cos ^ a cos ^ 6 — cos | c) *> 

which may be decomposed (as in Prob. 4. Note V.) into two ^su^tors, 

namely^ 

sin^ a sin^ b+cos^ a cos^& •— -cos^ c and sin^ asin^ b — - cos^ a cos^b 

-f- cos ^ c ; these are ultimately reducible, the first to cos (^ a — - ^ 6) 

1 « • a+c—b . b+c — a , , , , 

— cos ^ c = 2 sm — 2 — • ^^ —^"7 — * *"® second to cob ^ c — 

tP tP 

cos (i o + i i) = 2 sin ^^±|±^ sin ^±1=:?. Hence 



. . a+b+c . a+b — c . a+c-r-^ . b+e — a 
4 sm r-^ sm — sm — i— sin — ^ 

. 1 o * 4 4 4 

tang i S = 



(. a+b + c . a + b—^ . a+c— ^ . b+c — a\ 

Butwehaye^=v(2^if|^|S^) = V(itangip);hence 
finally 
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taDgiS = V\^taflg ^^^ taDg ^^ tang-^-i^ — tang-:?-— J. 
For this very elegant formulai we are indebted to SiiAon Lhuillier. 

Problem ii. Given the three sides BC == a^ AC =: b^ AB =ic,to deters 
mine the position of the point I, the pole of the circle dtecribed ahoui 
the triangle ABC. 

Put the angle ACI == x, tlie arc AJ = CI' 
= BI = ^; in the triangles CAI, CBI, by 
admitted formu]as> we shall have 

cos ^ — cos6co8^ 1 — cos ^ ^ 

co8j: = ^ — ^. — =— ; i=: ; — = cot ^ 

sin 6 sm ^ sm 6 

sin 6 ^^ ,^ \ ] — cosrt ^ ^ 

= ,— ; 7<5ot ^, cos (C — a?) = — -, cot^ 

l + cos6 ' sina ^ ^^„ 

Hence ^^^ ^^ or cos C+sinC tang ar=>-^tl?; — ^ . , ^; substi- 

cos X ^ sm a sin 6 

tuting in this equation the values of cos C and sin C espressed in terms 
of a^ b, c, and makings for the sake of abridg^nent^ 

M = a/(1— co8*a — cos«6 — co»^ c + 2 cos a cos 6 cos c)v we 

fihaU deduce from it tang x =: — ^ — ^jl — '- ; a fonhula 

which determines the angle ACI. It may be observed^ that by reason 
of the isosceles triangles ACI, ABI,BCI, we have ACI =i(C+A~B) ; 
we might also have ACI == i (B + C — A), and BAI ::;;: i (A + B--C). 
Hence result these remarkable formulas : 

* 1 /'A I r- D\ l+cos6 — coB fl — c ose 
tangi(A+C — B)= ^f: 

WT> i r« AN 1 + cosa — cosft — cose 
tang i (B+C — A) = ^ ^ 

1 /A 1 u n\ 1+cos c — <;os a — cos 6 
tang i (A+B — C) = -i —^ • 

To these noay be added the formula whidi gives cot ^ S, and admits of 
being put under the form, 

1 / A I u I r<N — co s g — cos 6 — cos c 
tangi (A+B+C) = jj . 

The value of tang x just found, gives 

* 1 2 (1 + cos 6) (1 •— cos c) (1 — cos a) 

1 + tang 2 ar or r— = — ^ tt-^ ^-^ ^ 

' ° cos * a: M ** 



_ 16 cos <» ^ 6 sin « ^ c sin g ^a ^ , ^ 



M^ 



1 4 cos i 6 sm 4 c sm A « « x r .i. 

= * ^ *- . But from the equation 

cos Of M 
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COB X = — I — 7 — cot f = tang ^ 5 cot f, we get tang f 
sin o 

, 4 gin 4 a sin 4 6 gin A c 
hence tang f = ^^^ 2_ 

2sin^agin^5sin|c 



tang^6 

0U6 X 



(. 



Vfnn 



fl+&+c . ,a+b — c . fl+c — 6 . &+C — a 

nn - sin _^^^^^_^_^.^ crti 



Sin 



sin 



sm 



'■) 




Problem hi. On the surface qf the sphere, to determine the line, in 
fohkh are situated the vertices ofaU the triangles, having the same base, 
and the same surface. 

Let ABC be one of tbe spberical 
triangles^ whose common base is AB 
= C, and given surface A+ B+ C — 
«> == S. Let IPK be an indefinite per- 
pendicular drawn from the middle of 
AB^ then IP being taken equal to a 
quadrant^ P will be the pole of the arc 
AB, and the arc PCD drawn througb 
the points P^ C will be perpendicular 
to AB. Put ID =:p, CD =g; the 
right-angled triangles ACD^ BCD^ in 
whidi we have AC=6, BC=a, AD=: 
p+i c, BD z= |i — . J e, will give 
cosa = cosgco6(|i — Jc), cos^=: 
cc»qcxM(p+lc). But we found above A- 

^ 1 +cosa + cos5 + cosc 
cot J S = ; -. — J—. — '- : 

* sin a sm 6 sin C 

substitute in this formula the values cosa+co66 = 2co89C08j>co6}c, 
1 — cosc = 2cQ82 Jc,sin6 8inC = 8in csinB =2 8in Jc coscsinB; 
we shall have 

cot J S — ^i^+<^PCO»(f 
sin a sin ^ c sin B 

Moreover, in the right-angled triangle BCD, we have sin a sin B =^ 

1 i. 1 o COS J c + cos p cos a 
Bin q; hence cot J S =i sialcsm ' or cos p cos g = cot J S 

sin I c sin g — cos ^ c. 

This is the relation between p and q, which must determine the line 
whereon are situated, all the points C. 

Having produced IP by a quantity PK = x, job KC, and put KG 
= v; in the triangle PKC, which has PC = J •- — g, and the angle 
KPC = ir —p, the side KC will be found by the formula cob KC ±; 
cos KPC sip PK sin PC + cos PK cos PC, or 

cos ^ = sin g cos or — Bin it cos ^ cos p ; 
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in whicb^ by substitutiDg^ in place of cos 9 cos p, its value cot ^ S sin ^ c 
sin q -.cos ^ c, we shall have cos ^ = sin or cos t^ -f- sin ^ (cos a;«— 
sin or cot ^ S sin i c). Whence it appears that taking cos or— sin a; cot ^ 
S sin J c := o/or cot a; = cot } S sin § c^ we shall have cos ^ = sin or 
cos ^ c^ and thus the value of y will become constant. 

Hence^ if after drawing the arc IP at right angles to the middle of 
the base AB^ the part PK beyond the pole is taken^ so that cot PK = 
cot I S sin ^ c, the vertices of all the triangles having the same base c, 
and the same surface S^ will be situated on the little circle described 
from the point K as a pole> at a distance KQ such that cos KC = 
sin PK cos ^ e. 

For this beautiful theorem we are indebted to Lexell. (See Vol. V. 
Part I. of the Nova Acta PetropdUana.) 



s: 



NOTE XI. 

On TraposHion S, Book VII. 

This Proposition may be more rigidly demonstrated by referring it to 
the Preliminary Lemmas in the following manner. 

We shall first shew that the convex suHace ter- 
minated by the edges AF^ BG^ and by the arcs 
Au^yY X G, cannot be less than the rectangle 
ABGF^ the corresponding part of the inscribed 
prism's surface. 

Let S be the surface in question ; and^ if pos-^ 
sible^ suppose the rectangle AB x AF =: S -f- M^ 
M being a positive quantity. 

Produce AF^ the altitude of the prism and 
the cylinder, to a distance AF', equal to n times 
AF, n being any whole number : if the prism 
and the cylinder are at the same time produced, 
the convex surface S', included between the edges 
AF', BC, will evidently contain n times the sur- 
face F' S ; so that we shall have S' = n S ; and 
because n x AF = AF', we shall have ABxAF=«S + nM = S'-f 
n M. Now n being any whole number taken at will, and M a given 
surface, n may be assumed, so that n M shall be greater than twice the 

segment A 2^ B, since for this purpose it is enough to make n: 




M 



hence in that cas^ the rectangle AB x AF', or the plane sur&ce 
ABG'F' must be greater than the enveloping surface, composed of the 
convex surface S', and of two equal circular segments A 9^ JB, F' a:' G'« 
But, on the contrary, the latter surface is greater than the former, by 
the first Preliminary Lemma ; hence in the first place, we cannot have 
S^ABGF. 

We shall shew, in the second place, that the same convex surface S 
cannot be equal to that of the rectangle ABGF. For, if posdble, sup- 
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pose that by taking AE =: AB, tbe convex mrface AMK o(m\A be 
equal to the rectangle AFK£ : through any pmnt M in tbe arc AME, 
draw the chords AM^ ME^ and erect MN perpendicular to the plane 
of the base. The three rectangles AMNF, MEKN, AEKF, having 
the same altitude, are to eaeh other adHbeir bases AM, ME, AB. Now 
we have AM + ME :p^ AE ; hence tbe sum of the rectangles AMNF, 
MEKN is greater than the rectangle AFKE. The latter is, by hy- 
pothesis, equivalent to the convex surface AMK, composed of the two 
partial surfaces AN, MK. Hence the sum of the rectangles AMNF, 
MEKN is greater than the sum of the corresponding convex surfaces 
AN, MK. Hence one at least of the rectangles AMNF, MEKN must 
be greater than the corresponding convex surface ; a consequence at 
variance with the first part demonstrated above. Hence, in the second 
place, the convex surface S cannot be equal to that of the correspondhig 
rectangle ABGF. 

It follows that we have S 7:^ ABGF, in other words, that the con- 
vex surface of the cylinder is greater than that of any inscribed prism. 

By the very same mode of reasoning, we could prove the convex sur- 
fiice of the cylinder to be less than tlui of any; circumscribed prism. 



 



NOTE XII. 

Oh the Equtdihf and the SimilarUy qfPolgedrons^ 

At the beginning of Eudidls Twelfth Bo(^, we find definitions 9 and 
10 concaved in these terms : 

9> TVvo solids are signUar, when they are bounded iy the same num^ 
her of planes similar each to each. 

10. Two solids are equal ^nd similar^ when . they ore hotmded by the 
same number of planes equal and similar each to each. 

As the object of these definitions is one of the most diflScult points in 
the Elanents of Geometry, we shall examine it somewhat in detail, d»- 
cussing at the same time the observations which Robert SirasoU' has of- 
fered with regfffd to it, in Ins edition of Euclid^ p. 39S et sea. 

In the first place^ we may remark with Simson, that definition 10 is 
not properly a definition, but in truth a theorem which needs to be de- 
monstrated ; for it is not evident, that two solids are equal from the 
cireumstance alone that their faces are equal ; and if this proposition is 
really correct, it ought to have been proved either by superposition, or 
in some other way. It afterwards appears, that Def. 9 is infected with 
the error of Def. 10. For if Def. 10 is not demonstrated, it is possible 
to imagine that two unequal and dissimilar solids having equal faces 
might exist ; and in that case, by Def. 9> ^ third solid having its faces 
similar to those of the first two might be similar to each of them, and 
would thus be similar to two bodies of different forms ; a conclusion 
which implies a contradiction, or at least does not agree with the mean- 
ing, naturally attached to the word similar. 

2 
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Sereral PropoBitpoBS of Books XI. and XII. in Euclid are foaaded oa 
Definitions 9.aDd 10; among others^ Prop. 28. XL, upon which depends 
thejueasurement of prisms and pyramids.^ Jt appears, therefore^ that 
{Euclid's Elements are liable to the objection of containing a consider* 
able number of propositions which are not rigorously demonstrated. 
There is one circumstance^ howeyer, tending to weaken this objection, 
which must not. be omiUsd. 

The figures whose equality or similarity Euclid demonstrates, by 
jsoeans of Definitions 9 and 10, are such, that their solid angles do not 
combine more than three plane angles ; and, if two solid angles are 
composed of three, plane, angles equal each to ^eh, it is^prored with suf- 
ficient clearness, in yarious parts of Euclid, that those solid angles are 
equal. On the other hand, if two polyedrons have their faces equal or 
similar each to. each, the homologous solid angles will be composed of 
the same number of plane angles equal each to each. So long, there- 
fore, as no more than three so&d plane .angles are joined in each solid 
angle, the homologous solid angles will evidently be equal. But, if the 
homologous faces are equal, and also the homologous solid angles, there 
can be no longer any doubt that the solids are equal ; for they will 
coincide if applied to each other, or at least be symmetrical. The 
enunciation of Def. 9 and 10 appears therefore to be true and admis- 
aible, at least in the case of triple solid angles, the only case which 
•Euclid attends to, and henpe. the reproach of inaccuracy directed against 
tbds author or his copMn^ntatcurs,. loses much of its weight, applying only 
to the want of some e^fplans^ons and restrictions which he hais not 
. given. 

We have still to ex9^ine if the enunciation of Def. 10, which is true 
ID the case of triple solU. angles, is true in general. Robert Simson 
maintains that it is. not, aiid that two unequal solid angles may be 
formed, both of which sjball be bounded by the same number of faces 
equal, each to each. Ia support of this ass^ion, he brings forward an 
example, whidi may be generajissed as follows. 

If to anypoly^droUiWeadd a pyramid, giving it one of the polye- 
dron's faces for, a base ; if afterwards in place of adding, we cut off such 
a pyramid, by forming in the polyedron a cavity equal to it, we shall 
thus obtain two new solids, both having their faces, equal each to esLC^, 
yet themselves unequal. 

There can be no doubt as to the inequality of the solids so construct- 
ed ; but we may observe, that one of those solids contains re-entrant 
angles; and it is more than probable that Euclid meant to exclude all 
irregular bodies which have cavities or re-entrant angles, limiting him- 
self to convex polyedrons. Admitting such a restriction, without which, 
moreover, various other propositions would not be true, the example 
adduced by Simson, concludes nothing against the d^nition or theorem 
pf Euclid. 

But however this may be, it results from aU those observations that 
jEuclid's 10th and 9th Definitions cannot be retained in their present 
form. Robert Simson cancels the definition of equal solids, which ought 
certainly to have its place among the theorems ; and he defines simUar 
solids as those which, being included under the same number of similar 
planes, have their solid angles equal each to each. This definition is 
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no doubt true ; but it has the iooonvenienoe of contaioing lereral su- 
perfluous conditions. If the condition of the solid angles being equal 
were suppressed, we should again fall into the statement of £udk[, 
which is defective^ because it presupposes the demonstration of a theorem 
concerning eaual polyedrons. To avoid all embarrassment, we thought 
it best to divide the definition of similar triangular pyramids into two 
parts : first, we gave the definition of similar triangular pyramids, then 
we defined simiUir scUds as those which have similar bases, and whose 
homologous vertices out of those bases are determined by triangular 
pyramids, similar each to each. 

This definition requires two conditions for the bases, suppoebg them 
to be triangular ; and three conditions for each vertex out of the base ; 
so that« if S represent the number of solid angles in each of the two 
polyedrons, the similarity of these polyedrons wUl require 2-f-3 (S-^-3) 
eqiial angles on both sides, or 3 S — - 7 conditions ; and no one of these 
conditions is superfluous or contained in the others. For, in this defi- 
nition, we regard two polyedrons as having simply the same niunber of 
vertices or solid angles ; in which case, all the 3 S •— 7 conditions with- 
out one exception are required to make the two solids similar: but if 
we suppose them before-hand to h^ of the same species, in other words, 
to have the same number of faces, these faces compared with each other 
having also the same number of sides ; then such a suppontion, in the 
case where some faces have more than three sides, woiud include some 
conditions, and these would diminish the number 3 S — - 7 to the same 
extent ; so that in place of 3 S — 7 conditions, we should then require 
only A — 1 ; (upon which see Note VIII). We now perceive what gives 
rise to the difficulty of settling a good definition of similar solids; it is 
that they may either be regarded as being of the same species, or only 
as having an equal number of solid angles. In the latter case, the 
whole difficulty vanishes; the 3 S — 7 conditions implied in the de- 
finition must all be fulfilled before the solids can be similar ; and from 
their similarity we conclude, a fortiori, that they are of the same species. 
As our definition was perfectly complete, we have deduced Simson's 
from it as a theorem. 

It appears then, that in the Elements we might altogether omit the 
theorem concerning the equality of polyedrons ; but as this is interest- 
ing of itself, the reader will not be displeased to find a demonstration of 
it here, and thus to have the theory of polyedrons complete in all re- 
spects.* 

The question is, to know whether by varying the inclinations of the 
planes which compose the surface of a given convex polyedron, a second 
convex polyedron may be formed that shall be included under the same 
polygonal planes combined with each other in the same order. 

We msLj observe, in the first place, that if there be a second polye* 
dron satisfying the conditions of the problem, it cannot be the pdyedroa 



* Tlie demonstration here given, with the exception of some developements, is the 
same as that which M. Cauchy lately communicated to the Institute. He has foooded 
it on some ideas, which had been proposed for Uie same purpose, in the first edition of 
these Elements, page 327 et seq. 
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which is symmetrical to the given one, because in these two polyedrons 
the equal polyedrons are combined in an inverse order about tne cor- 
respouding solid angles. Hence the consideration of symmetrical 
polyedrons must be entirely kept out of view in the object we are en- 
gaged with. 

We may observe, in the second place, that if the given polyedron 
contains one or more triple solid angles, these angles are in their nature 
invariable, the knowledge of three plane angles being sufficient to de- 
termine the mutual inclination of their planes when joined into a solid 
angle. In the proposed solid, we are therefore at liberty to suppress 
all triangular pyramids which form the triple solid angles ; * and if 
the new polyedron resulting from this suppression has still any triple 
solid angles, they two may be suppressed, and so on till we arrive at a 
polyedron every one of whose solid angles combines not less than four 
plane angles. In fact, if the proposed solid may alter its figure by 
any change in the inclinations of its planes, this alteration cannot take 
place in the triangular pyramids which are cut off; it nyist be wholly 
confined to the polyedron what remains after the suppression of all the 
triangular pyramios. In what follows, therefore, we shall only con- 
template such polyedrons as have solid angles uniting at least four plane 
angles in each. 

This being fixed, let S (see the next figure) be any solid angle in the 
polyedron ; and from the vertex S as a centre, let a spherical surface 
be described whose intersections with the planes of the solid angle may 
form the spherical polygon ABCDEF. The sides of this polygon, AB, 
BC, &c. serve as measures to the plane angles ASB, BSC, &c, and are 
consequently invariable : as for the angles A, B, C, &c. of the polygon, 
each of them measures the inclination of two adjacent planes in the solid 
angle ; thus the angle B measures the inclination of the planes ASB, 
BSC, which inclination, for the sake of brevity, we shall style the in* 
clination to the edge SB ; in like manner, the angle C measures the in- 
clination to the edge SC ; and so on. 

We shall now be able to judge respecting the changes of figure in 
each solid angle S, by the changes of the spherical polygon ABCDEF, 
whose sides are constant, and whose angles may vary in any way pro- 
vided the polygon do not cease to be convex. Now, in such polygons, 
the signs of variations in the angles present some remarkable laws^ 
which we shall explain in the following Lemmas. 



LEMMA I* 

AU the sides of a spherical polygon AB, BC, CD, DE, mith the er- 
ception of one AF, being given, if any one of the angles B, C, D, E, 
opposite the side AF, he made to vary, all the rest remaining constant, 
then will the side AF augment as the angle augments, atid diminish as 



* If the same edge were common to two triple golid angles, we could only, in the 
first operation, suppress one of these angles. 
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ii diminishes. In all cases the polygon is supposed to he convex both 
before and after its change of ^figure. 

Suppose^ firsts that the angle B is made to 
vary, the other three C, D, E remainiDg con- 
stant; if BF is joined, the figure BCDEF wiU 
undergo no change, and BF will be constant. 
Hence we shall have a spherical triangle ABF, 
whose sides AB, BF are constant, while its angle 
ABF varies by the same quantity as the angle 
ABC of the polygon, since the ^art FBC re- 
mains constant. Now, by properties which are 
admitted,* we know that the side AF will in- 
crease if the angle ABF increases, and diminish 
if the angle ABF diminishes. 

Ne|:t, suppose the angle C varies, the other three B, D^ E bdng 
constant ; if the diagonals AC, FC are drawn, these diagonals will 
evidently remain constant, and likewise the angles ACB, FCD : hence 
we shall again have a spherical triangle ACF, whose sides AC, CF 
are constant, while its angle ACF varies by the same quantity as the 
angle C of the polygon ; whence we shall, in like manner, infer that the 
side AF will augment if the angle C augments, and diminish if that 
angle diminishes. 

The same reasoning would evidently apply to the variation of either of 
the angles D and E ; it would likewise evidently hold good for any other 
spherical polygon having more than three sides. Hence, in all case^ 
our conclusion will agree with the enunciation of the Proposition, still 
however supposing, that before as well as after its change of fi^;ure, the 
polygon is convex. This restriction is necessary ; for if the angle Ep 
for example, should diminish till the point F fell on the diagonal AE^ 
then AF would be a minimum ; and if reckoning from this point, the 
angle E continued to diminish, the side AF would evidently augment 
instead of diminishing ; but in this latter case, the angle AF£ would 
become re-entrant, and the polygon would cease to be convex. 

Cor. The same things being admitted, if several of the angles qipo- 
»te the undetermined side AF augment, and none of them diminish, 
the side AF will of necessity augment by means of all the joint varia* 
tions. The contrary effect will take place, if several of the angles 
opposite the side AF diminish and none of them augment. 

For, if by reason of the simultaneous increase or diminution, the 
angles A, B, C, &c., of the polygon are to be changed into A', B', C, 
&c., we may pass successively from the proposed polygon to that which 
contains onlj one varied angle A' ; from this latter, to the polygon 
which contams only two varied angles A' and B' ; and so on. Now, 
in each of these transitions, the application of the Theorem above de- 
monstrated is manifest, and always leads to the same conclusion. 



* This proposition is demonstreted in the same manner as Prop. 10. Book I. for recti- 
lineal triangles. 
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LEMMA 11. 

Given a spherical potygm having more than three sides, and all qfthem 
constant, if the angles are made to vaty in any way, so the polygon 
do not cease to be convex ; if, farther, the sign + is put at the vertex 
of each angle that augments, the sign — « at the vertex of each angle 
that diminishes, no sign whatever being put at the angles that remain 
constant ; then I assert that, in going quite round the polygon, we 
shall find at hast four changes qf sign from one vertex to the next 
vertex. 

First, If n is the number of angles in the polygon^ there cannot be 
n — 2 consecutive angles^ all of which increase at once^ or of which 
some increase and the others remain constant ; for if either of these 
results took place^ it would follow by the Corollary of the preceding 
Lemma> that the side of the polygon, lying opposite to those n — - 2 
angles^ would increase ; which contradicts the hypothesis that all the 
sides are constant. For a like reason, there cannot be n — - 2 conse- 
cutive angles, all of which diminish at once, or of which some diminish, 
the others remaining constant. Hence, in the series of n-— 9 conse* 
cutive angles, there must occur at least one change of sign ; and afoT'm 
iiori, must this change be observed in the series of n consecutive angles, 
in going quite round the polygon. 

Secondly, The wiriations in the angles of the polygon cannot be such 
as to offer only one series of + signs, and one series of •— signs, thus 
offering only two changes of sign in the whole circuit of the polygon. 

For, let A, B, C be the three angles marked with Jg ^ 

the sign + , and D, E, F, G the angles, marked / ^"""^s^ 
with the sign — ; an hypothesis which includes ^/ \ 

^l such as refer to a less number of signs in each (' --^A^ 

series, when some of the angles are invariable. \ ^/^ 

If the figure represents the initial state of the .^^v X 

polygon, the diagonal GD must increase when •^^-— -^^ 

the three angles A, B, C, or only some of them ^ 

increase; but the same diagonal GD, as belonging to the polygon 
GF£D, of which the other sides are constant, must diminish along 
with the angles F and £, or at least remain constant, if of the four 
angles D, E, F, G, there be only D and G, or merely one of them which 
diminishes : hence the hypothesis in question cannot be correct ; hence 
^e variation of the angles cannot be such as to offer only two series, 
one of signs -f-^ another of signs •— . 

Thirdly • It is farther impossible that in going round the polygon 
we should not find three alternate series of signs +, and of signs — ; 
for on this hypothesis the first and the third series would be of the 
same sign, and following each other immediately, would form only a 
single series ; from which it appears, that in going round the polygon 
there would in reality be only two series, the one of signs +, the other 
of signs — * ; which we have already shewn to be impossible. 

Hence, finally, the changes of sign to be found in going quite round 
the polygon will at least amount to four. 



^: 
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Cor. What wc have just proved with regard to Bpherical polygons 
is immediately applicable to the solid angles^ of which these polygons are 
the measure. Thus in a convex solid, an angle being given which unites 
more than three plane angles, if the incUnatums to the edges are made to 
vary in any way, provided the solid angle do not cease to be convex ; if 
farther the sign -f- or the sign — is put on each edge according as the 
inclination to it augments or diminishes, no sign whatever being marked 
upon the edges whereof the inclination continues constant, I assert that 
in going quite round the solid angle, we shall Jlnd at least four changes 
of sign from one edge to the next. 

By means of this Proposition, and of Euler's theorem concerning 
polyedrons (Prop. 25. VII.) we are now in a condition to demonstrate 
the following theorem under its most general form. 

THEOREM. 

Given a convex pdyedron, each of whose solid angles unites more than 
three plane angles, it is impossible to vary the inclinations of the 
planes in this solid, so as to produce a second pdyedron formed with 
the same planes arranged with each other in the same order as in the 
given pdyedron. 

In demonstrating this Proposition, two cases must be distinguished, 
according as the inclination to all the edges is made to vary, or only to 
some of them. 

First Case, 

Suppose the inclinations on all the edges are made to vary at once ; 
and let N be the total number of changes of si^ that can be round from 
one edge to another, in going round each solid angle. 

In Lemma II. we saw, that for each solid angle, the number of 
changes of sign cannot be less than four. 

Hence if we call S the number of solid angles, we shall have N z^ 
4 S, the sign z^ not excluding equality. 

Now it is plain that two consecutive edges of a solid angle always 
belong to one face in a polyedron, and belong only to one ; hence the 
total number of changes of sign observed in the consecutive edges of 
each solid angle, must be equal to the total number of changes of sign 
observed in the consecutive sides of each face ; for there is no change of 
sign in the one system, which does not correspond to a similar change 
in the other. 

Now for each triangular face, the number of changes of sign cannot 
be greater than two ; since by making the series ^ -*. 4. or the series 
-. ^ ..« return into itself, we obtain only two changes of sign. 

For each quadrangular face, the number of changes ef sign is evi- 
dently four at most. 

In general, if the number of sides belonging to a face is even = 2 n, 
the greatest number of changes oi sign that can be found in going round 
the sides i&^n, which will occur when the sides have the signs -f ^^^ 
— alternately. 

But if the number of sides belonging to a face is odd = 2 n + 1, 
the greatest number of changes of sign will be 2 n only; because by 

7 
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giving tbe signs + and -^ alternately to the sides, the first and the last 
will necessarily have the same^ign^ which makes one change fewer than 
the (ace has sides. 

This being proved, let a represent the number of triangles, b the 
number of quadrilaterals, c the number of pentagons, &c, which com- 
pose the surface of the given polyedron ; it follows, from what we have 
said above, that the total number of changes of sign to be found in go- 
ing round each face, will not exceed 2 a for triangular, 4 b for quad- 
rilateral faces, 4 c for those of five sides, 6 d for those of six. Hence 
we shall have 

N.*^2a + 46 + 4c + 6d+6e+8/+8g+ &c. 
Let A be the number of the polyedron's edges, H that of its faces ; we 
shall have 

2A = 3a + 46 + 5c + 6rf+7e+8/+9g+&c. 
H=za + b + c + d + e + f+g+ &c. 

But according to Euler's theorem, S + H = A + 2 ; hence 48 = 
8 *^ 4 A "^ 4 H, and substituting, 

4S = 8 + 2fl + 46 + 6c +8rf-|- 10 e+ &C7 
Compare this value to the limit found above ; we find 

N-*:^4S — 8 

But we cannot at once have N ::p»' 4 S, and N ..sii: 4 9 -*• 8 ; hence it is 
impossible that the inclinations to the edges of the polyedron can vary 
all at once, without destroying the coherence of the plaues which form 
the sur&ce of the polyedron. 

S^scond Case. 

Suppose now that the inclinations to the edges do not all vary at once ; 
that there are some whichi remain constant. 

Let FI be one of these edffes; we might 
imagine it to be suppressed, and the two adja- 
cent &oes FIG, EFIH combined into a single 
unplane face, terminated by the contour EFGIH 
whose form is invariable. Let us designate by AS 
S^ H^ and A^ what the numbers S, H, and A 
bcMBome after the suppression of an edge ; we 
shall have H' = H — 1, and A' = A— 1: ® 

also we have S' = S, the number of solid angles being the same in 
both solids ; hence we shall have S' + H' — A' = S + H — A = 2. 
Whence it is evident that Euler's theorem holds good likewise in the 
new solid, which contains one edge less, and one face less, two faces 
being combined into a single unplane face. 

If from this second solid, there is cut off another of the edges on 
which the inclination remains invariable, the suppression of this edge 
wiU again occasion the reunion of two contiguous faces into one ; and 
we shall be able to shew, as before, that Euler's theorem holds good in 
the third solid which results from the suppression of two edges. 

We might continue to suppress as many edges as we please, provid- 
ed this suppression carried with it the suppression of no solid angle ; and 
Euler's theorem would always hold good in the remaining solid. This 
truth, indeed, may be seen directly and generally, from examining the 
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demonstration we have already given of Eider's theorem : which demon- 
stration^ in fact^ does not suppose that the faces of the polyedron are 
plane ; but would equally continue valid^ though these faces were termi-i 
nated by contours not situated in the same planes ; it only supposes, 
that, as in our construction, each contour is represented by a spherical 
polygon, and that the sum of all the sur&ces of these polygons is equal 
to the sur&ce of the sphere. Nor is it even necessary that these poly- 
gons be all convex ; it is enough that each of them may be regarded as 
the sum of several convex polygons; a condition which will ^ways be 
observed, when, even by the suppression of several edges belonging to 
the given polyedron, several plane faces are combined into a single un- 
plane face ; because, in that case, the spherical polygon representing 
the latter face, will be composed of the sum of the convex spherical 
polygons which represented the suppressed plane faces. 

Let us now proceed to the case where the suppression of the edges 
on which the inclination does not vary, carries with it the suppression 
of one or several solid angles, either because the inclinations to all the 
edges in each of these angles are invariable, or because these inclinations 
being capable of varying only on three edges, would, in that case, be of 
necessity invariable. 

Suppose, first, that only one solid angle is suppressed ; and let m be 
the number of faces in this angle, or the number of edges ending in its 
vertex. By suppressing the solid angle in question, we shall, at the 
same time, suppress m edges, and the m faces forming the solid angle 
will be reduced to a single face ; hence, designating by S', A', H', what 
the numbers S, A, H become after the suppression of a solid angle, we 
shall have S' = S — 1, A = A' — w, H' = H — (w — 1). From 
this we obtain S'+H' — A' = S+H — A=2; hence Euler's theo- 
rem still holds good in this new solid. 

It is now evident, that in the given polyedron, as many /solid angles 
as we please may be suppressed, and that Euler's theorem will always 
continue true with regara to the remaining polyedron ; for by suppres- 
sing the solid angles one by one, we successively obtain different polye- 
drons, of which two consecutive polyedrons always fall under the case 
we have just examined. 

Hence, generally, if in the proposed polyedron, all those edges are 
suppressed on which the inclination does not vary ; whether by this 
suppression the number of solid angles remain the same, or become less, 
the remaining polyedron will always satisfy Euler's theorem ; in other 
words, naming s, h, a, in this polyedron the quantities which correspond 
to S, H, A, in the proposed polyedron, we shall constantly nave 
s+k — a = S + H — A:=z2. 

But in this last solid, the inclinations on the edges must all vary at 
once, all the edges on which the inclination does not vary being sup- 
pressed ; hence this solid comes back under the first case ; hence the 
simultaneous change of all the inclinations cannot take place without 
destroying the solid. 

Hence, finally, no convex polyedron whatever can be changed into 
another convex polyedron, included under the same polygonal planes, 
arranged in the same order with regard to each other. 

END OF THE NOTES. 



TREATISE 

ON 

TRIGONOMETRY. 



Tkigonometry has for its object the solution of triangles, 
that is, the determination of their sides and angles, when a suf- 
ficient number of those sides and angles is given. 

In rectilineal triangles, it is sufficient to know three of the 
six parts which compose them, provided there be a side among 
these three. If the three angles only were given, it is obvious 
that all similar triangles would answer the question. 

In spherical triangles, any three given parts, angles or sides, 
are always sufficient to determine the triangle ; because, in tri- 
angles of this sort, the absolute magnitude of the sides is not 
considered, but only their relation to the quadrant, or the num- 
ber of degrees which they contain. 

In the Problems annexed to Book II., we have already seen 
how rectUineal triangles are constructed by means of three 
given parts. Propositions 24 and 25 of Book V. give likewise 
an idea of the constructions, by which the analogous cases of 
spherical triangles might be resolved. But those constructions, 
though perfectly correct in theory, would give only a moderate 
approximation in practice,* on account of the imperfection of 
the instruments required in constructing them : they are called 
graphic methods. Trigonometrical methods, on the contrary^ 
Deing independent of all mechanical operations, give solutions 
with the utmost accuracy : they are founded upon the properties 
of lines called sines, cosines, twngentSy &c. which furnish a 
very simple mode of expressing the relations that subsist be- 
tween the sides and angles of triangles. 

We shall first explain the properties of those lines, and the 
principal formulas derived from them ; formulas which are 
of great use in all the branches of mathematics, and which 
even furnish means of improvement to algebraical analysis. We 
shall next apply those results to the solution of rectilineal tri- 
angles, and then to that of spherical triangles. 



* We are naturally required to distinguish the figures which serve only to 
direct our reasoning in the demonstration of a theorem or the solution of a 
problem, from the figures which are constructed to find some of their dimen- 
sions. The first are always supposed to be exact ; the second* if not e:»ctJy 
drawn, will give false results. 
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DIVISION OF THE CIRCUMFERENCE. 

I. Till very recent times, geometers were agreed in dividing 
the circumference into 360 equal parts, called degrees^ the de- 
gree into 60 minuteSf the minute into 60 seconds^ and so on. 
This method seemed to be of advantage in practice, on account 
of the great number of divisors which 60 and 360 have ; but 
it was, in reality, subject to the inconvenience of complex num- 
bers ; and it frequently impeded the rapidity of calculation. 

The mathematicians, to whom we are indebted for the new 
system of weights and measures, conceived that it would be of 
great advantage to introduce the decimal division in the mea- 
surement of angles. Upon this principle, considering as their 
fundamental unit the quarter of the circumference, or the quad- 
rant, which measures the right angle, they have divided this 
unit into 100 equal parts, cdled degrees, the degree into 100 
mmtiiesj and the minute into 100 seconds. 

We shall henceforth exclusively employ the new or decimal 
divi»on of the circumference.* It is most agreeaUe to the 
nature of our arithmetic, and best fitted to abridge calcula- 
tions. 

II. Degrees, minutes, and seconds, are respectively designat- 
ed by these characters : °, ^, " : thus the expression 1 6*" 6' 75" 
represents an arc, or an angle, of 16 degrees 6 minutes 76 
seconds. The relation of this same arc to the quadrant, taken 
for unit, would be expressed by 0. 160675. It likewise ap- 

* It is much to be regretted^ that this centesimal divisioii of the quadnBt 
had not been proposed at an earlier period in the history of science. Tbe 
advantages it has over the common or nonagesimal system are numerous and 
palpable ; but as a]l our trigonometrical calculations have for so many cen- 
turies been performed^ and tneir numerous results expressed^ with a constant 
reference to the latter^ the nonagesimal system has at length become as it were 
a part of the vernacular language of mathematicians ; and bids fair to be as 
indestructible as ii vernacular language. At all events^ the French are as 
yet solitary in their rejection of it ; and the general adoption of their new 
system, if it ever take place, which appears extremely problematical, must 
certainly be a very distant event. For these reasons, we could have wished 
that the nonagesimal scale had been followed in the present treatise ; or 
that, widiout altering any material part of Uie work, we could have substi- 
tuted it in our translation. Tlus was found to be impracticable ; but the 
present arrangement, while it exhibits the advant^es of the new syst^, 
followed in all the most distinguished mathematicxu works of a recent date, 
will in other respects occasion very little inconvenience. The reader has 
only to bear in mind, that 200°, 100% 50**, &c., when mentioned in the 
text, mean respectively 180°, 90°, 45°, &c., in the common tables; and 
that, generally, any angle may be reduced from degrees in the centesimal 
scale to degrees in the noni^csimal, by diminishing it in the ratio of 400 
to 360, or of 10 to 0, Wherever this process could be attended with the 
slightest difficulty, or the omission of it might create any ambiguity, wa 
shall subjoin a note, in which the required reduction will be exhibited— EiK 
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pears, that the angle, measured by this arc, is to the right 
angle as 160675 to 1000000, a ratio which could not have 
been so easily deduced from the expresidons furnished by the 
old division of the circumference. 

Arcs and angles are, in calculation, expressed indifferently by 
numbers of degress, minutes, and seconds. Thus we shall 
designate the right angle, or the quadrant, by 100° ; two right 
angles, or the semi-circumference, by 200° ; four right angles, 
or the whole circumference, by 400° ; and so on. 

III. The complement of an angle, or of an arc, is what re- 
mains after taking that angle or that arc from 100°. Thus an 
angle of 25*^ 40', has for its complement 74° 60' ; an angle of 
12° 4' 62^/, has for its complement 87° 96' 38". 

In general, A being any angle or any arc, 100°— A is the 
complement of that angle or arc. Whence it is evident that, if 
the angle or arc is greater than 100°, its complement mil be 
negative. Thus the complement of 160° 84' 10^^ is — 60° 84' 
1 0". In this case, the complement, positively taken, would be 
the quantity requiring to be subtracted from the given angle or 
arc, that the remainder might be equal to 100°. 

The two angles of a right-angled triangle, are, together, 
equal to a right-angle : they are, therefore, complements of each 
other. 

IV. The sitmtem^nt of an angle, or of an arc, is what re- 
mains after taking that angle or arc from 200*^, the value of 
two right an^es, or of a semi-circumference. Thus A bang 
any angle or arc, 1200° —^ A is its supplement. ; 

In any triangle, an angle is the supplement of the sum of the 
two others, since the three together make 200°. 

The angles of triangles rcfctilineal and spherical, and the 
Sides of the latter, have their supplements always positive ; for 
they are always less than 200°. 

G£X£BAL IDEAS EELATIN6 TO SINES, COSINES, TANGENTS, &C. 
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V. The mie of the arc A M, ^ 
or of the angle ACM, is 
the perpendicular MP let fall 
from one extremity of the arc, 
on the diameter which passes 
through the other extremity. 

If at the extremity of the 
radius CA, the perpendicular 
AT is drawn to nioet the pro- 
duction of the radius CM, the 
line AT, thus terminated, is 
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tangent^ 



the angle ACM. 

Theae three lines MP, AT, CT, dependent upon the arc 
AM, and always determined by it and the radius, are thus de- 
agnated : MP=^n AM, or »in ACM, AT^^=tanff AM, or 
tang ACM, CT=sec AM, or sec ACM, 

VI. Having taken the arc AD equal to a quadrant, from the 
P<Hnts M and D draw the lines MQ, DS perpendicular to the 
radius CD, the one terminated by that radius, the other tennis 
nated by the radius CM produced ; the lines MQ, DS and CS, 
will, in like manner, be the sine, tangent, and secant of the arc 
MD, the complement of AM. For the sake of brevity, they 
are called the cosine, cotcmgent, and cosecant, of the arc AM, 
and are thus designated : MQ==co^ AM, or cos ACM, DS= 
cot AM, or cot ACM, CSi=cosec AM or cosec ACM. In gen- 
eral, A being any arc or angle, we have cos A=sin (100°— A), 
cot A=tang (1009 — A), cosec A=sec (100°— A). 

The triangle MQC is, by construction, equal to the triangle 
CPM ; consequently CP=MQ : hence in the right-angled tri- 
angle CMP, whose hypotenuse is equal to the radius, the two 
sides MP, CP are the sine and cosine of the arc AM. As to 
the triangles CAT, CDS, they are similar to the equal tri- 
angles CPM, CQM ; hence they are similar to each other. 
From these principles, we shall very soon deduce the different 
relations which exist between the lines now defined: befoie 
doing so, however, we must examine the progressive march of 
those lines, when the arc to which they mate increased fnm 
zero to SOOo, 

VII. Suppose one extremity of the arc remains fixed in A, 
while. the other extremity, marked M, runs successively through- 
out the whole extent of the semicircumference, from A to B in 
the direction ADB. 

When the point M is at A, or when the arc AM is zero, the 
three points T, M, P, are confounded with the point A; whence 
it appears that the sine and tangent of an arc zero are zero, and 
the cosine and secant of this same arc, are each equal to the 
radius. Hence if R represent the radius of the circle, we have 

sin o=o, tang o=o, ca* o=R, sec o=R. 

VIII. As the point M advances towards D, the sine increases, 
and likewise the tangent and the secant; but the cosine, 
the cotangent, and the cosecant, diminish. 

When the point M is at the middle of AD, or when the arc 
AM is 50% and also its complement MD, the sine MP is equal 
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to the cosine MQ or CP ; and the triangle CMP, now become 
isosceles, gives the proportion MP : CM ::1 : jj2j or sin 5(f : 

R : : 1 : V2. Hence sin 60° = cos 60« = ~?^=iR V*- I" 

this same case, the triangle CAT becomes isosceles and equal to 
the triangle CDS ; whence, the tangent of 50"" and its cotan- 
gent, are each equal to the radius, and consequently we have 
tang 50°=co< 50°=R. 

IX. The arc AM continuing to increase, the sine increases 
till M arrives at D ; at which point the sine is equal to the 
radius, and the cosine is zero. Hence we haYe sin 100° = R, 
cos 100° =0 ; and it may be observed, that these values are a 
consequence of the values already found for the sine and cosine 
of the arc zero ; because, the complement of 100° being zero, we 
have sin 100° = cos o° = R, and cos 100° = sino° = o. 

As to the tangent, it increases very rapidly as the point M 
approaches D ; and finally when this point reaches D, the tan* 
gent properly exists no longer, because the hues AT, CD, be- 
ing parallel, cannot meet. This is expressed by saying that the 
tangent of 100° is infinite ; and we write tang 100°= x . 

The complement of 100° being zero, we have tanga=cot 100°, 
and cot o:=ztang 100°. Hence co^ o = x , and cot 100° =o. 

X. The point M continuing to advance from D towards B, 
the sines diminish and the cosines increase. Thus MT' is the 
sine of the arc AM% and M'Q or CP' its cosine. But Uie arc 
MfB is the supplement of AM% since AM'+M'B is equal to a 
semicircumference ; besides, if M'M is drawn parallel to AB^ 
the arcs AM^ BM% which are included between parallels, will 
evidently be equal, and likewise the perpendiculars or sines 
MP, M'P'. Hence, the sine of cm arc or (^an angle is eqiudto 
the sine of the supplement of that arc or amgle. 

The arc or angle A has for its supplement 200°— A : hence 
generally, we have 

sin A = (sin 200°— A.) 

The same property might also be expressed by the equation 
sin (100°+B) = sin (100°— B), B being the arc DM or its 
equal DM'. 

XI. The same arcs AM', AM which are supplements of each 
other, and which have equal sines, have also equal cosines CP', 
CP ; but it must be observed, that these cosines lie in different 
directions. This difference of situation is expressed in calcula* 
tion by a difference in the signs ; so that if the cosines of arcs 
less than 100° are considered as positive or affected with the 
sign +, the cosines of arcs greater than lOO*' must be consider- 
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ed as mga&ve or affected with the sign •— . Hence, generally, 
we shaU have 

cos A = — cos (200 — A°) 
or cos (100<>+B)= — cos (100° — B) ; that is, the cosine of an 
a/rc or of an angle greater than 100° is equal to the cosine of 
its supplement negatively taken. 

The complement of an arc greater than 100° bring negative 
(Art. 3), it is natural that the sign of that complement should 
be negative : but to render this truth still more palpable, let us 
seek the expression of the distance from the point A to the per- 
pendicular MP. Making the arc AM=a?, we have CV=cos x^ 
and the required distance AP = R — co« x. The same for- 
mula must express the distance from the point A to the 
straight line MP, whatever be the magnitude of the arc AM 
originating in the point A. Suppose then that the point M 
come to M^, so that x designates the arc AM'^ ; we have still 
at this point, AP'=R — cos x : hence cos x=Vi — ^AP'= AC 
-^■'AP CP ; which shews that cos x is negative in that case : 
and because CP'' = CP = cos (200® — x)^ we have cos x = 
'— cos (200° — x), as we found above. 

From this it appears, that an obtuse angle has the same rine 
and the same cosine as the acute angle which forms its sup- 
plement ; only with this difference, that the cosine of the ob- 
tuse angle must be affected with the sign — . Thus we have 
sin 150° = ri/i 60« = iRv^2, and cos 150° = — co* 50° = 
— iRV2. 

As to the arc ADB, which is equal to the semirircumference, 
its sine is zero, and its cosine is equal to the radius taken ne- 
gatively : hence we have sin 200**=0, and cos 200**= — ^R. 
This might also be derived from the fcnrmulas sin A = 
sin (200*'—. A), and cos A=— cos (2W—A), by making 

A==:200^. 

XII. Let us now examine what is the tangent of an arc AM^ 
greater than 100^. According to the Definition, this tangent is 
determined by the concourse of the lines AT, CM. These 
lines do not meet in the direction AT ; but they meet in the 
oppo^te direction AV ; whence it is obvious that the tangent of 
an arc greater than 100^ must be negative. Also, because 
AV is the tangent of the arc AN, the supplement of AM' 
(since NAM is a semicircumference), it follows that the tan- 
gent of am, arc or of an angle greater tiian 100° is equal to 
that of its supplementy taken negatively ; so that we have 
tan£^ A= — tang (200 — A). 

The same thing is true of the cotangent represented by DS', 
which is equal to DS the cotangent of AM, and in a different 
direction. Hence we have likewise cot A = — cot (200? — ^A). 

The tangents and cotangents are therefore negi^ve, like 
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the cosines, from 100'' to 200°. And at this latter limit, 
we have ia/tig 200« = o and cot 200*:;=-^ £X)^ o = -^ od . 

*XIII. In trigonometry, the sines, cosines, &c. of arcs or 
angles greater than 200' do not require to be considered ; the 
angles of triangles^ rectilineal as well as spherical, and the sides 
of the latter being always comprehended between and 200"*. 
But in various applications of geometry, there is frequently oc- 
casion to reason about arcs greater than the semicircumference, 
and even about arcs containing several circumferences; It will 
therefore be necestoy to find the expression of the sines and 
cosines of those arcs whatever be their magnitude. 

We observe, in the first place, that two equal arcs AM, AN 
with contrary signs, have equal sines MP, FN with contrary 
signs ; while the co^ne CP is the same for both. Hence we 
have in general 

sin ( — x) ' mi x 
cos (— a?) ==: cos jr, 

formulas which will serve to express the sines and cosines of ne- 
gative arcs. 

From 0° to 200® the sines are always positive, because they 
always lie on the same side of the diameter AB ; from 200° to 
400"^, the sines are negative, because they lie on the opposite 
side of their diameter. Suppose ABN^=a; an arc greater than 
200° ; its sine P'N' is equal to PM, the sine of the arc AM= 
a: — ^200°. Hence we have in genend 

sin x=^ sin (^—200*') 

This formula will ^ve us the sines between 200° and 400®, by 
means of the sines between O'' and 200° : in particular it ^ves 
sm 400°= — sin 800°=0 ; and accordingly, if an arc is equal to 
the whole circumference, its two extremities will evidently be 
confounded together at the same point, and the sine be re- 
duced to zero. 

It is no less evident, that if one or several circumferences 
were added to any arc AM, it would still terro'mate exactly at 
the point M, and the arc thus increased would have the same 
sine as the arc AM ; hence if C represent a whole circumference 
or 400°, we shall have 

sin a:=sin (C+a^)=sin (&C+a;)=sin (3C-[-^), &c. 

« 

The same observation is applicable to the cosine, tangent, &c. 

Hence it appears, that whatever be the magnitude of a; the 
proposed arc, its sine may always be expressed, with a proper 

• The sections marked thus (*) are either of greater difficulty, or of less 
extensive use. They may he omitted without violatiDg the continuity 
of the reasoning. — En. 
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sign, by the sine of an arc less than 100''. For, in Uie first 
place, we may subtract 400o from the arc x as often as they are 
contained in it ; and y being the remainder, we shall have sin x=. 
siny. Then if y is greater than 200% make y=200+;2r, and we 
have sin y sin z. Thus all the cases are reduced to that in 
which the proposed arc is less than 300^ ; and since we farther 
have sin (100+.r) = sin (100— a?), they are likewise ultimately 
reducible to the case, in which the proposed arc is between zero 
and 100°. 

*XI V. The cosines are always reducible to sines, by means of 
the formula cos A — sin (100° — A) ; or if we require it, by means 
of the formula cos A=sin (100°+ A) : and thus, if we can find 
the value of the sines in all possible cases, we can also find that 
of the cosines. Besides, the figure will easily shew us that the 
negative cosines arc separated from the positive cosines by the 
diameter DE ; all the arcs whose extremities fall on the left 
side of DE, having a positive cosine, while those whose extre- 
mities fall on the right have a negative cosine. 

Thus from 0^ to 100° the cosines are positive ; from 100° to 
300° they are negative ; from 300° to 400° they again become 
positive ; and after a whole revolution, they assume the same 
values as in the preceding revolution, for cos (400°+jA=aw x* 

From these explanations, it will evidently appeal^ that the 
sines and cosines of the various arcs which are multiples of the 
quadrant, have the following values : 



sin 0°=0 
sin 200°=0 
sin 400^=0 
sin 600°=0 
sin 800^=0 
&c. 



sin 100°=R 
sin 300°=>— R 
sin 500°=R 
sin 700°==— R 
sin 900°=R 
&c. 



cos 0°=R 
cos 200°==— R 
cos 400°=R 
cos 600°==— R 
cos 800°=R 
&c. 



cos 10QP-. 
CO* 300^=0 
co*600°=0 
cos 700°=0 
CO* 900°=0 
&c. 



And generally, k designating any whole number, we shall have 

sin 2Jfc. 100°=0, cos (2Ar+l) . 100^=0, 

sin (4A;+ 1) . 100°=R, cos ik . 1 00°=R, 

sin (A:— 1) . 100°=— R, cos (4A;+2).100°=— R 

What we have just said concerning the sines and cosines 
renders it unnecessary for us to enter into any particular detail 
respecting the tangents, cotangents, &c* of arcs greater than 
200° : the values of these quantities are always easily deduced 
from those of the sines and cosines of the same arcs ; as we shall* 
see by the formulas, which we now proceed to explain. 
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THEOREMS AXD FORMULAS RELATING TO SINES, COSINES, TAN- 
GENTS, &C. 

XV. The sine of an arc is half the chord which subtends a 
double arc. 

For the radius CA, perpen- 
dicular to the chord MN, bi- 
sects this chord, and likewise 
the arc MAN ; hence MP, 
the sine of the arc MA, is half 
the chord MN which subtends 
the arc MAN, the double of 
MA. 

The chord which subtends 
the sixth part of the circum- 
ference is equal to the radius ; 

400° 
hence sin ----■' or sin 83°*= 
12 ^ 

^R, in other words, the sine of a third part of the right angle 
is equal tJ^e radius. 

XVI. 7%^ squan-e of the sine of a/n arc, together with the 
square of the cosine, is equal to the square of the radium ; so that 
in general terms we have sin ^A-f-cos *A=R^* 

This property results immediately from the right-angled 
triangle CMP, in which MP2+CP2=CM2. 

It follows that when the sine of an arc is given, its cosine 
may be found, and vice versa, by means of the formulas 
cos A==+ v^(R^ — sin ^A), and sin A:=±^(B? — cos ^A). The 
sign of these formulae is ambiguous, because the same sine MP 
answers to the two arcs AM, AM', whose cosines CP, CP' are 
equal and have contrary signs ; as the same cosine CP answers 
to the two arcs AM, AN, whose sines MP, PN are also equal, 
and have contrary signs. 

Thus, for example, having found sin 33°J=^R, we may de- 
duce from it co5 33°J or sin 66°f = V(Il^ — iIl')=V|B'!= 
^Rv'3. 

XVII. The sine and cosine of the arc A being given, the 



* By iin ^A is here meant the square of sin A ; and> in like manner^ by 
cos ^A is meant the square of cos A. 
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^^ ^^ -r» , r^rr COS a COS b 

CB : CI : : CE : CK, or R : co* 6 : : cos a : CK = g 

The triangles DIL, CBE, having their sides, are perpendicular 
each to each, are similar, and give the proportions, 

cos CL COS b 

CB : Dl : : CE : DL, or R : sin b :: cos a: DL = ^ • 

^^ ^- ^^ *^-r ^ ' 1 • -r-r Siu tt Stfl b 

CB : DI : : BE : IL, or R : sinb : \ sin a:lL=^ ^ . 

But we have 

IK+DL=DF=«m (a+6), and CK— IL=CF==co* («+&). 

Hence 

sm a cos b+sin b cos a 
sin (a+b)= jd 

cos a cos b — sin a sin b 
cos (a+b)= jf • 

The values of sin (a — b) and of cos (a— 6) might be easily de- 
duced from these two formulas ; but they may be found direct- 
ly by the same figure. For, produce the sine DI till it meets 
the circumference at M; then we have BM=BD=J, and 
M I=ID=*m b. Through the jxjint M, draw MP perpen- 
dicular and MN parallel to AC : since MI==DI, we have 
MN=IL, andIN=DL. ButwehavelK— IN«MP=«w(a— 6), 
and CK+MN==CP=co^ (a— 6) ; hence 

. , _. sin a cos b^^n b cos a 
sin (a— 6)= J. 

cos a cos b+sin a sin b 
cos (a— i)= g , 

These are the formulas which it was required to demonstrate. 

* The preceding demonstration may seem defective in point of 
generality, since, in the figure which we have followed, the arcs a 
and 6, and even a+i, are supposed to be less than 100°. But first 
the demonstration is easily extended to the case in which a and b 
being less than 100°, their sum a+b is greater than 100°. Then 
the point F would fall on the production of AC, and the only 
change required in the demonstration should be that of taking 
cos (a+a)= — CF ; but as we should, at the same time, have 
CF=IL— CK, it would still follow that cos (a+5)=CK— IL 
or R cos {a+h)=cos a cos b-^sin a sin b. 

Now suppose the formulas 

R si?i (a+b)=sin a cos b+sin b cos a 
R cos {a+b)=cos a cos b'-^sin a sin b 
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to be acknowledged as correct for all the values of a and b less 
than the limits A and B ; then will they also be true when 
these limits are lOO'^+A and B. 

For, in general, whatever be the arc Xy we have 

sin (100°+a?)=co* X 
cos (100«+a?)=— ^n X. 

These equations are evidently 
accurate when .r^sr^TlOO^ ; and 
we easily discover their cor- 
rectness whatever be the value 
of Xi by inspecting this figure, 
in which MM'^iuia M'M''^^ are 
two diameters perpendicular 
to each other; and in which 
we may substitute for x the 
values AM, ADM, ADBM", 
ADBEM"/, or these values 
increased by as many circum- 
ferences as we please. 

This being granted, put a?=m-[-6 ; we have 

sin (100°+m+6)=co^ {m+b) 
cos (100**+w+6)=— >wn (m+b). 

But, by hypothesis, the values of the second members are 
known, so long as m and b do not exceed the limits A and B ; 
hence, according to this same hypothesis, we have 

R sin (100°+7»+6)=co* m cos b — sin m sin b 
R cos (100''-[- w+6)= — sin m cos b^^-cos m svn b 

Put lOO^H m=a\ since sini {YW+m)=cos m and cos (190°+w) 
- sin niy it follows that cos m=sin a and sin w=— co^ a ; 
hence, by substituting this in the preceding equations, we have 

R sin (a+6)=M/i a cos b+cos a sin b 
R cos (a+b)=cos a cos b'^-^sin a sin b. 

From which it appears that these formulas, at first proved only 
within the limits a^^A^ b^^By are now proved within the more 
extensive limits cu^lOO^'+A, d-^B. But, in the very same 
way, the limit of b might be carried 100° farther; then so also 
might that of a, and the process might be continued indefinite- 
ly; hence the formulas in question hold good whatever be 
the magnitude of the arcs a and b. 

Since the arc a is formed from the sum of the two arcs a— 6 
and 5, by the preceding formulas we shall have 

T 
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R sin a=:Hn (i»^-4) cot b+a» On^) iM b, 
R cof a=€0$ (a^— ^) cos b-^^^sin (o-^ft) rimb^ 

And from these we find 

R sin (a— &)=^n a cos ^— ^nn b cos a 
R cos lar^)^=cos a cos b+sim asinb. 

XX. If, in the formulas of the preceding Article, we make 
&=a, the first and the third will give 

. ^ ^sinacosa ^ co^ a — siin? a 
sm 2a= pj ycosxa^ — '• — g ; 

formulas which enable us to find the sine and cosine of the 
double arc, knowing the sine and cosine of the simple arc. This 
forms the problem of doubling an arc. 

Reciprocally, to divide a given arc a into two equal parts, let 
us, in the same formulas, put ^a instead of a; we shall have 

2 sin ia cos ia cos' ^a— wi* ia 
stn a=r~ ^ , cos a= 5 . 

Now, since we have at once co^ \a-\-^r^ i=R*> and co^ ^Of^ 
sin? |a=:R cos a, there results 

cw^ 4«=4R*+iR cos a, and siv? |ac=iR^«^R cos a ; 

whence 

sin 4a=;^(|R* — ^R cos a) 

cos ia=:^(iR^+irt cos a). 

Thus, making a=100% or cos a=Oj we have sin 50'^=s=cos S0°= 
^/iR^==R\/i ; nextj making a=50°, which gives cos fl=Riv/i, we 
shall have sin 26°=R(v' J— |^/ J), and cos 25<'±=Rv(i+iv'i). 

* XXI. The values of sin^a and cos ^a may also be obtained 
in terms of sin ia ; which will be useful on many docaaons. 
These values are : 

sin ia==4v^(R2+R sin a)— i^(R«— R sina)^ 

cos ia=i v'CR^+R sina)+i v'(R2— -ft sin a). 

Accordingly^ by squaring the firsts we shall have sin? ^Oizs 

i(R« + R^na) + t(R«— R^na) — iV(tl -^R'«n''o)=^ 
iR* — R cos a ; in like manner, we should hav6 c(W* 4<^=4R*+ 

i^ cos a\ values which agree with those already found for 

sin ^a and cos ia. It must be observed, however, thatif €i9« a 
were negative, the radical y'(R2u-.R sin a) would requite td be 
taken with a contrary sign in the values of sin ^a and cos ^a; 
and thus the one value would be changed into the other. 

7 
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* XXII. By means of these formulgS| it is easy %o determine 
the sines an^ cosine^ of aU tljie tenths of t|ie quam'ant.-f* 

First, let sinkcy^i^:^ ; i a; will be the chord of 40«>, or the 
side of the regular inscribed decagon: now this side (5. IV.) 
b equal to th» greater segment of the radius divided in ex- 
treme and mean ratio ; hence making the radius =^1, we shall 

have l:2::Sa7:l — 3^. Hence we obtain ^o^^l^^^^or 

^+} ^=i ; hence (^+^)«=i4.^= ^ ; hence w+l—i ^B ; 

and finally 4? or sin. 5M)«s=i(— 1+^5). 

This value reused to the second power gives sin^ 20®= ^ » 
hence 1— ^m* 20^ or co5*.20°=^^±|^. But «>*«a-^n«a= 

cos2a, hence co^r 40® or sin 60<>=z ^t*;^ . ^ = "^-4^- 

Now, if in the formulas of Art. 21. we make R=l, a=20% 
and sin 0==^ (— 1+ y'S), we shall find 

sin 10°=i^ (3+ v^5)-4^ (5—^5) 

cos 10®=ii/(8+V6)+iv'(5— V«)- 

Next, if in the same formulas, we make a^=d^O° and sin a= 
i(l+;^5), we shall have 

sin 80°=iV (5+v5>-.JV(8— 1/5) 

c(w SOo^V (5+^/5)+ iv(3— VS)- 

With these values, and the values of sm BO"* and ^100% 
which are already known, the following table may be formed : 



t Only according; to the centesimal scale. It can be sh^wn^ that 
except for the arc S' ^ and its multiples, no accurate expressions of 
the swes can be fouBd, even under an incommensurable form ; and^ as 
this arc d° I on the centesimal scale corresponds to 3^ on tbiB nopagipsi- 
mal> it follows that 30° and 60"^ are the only decimal arcs on the 
latter whose sin^ are c^ble of being accurately expressed, the 
sine of 90^ being put = 1. For the multiples of this arc S°, however, 
by a process exactly similar to that followed in the text, making use 
or the nonagesimal division, we obtain the following values : 

tin 6<' = co»84»=- i (V5 + I)+ ^g V(«-V5). 



99i TRIGONOMETRY. 

sin 10°=aw 90'^=iv(8+v6)— i^ (5— ^5) 

sin 9fy>=<»s 80*^(—l+V5) 

sin 90'*=cos 70'*=iv(5+i^5>— iV (*— V5) 

gm ¥y>=cos 60o=iv(10— V6) 

sin B(y'==cos 60«>=iv2 

sin 60p==cos 40»=i(l+V*) 

sin 7(r=«w 80o=iV(5+V6)+iv/(9— V5) ' 

sin 9(y>=cos 10o=i^(3+V5)+iV(6— V«) 

«» 21» = CO* 69P=-^^~- US + 1) + :i^ V(5_ V5). 

«n24» = c<»66°= i^ (V5+l)_ ^ J{i^^5). 

««27<' = «w63»=— ~ U5— 1)+ 1 V(5+V«> 

n'tt 30° = cof 60'= -. . 

z 

«» 33» = CM 57°= ^gii (V5 - 1) + ^^ V(5 + V5). 
«.36» = «»54°= J^ V(5-V5). 



8*/2 ^^"T^*' 8 

4V2 



««42» = «»48«=—i (V5 — 1)+ j^ V(5 + V5). 



Wm 45° = c«w 45°=s -— • 

««48»=a»42»= ^^ (V5 — 1)+ ji^ V(5 + ^5). 

««51°=:«w39°=^^=i (^5+l)+ii^!^ V(5 ^5). 
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These values may farther be simptified, since we have 

^/(8+/S)=iVlO+iV2, and i/(8— V5)=W10— 4^2; from 
which it iqq)ears that considering ^2^ g/5 and ^10 as known 
quantities, there remain only four extractions of square-roots, till 
we arrive at th^ values of the sines and cosines belonging to all 
the arcs which are multiples of 10^. 

* XXIII. From these formulas we may draw two remarkable 
consequences : 

FirH, Since 2 sin 4/0^ is the chord of 80'', or the side of the 
regular inscribed pentagon, this side == i V (10 — 2,JS), its 

square = — j^* The side of the regular decagon 

— 2 am 20^=i (—1+^6), its square = i (6—2^6. Now i 
(10 — 2^5)=l+i(6— 2^5); Ik&icetiie sum formed by the square 

«»60° = ca»30»= "y' 

sin eS'zpoot 27°=: 4^ (V5 — 1) + j V(5 + V5). 

«n 660= cot 24°= i (^5+1)+ ^ V(5--V5). 

«»69° = co.21»=^g±i(^^5+l)+ ^^^ V(5 — V5). 

««72°=awl8»= .^ V(5 + V5). 

m75' = co«15°= 872(n^^+*)- 

««78° = co.l2»= i (V5 — 1)+ j^ V(5+V5). 

««81°=«w 9^= 1^5 (V5 + l)+ i V(5 — V«> 

«i84»=co» 6»= ^ (^5+1)+ J^ V(5 — VO- 

«» 87° = «« S»=5^^(V5-1)+ .5^ V(5 + V5). 
«tn90° = co» 0°= 1. 

TheK values axe fimn CagnoISs TrigonomSirk.— Ed. 
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Gf^ radius mdihe square of the decagon^s side is equal tk the 
square of ihe imcribed rsgnlat pemUigo^^ 

Seeondh/y Among the ones of the uneTca decanal divvkmi 
of the qtiadrant) we hsft th» idaticm : . 

sin 90<>+«n 30^+^ lOo=!«n£0«»+«Me 70°, 

and the even divisions in like manner give sin 60°==^w 20^+ i. 
These formulas, however, are gdIj particular cases : we might 
shew that x being an arc measming any number of degrees, we 
should have 
sin(l(My''^)^^in(20^^)^sin{90yxi)=^ 
For, the formula sin (a+J)+*m(t^— ft)=s8 sin a cos b, gives 
sin (m'+a;)+sin (20°— jr^=2 sin 20"" cos x 
sin l60°+a:)+sin (60°— ia?)=2 sin 60° cos x. 

Therefore, wnce we have sin 60°— ^n 20°=|, and cos /r= 
sin (100° — x)^ those two equations, by subtraction, will pve 

sin (60°+^) +^n(60°-^)-Mw(20+^)-^m(20°-sr)=^n (1 OO-a:). 

A formula from which may be derived the equation of the un- 
even divisions by making ^r=]0°, and which may serve in ge- 
neral for verifying the taoles of sines. 

XXIV. If in the first and third formulas of Art. 19, we put 

5=2 a, we shall have 

. ^ »m^acosa+cos2asina ^ cos2acosa^^n2asina 
stn3a=: 5 yCOSDa= =5 • 

instead of ^n S a and cos 2 a, substitute in these expressions the 
values found in Art. 20, simplifying the results by means of 
the equation sin^ a+co^ a=^^ ; we shall have 

. o o • Afsin^a 

R* 

These formulas, which serve for the triplication <Gf»cs, nwy 
likewise serve for their trisection jor division into three equal 
parts. Thus, if we put siff^ 8 as=<r, and mt a=;ic, foridetermiii- 
ing this X we shall have the equation cR^=3R2^r — 4 a?*. From 
whidi it appears, that the problem of trisecting an angle, when 
considered analytically, is of the third degree. 

If in the same formulas of Art. 19, we successivdy put 
ft=3 a, 6=4 a, &c. we may obtain the sines and cosines of the 
arcs 4 a, 5 a, &c. that is to say, in general the ^nes and ooanes 
of all the mult^es of a. And conversely, the formulas, which 
serve for the multiplication of arcs, will give us equations to re- 
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solve for dividing a ^ven arc into equai paxis ; in oihn^ ^fif^ 
for determining sifji^ aoteo^a when am n^pxiA cqs tui are known. 

* XXV. Let ^is farther develope the values of ^n 5 a and co9 
5 a. For this purpose, we s^all use the fiEmaiulas 

Sm (9 a-^.^ /3t) = r^-T Tg '—^ t 

•o . c> X coa3acos2a — sin^asinfta 
cos (S a+^ a\ ff : ^- • 

Substituting bare t)ie values alfeady foM^d in Art. 30, and 
^4, after reducui^ we s>hali l^ye 

^ J, ItOcos^a l6co^a, 
co8.5€^irxz5eo8a'^'' — ^?-^H ffr^ 

From which it ai)pqu*s that the problem of quintisecting an 
angle, or dividing it into five equal parts, would be of the fifth 
degree ; and so likewise wijtb i:egard to the other divisions by 
the prime numbers 7, 11, 18, &c. 

* XXVI. Let it be proposed, for exaiPldey to find the approxi. 
mate value of ^/i 1% carried to fifteen places of decimals; a 
value which js of u^ i^ eonstractmg the tables of sines.f The 
expression sin lO*, found Art. 22, being reduced to de- 
cimals on the supposition of tU=l, gives sin 10°=0.15643 
44650 40231 ; from which, by the formula of Art. 21, we 
get sin 6^'=0.07845 90957 27845. 

Now put sin l<^=a7 ; in order to obtiun^, we must solve the 
equation 

16 ^—20 a^+5 ic=0.07846 90957 «7846. ' 

If, for the sake of brevity, the second member is put = c, we 
shall bave very nearly 6 a: — 20 a^=!Cj and iv=ic+i (}c)^ Now 
^c=0.01569 18191 and 4 (^0)^=0.00001 6456 ; hence for the 
first approximation, we have fl?==0.01570 7275, a value w^ich 
is accurate to the eighth place of decimals. In order to find a 
more accurate value, put a?=0.01670 7275 ; by substituting tlMS 
in the proposed. equation, neglecting the squares and t^e other 
powers of y, we snail have 

0.078469009424927 + 4'.9852017 y = 0.0734590957278*6 ; 



f According to the nonagesimal sqale, the value of sin V is found still 
more readily, by applying the formula in Art. 54. to the value of «t> S? 
given in the last note. It is equal to . 01745^AQ6i,—JED. 
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whence we obtdn ^=0.00000 00 173 118207, and 

sc or sin 1°=0.01570 78173 118207. 

From the sines of l"" or 100^, we could by the same process de- 
rive the sines of 50", of 10', of S', and finally of 1'. 

XXVII. The formulas of Art. 19, furnish a great num- 
ber of consequences ; among which it i^nll be enough to mention 
those of most frequent use. The four which follow. 



sinacosh=^ 'Bism (a+6)+i Rcin(flH-6) 

sin b cos a=i B sin (a+6)— -^ B sin(a^^) 

cos a cos b=i R cos (a— ft)+i R cos(a+b) 

sin a sin fr=i R cos (a-— 6)— i R cos^a+h) 

serve to change a product of several sines or cosines into linear 
sines or cosines, that is, into sines and cosines multiplied only by 
constant quantities. 

XXVIII. If in these formulas we put «+6=:y, 

which gives a ^^> 6 "^^^^ ^^ ^^^ ^^ 

2 
sinp-^sin 9=iFr ^^ i (P+?) ^^ i (P"^) 

sinp-'^n 9= p sin iCP"^) ^^ i CP'i'9) 



9/ 

cosp+cosq= ^ cos i (p+q) cos i (]p— g) 

cosq-'^osp =^ ^n i Cp+q) sin i (p^-q) ; 

new formulas, which are often employed in trigonometrical cal- 
culations for reducing two terms to a single one. 

XXIX. Finally, from these latter formulas, by dividing, and 

conmdering that =: ^^ = , we derive the follow- 

cos a K cot a 

ing : 

sinp+sin q sini(p+q)cosi(p''^) tcmffiCp+q) 

sinp-'^nq cosi(p+q)sini(p — q) tafiffifp^^) 

sinp+sinq svn^fp+q) ta^ngifp+q) 

cosp+cosq cosi(p +q)'~ BT 

sinp+sinq cos^fp-"^) cot^fp^^) 

cosq'^-'Cosp «tn^(jp— 9) R 
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cosp+ cos q d)\90c — q) R 

nnp-^nq cot^{p+q) coti{p+q) 

cos q — cosp sin^{p+q) R 

cosp+cosq cos^(p+q) co^^(f>— ^) coti(p+q) 

cosq-''<osp sini^{p+q) s%n^{p — q) tanfighip-^^ 
sin {p+q) _ ^s%n^{p+q)cos^{p+q) cos^{p+q) 
sinp+sin q 2sini{p+q)cosi(p — q) co*i(/>— -?) 
sin (p + q) __ 2sin^(p+q)cosi(p+q) __ sini(p+q) 
sinp — sin q Zsini(p — q)cosi(p+q) sini(p — q) 

Formulas which are the expression of so many theorems. From 
the first, it follows that the sum qfthe sines of two arcs is to tJiC 
difference of these sines ^ as the tangent of half the swm of the 
arcs is to the tangent of half their mffereiice, 

XXX. Making 5=a, or 9=0, in the formulas of the three 
preceding Articles, we shall have the following results : 

co^ a=iR*+iR cos %a 

sin^ a=:^R^ — ^R cos 3a ^ 

-^ 2 co^ i® 
R+cwp = g-^ 

^ 9,sw?^p 

R — cosp^ — g^ — 

2 sin ip cos ip 
svnpz=. ^ ^ 

svn p tang ^p R 



'R+cosp R cot ip 

sinp ^iP ^ 

H^^cosp R tang ^ p 

R + cosp co^ip R^ 

'R'^cosp R^ to/nff^ip' 

XXXI. In order likewise to develope some formulas relative 
to tangents, let us consider the expression 

tang (a+6)= ^^'^^^+^\ in which, by substituting the values 
of sin (a+b) and cos (a+ J), we shall find 

• . Tx R (sin a cos b+sin b cos a) 

tang (a+b) = — ^ , . , . -- 

^ cos a cos O'^stn b sin a 



!#»« 










Ifc- — iDv^r ' iawtiT ir 






U' Mr • 



hu^jK ^ =^2 c: Jtg-zJiar i rijiiirii^tin icg mil hang Apibmph 






3Mriame''a — tatur^ s 



• XXXir The derc^opoBat of tiip— c tikal finmhs, 
ciomidtTtad m aJi tuesteiit, ibniis an inipofUBX fanadi of An- 
tiiym^ oa wiiicfa najr be oonsuked the rKrpflpnt vork of Euler, 
«»Utied /fitroductio im Analynn Imfimionam^ or the FreDch 
tfimtatkni '/ it, iUuttratcd with noCe^ br M. Ldb^. It 
t^btm% pr^jiper^ nottnthflanding, that we should heze demoostiate 
tlMr fi/rmtUMM which serve &r expfesmig the sines and ooones as 
functions of the air ; both because these &nmilas are irfci p e d 
Up as known in Note IV. and becanse thej are required 'm oon- 
structing the tables. 

First, tlien, supponng the radius = 1, which does noC affect 
ilus universality tff the results, we have the fivmula cotr A+ 
Mm'' A 1, ilu* first member of which may be regarded as the 
imNliJct of the two imaginary factors cosA + j^ — 1 ^n A, 
and ro^ A — v' — 1 mt A. Multiplying together the two 
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fflmilur fkdors c(^ A 4-is/*^ 1 ^ A, coi B+ ^ -^^ 1 ^ B, Che 
pioduot wiU he cos A €08 B*^9in A«mB 4-{«in A oo^ B + 
^m B eo^ A) V -*-*- ^9 lU^d nay caaaeqii&atly be reduoed to die 
form aw (A + B) + ^ — Isin (A+ B), which is similar to 
each of the factors. Hence generally we have 

(cd*A+V-l«fnA) (cosB^Js/Asin B)sO(M(A4-B)4.^/-l^if»(A+B): 

and it is worthy of remark, that multiplication among quantities 
c^ this kind is pevfotmed bv simply adding the arcs ; a property 
analogous to that of logariithms. We shall successively obtun 

(cosA^^^\sinA)(cos A-^jJ'^l sin A) ^cos2 A+^—l sin2A 

(ro^A+V--l#tnA)(awBA+V--lw»aA)»awSA+A/'^l smSA 
(a>sA-^'j'^lsinA)lcos3A-^^^ismSA)^cos4fA+^^l8in4}A 

&c 

The first product is equal to (cos A+ \/ — 1 sinA)% the second 
is equal to (cos A+^ — Isin A)^; and so on. Hence in general, 
n bemg any whole number, we shall have 

(cos A+^'^lsin Ay = cos n A+^^- IsinnA. 

From this> by changing the sign of V-^l> there results 

(cos A— v^— 1 ^ — A^^^co^^A-^-iv/— 1 sinnAj 

and out of these two equations, which foUow from ^^ach other, the 
values of ^» n A and cos n A may be separately deduced, 
namely: 

CO* w A = ^(cos A+ \/— 1 **^ A)* +\(cos A — V — 1 sin A)** 
sm nA=g - ^ (q>^ A4->^— 1 ^^Ay^g-^ (owA-v'-l^^ A)" 

 XXXIII. If the same quantities are to be expressed in 
series, we have only by means of the binomial theorem, to deve* 
lope (cos A+*i/— 1 sm A)*, which will ^ve 

CO*** A+jj cos^^^A sin A V— ^ — ' ~ cos'^^A ^*A— 

And this quantity being the value of cos n A+jj^-^Xsm n A, we 
mtcy si^Nffately put the real p«ft of it equal to cos n A, and the 
imaginary part equal to ^^ — 1 *m n A, We shall then have 

co*nA=co*n A-'^co^-^A^n* A+ ^'^-l'n-2.n^3 

1.2 1.2.3.4. 

co5**~* A wi*A— &c. 

n 7i^""l W"""2 
sin nA==n cos'^^A sin A ' ' ^ — co^^**^ Asin^A+ &c. 

1.2.3. 
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two series whose law it is easy to discover, and by means of 
which the sine and cosine of a multiple arc A may be found, in 
a much speedier manner than by the operations indicated in 
Art 24. 

 XXXIV. Since we have sin A=^co8 A tangAf these two 
series may be put under the form 

nA=c(W"Af l-~j-^^a^A+ 1,234, tor^A-Stc. J 
nA==coj*A (^towg^A— ^'^!^ '^^ tang^ A+kc] 



cos 



Suppose fB=— .; by substituting this value, and still retaining 

factor coy" A, we shall have 

- * /- x,x-A tans^A , /r.ir-A.ir-2A/F-3A tanet^A \ 
cos ;r=co*-A(^l-^^.-^+ ^^^^ ^. &e. j 

In these formulas A may be assumed at pleasure: sujqxise 
A very small ; then — !^! — will be very little different from 

unity, the tangent of a very small arc being almost equal to the 
arc. Yet so long as the arc is not absolutd^y nothing, we have 

tang AziP' A* or — ^i — -p^ 1 ; we have at the same time A zp^ 

«nAt; hence *^^*?^,ori?!^^-l^. Hence 

A sin A A cos A 

it appears that the ratio ~^~ is always included between the 

limits 1 and . Put A=0 ; we shall have cos A=l : hence 

CO* A 

because ^x is included between 1 and , we shall have 

A CO* A 



• AT (see the fig. of page 285) is greater than AM, because the triangle ATC 
is to the sector ACM : S AT X i AC : AMxi AC : : AT : AM. 

t AM (see the same fig.) is greater than MP, because the arc MAN is 
greater than its chord MN. 
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exactly — ^^ — = 1. Thereiore makmg A=09 we shall have 



It remains to inquire what becomes of cos* A, supposing A to 

diminish more and more, and at length to vanish. Now we have 

1 - . 1 

— -— =:^ A=+towg^ A ; hence cos A=(l+Awig^A) *, 

hence aw'*A==(l+/aw^A) ^=: 1—- tan^A-^ ^ tang^A &c; 

Instead of n, substitute its value -r- ; we shall have 

A 



CO** 



« A* ^ 2,4 A* 



If we now suppose A to diminish more and more, whUe a: re- 
mains the same, the value of cosi* A will more and more approach 

to unity ; and in fine, if A is made = and — ^ — = 1, we 
shall have exactly co^ A = 1. Hence we have the formulas 

cos £0=^1 — i^ rr+ = TT—^r T—  ^ ^ ^ .> + &C. 

1.2^1.2.3.4 1.2.3.4.5.6 

1.2.3^1.2.3.4.5 

by means df which, we are enabled to calculate the sine and the 
cosine of an arc, whose length is given, in parts of the radius 
taken as unit. 

* XXXV. These same values may be expressed more briefly, 
-by means of expcmentials. For this purpose, we must consider 
that e being the number whose hyperbolic logarithm is 1, we 
have ' 

^=^+1+0+1^8+1:^+ ^*'- 

If; in this formula, We make ^r=xV,~~l> ^6 shall have ^ 

"^ 1 1.2 1.2.3 ^1.2.3.4'*^1.2.3.4..6 
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Bj diangmg the sign of V^) *® diould in like maaner have 

e *" i ra^ l.«J '^1.8*3.4 1.J5.4.6 "^ 

Hoice we deduce 



2 =^-0+1:2:8:4- *'*'• 

^arv— l__g— ^V— 1 ^ ^» 

V— 1 '^"'0:B'^1.«.3.4.6" 



I I * 



two series, whose second members are the values already found 
for cos IV and sin x. Hedoe we have 



/V— 1^^— ^V— 1 ^^V— l_g— ^V— 1 
cos x==^ g > sin x=^ aj -^ -**^ ; 

whence wcfind ^ _^^_i =V--l • ^5rj=>^-l<«^^' 

the formula employed in Note IV. 

The same formulas give ^ = cos x + ^ ^^1 sifi w, 

e = CO* ^— V — 1 sin x; hence dividing the one by 

8 ^ ^ 1 COSX+ ,J — 1 sin x 

the other, we shall have e cos a? — ^ 1 ^n x~ 

t"*"^ —  ?^ , or taking the logarithms of each member, 
2 a? V. — l=log- r ^ , n angxy ^ ^^^ ^^ already know 



putting 



tans X instead of Zy and dividing both sides by 8 ^ — 1, we 
shifi have 

X = tang ^— J Um^ a?+J t(m^ a? — 4 ^^wg*^ a;+ &c. 

A very simple formula, which enables us to calculate the arc 
from its tangent when the latter is less than unity* 
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* XXXVIj In order to apply th^ preceduig formulaA fior de- 
tettaiining the sine and eosine of an $rc given in degnessi and 
ports of a degree, we must have the length of this are tf press^ 
m parts of me radius, in other words^ we must have the ratio 
of this arc to the radius. Now, the radius being 1, the Semi« 
circumference or the arc df aOQo^S. 14159 26535 897939. 



m 



Put this number = ir* the length of the arc — 100^ will be 



m «• 



m 5r 



^* 5 1 hence^ if in the preceding formulas, we make x = — * ^ 

and afterwards insert the value of ^, calculating the coeffidents 
to sixteen places of decimals, we shall have the foUowing 
formulas : 



sin 



in (-^. 100«) =t 
1.57079632679*8966 
--O.64596 40975 06246S 



m 



n 



+ 0.07969 26262 461670 



--0.00468 17541 353187 



n 
in' 



5 



+0.00016 04411 847874 



»7 



—0.00000 35988 432352- 
+ 0.00000 00569 217292- 



n 
m 




11 



ml 5 



-^.00000 00006 688035 



»15 
15 



m 



il5 



+o.obooo 00000 060669 



m 



17 



—0.00000 00000 000438 



ni7 



n 



10 



+ 0.00000 00000 000000 



tn 



21 



n 



01 



cos 



(-=-.00.) = 



1.00000 00000 000000 
•^1.23370 05501 361 698 
+ 0J25366 95079 010480 
--0.02086 34807 633530 
+0.00091 92602 748394 



m^ 



n 



2 



n^ 
m^ 



n 
m 



—0.00002 52020 423731 



m 



10 



n 



10 



+0.06000 04710 874779 



m 



ii 



n 



18 



--0.00000 00063 866031 



+0.00000 00000 656596 



m 



li 



n 
m 



14 
16 



► 16 



—^.00000 00000 005294 



m 



18 



+0.00000 00000 0000347 



«18 



,80 



t By merely changing 100° into 90°^ this table might also be applied tp 
the n^cinagesiitoal scale ; though it would be less convenient for obtaining 
the sines of int^e^ arcs, because n could not then so often be put eqtuj to 
some ppwer of 10«-«>£n. 
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The nnes and cosines of the arcs between 0^ and 60^ oompre- 
bend the conneft and rines of the arcs between 50^ and 100^ ; 
for we have 
sin (50*+«) = cos (SCP — z) and cos (50*+ sr) = sin (60* — x). 

Hence in the formulas exhibiting the values o(sin -^ 100°, and 

cos — 100°, we may always suppose — .<«^ i ; by which means 

the series urill converge so rapidly, that we shall never ha^e 
need to calculate more than a small number of terms, especially 
when not many dedmals are required. 

By successively making — =Jq» jq' jq^ Jq* J0» weshaUfind 

the following results ; 

sin lO*" = OM? 90o = 0. 15643 44650 40931 

sin 20o = cos 80o = 0. 80901 69943 74947 

sin 80<' = cos 70** = 0. 45899 04997 89647 

sin 40- = cos 60° = 0. 58778 52522 92473 

sin 50o = cos 50o = 0. 70710 6781 1 86548 

sin 60° = cos 40° = 0. 80901 69943 74947 

sin 70° = cos 30° = 0. 89100 65241 88368 

sm 80° = cos 20° = 0. 95105 65162 95154 

sin 90° =. cos 10° = 0. 98768 83405 96138 
sin 100° = co9 0° = 1. 00000 00000 00000 

which agree with the algebraical formulas of Art. 22. Also 

m 1 

by making — = -t-ttt j we shall find the same value for sin V* 

as was found in Art. 26; and the extreme facility with which 
these results are obtuned is a proof of the excellence of the 
method. 

ON THE CONSTBCTCTION OF TABLES OF SINES. 

* XXXVII. Those useful mathematicians, to whom we are 
indebted for the first construction of tables of sines, founded 
their calculations on methods which are ingenious in them- 
selves^ but difficult in their application. In subsequent times, 
Analysis has furnished us with far more expeditious methods of 
attaining this object; but the calculations beinff already per- 
formed, these methods would have remained without applica- 
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tion» if the estabUskment of the French metrical system had not 
required the calculation of new tables oorresponcung to the de- 
cimal division of the circle. 

To give some idea of the methods proper to be followed in 
the construction of tables, suppose we are required to calculate 
the sines of all the arcs from minute to minute, which lie be- 
tween 1 minute and 10000 minutes or 100 degrees. We shall 
make the radius =1, the arc of one minute ==a; and in the 
first place we shall have to find the sine and cosine of the arc a 
with a great degree of accuracy. 

The radius being 1, the semicircumference or the arc of 
^ degrees, we already know is 3.14159^6535 897932; 
dividing this number by 20000, we have the arc of 1 mi- 
nute or 0=0.00015 70796 3^7948966, a value which is cor- 
rect to the twentieth decimal. When an arc is very small, 
its sine may be considered as almost equal to the arc : hence 
we have verv nearly 8ina = 0.00015 70796 32679 48966. 
But this value is wrong from the thirteenth decimal, 
which is only the tenth significant figure. To obtain a more 
correct value, the simplest method is to have recourse to the 

wi 1 

formulas in Art. 36, by which, making — = , r.^^r. 9 from 

•^ n 10000 

the first two or three terms of each series, we shall immediately 
have 

^na=: 0.00016 70796 32033 525563, 
cosa = 0.99999 99876 62994 52400 5253, 

values, which are correct to the twentieth decimal for the siney 
and to the twenty-fourth for the cosine. 

* XXXVIII. Knowing the sine and the cosine belonging to 
the arc of one minute designated by a, in order to obtain from 
it successively the sines of all the arcs which are multiples of 
a, we shall, in the formulas of Art. 22, make o=^+«> a=^a?— 1 . 
By this substitution, R being always 1, the first and the third 
formulas will give 

sin Qv+a) =:^ cos a sin x — sin (jv — a) 
cos {x+a) z=.%cos a cos x^^ cos («r — a) 

From these formulas it appears, that if a series of arcs are in 
arithmetical progression, the difference being q^ their sines will 
form a recurring series, whose scale of relation will be 2 cos <7, 
-— 1 ; in other words, two consecutive sines A and B being 
calculated, the following edne C will be found by multiplying 
B by 2 C09 a, A by —.1, and adding the two products, which 
will give C = 2 B co^ a«*« A. The cosines of these arcs will 

u 
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in like niamier lorm ft recurring series, whose Male of Tdatkxi 
will be S col A, ^-* 1 ; hence we fifaall have in suoceBnon, 

cos 0=1 



svn 0=0 
sin a=sin a 
sin 2a=2 00s a sin a 
ysin Sa:r:9, cos a sin % a— ^n a 
siffi 4sai=^ cos a sin 3 a^^^-^sin Sa 
sin fia:^ co9 a ^{n 4 a— --^ 8a 
&c. 



cos a=£os a 
cos Za=Z cos a cos 
cos Sa=!^ cos a cos 2a-«^co9 a 
cos 4fa=i2 cos a COS Sa^^cos 9a 
c&s 5as^8 cos a COS 40—^09 ^ 
&c. 



 XXXIX. All that now remains \s to execute the operatioDS 
here iodicated, by substituting the yalues of sin a and 
4X}S a. If our tables of sines are to be constructed with ten 
decimal places, it will be enongh to take the values of sin a 
and cos a, carried to 16 places, namely, 

*m a = 0.00015 70796 380835, 
cos a- 0.99999 99876 629946. 

But as cos a differs very little from unity, there is a method 
of abbreviation, of which it will be riglit to take advantage. 
Put A; = 2 (— c(w a) = 0.00000 00246 740110 ; we shall have 
2 C05 a = 2 — &, which will ^ve 

sin {pD+d) — sin x = sin x — An {x^^a^^^Tc sin Xj 
cos («r+a) -^^ cos X =: coc X — cos (a? — a) — Jfc cos x. 

To obtain the term sin (x + a)^ we have only to increase the 
preceding term sin x by the difference sin {x+a^ — sin Xj which 
will in every case be very small. Now by the formula, this dif- 
ference is equal to a similar difference already calculated, namely, 
sin X — sin {x — a) minvs the product of sin x by the constant 
number h. The finding of this product is thus the only oper- 
ation of any length connected with the deducing of a sine from 
the two jMreceding ones. We may also observe, Jirsty that this 
product need not be carried beyond the sixteenth place of ded- 
mals, which gives only a smairnumber of ciphers to calculate ; 
secondlyji that these multiplications may be greatly abridged 
by finding beforehand the products of the constant number 
246740110 by 1, 2, 8, &c. to 9; by which means, we shall 
immediately obtain the partial products resulting from the dif- 
ferent ciphers of the multiplier sin «r, and notlung will remain 
for us but to add these products together, rejecting all the ded- 
mals beyond the sixteenth. 

The same process will require to be followed in calculating 
the cosines ; and after carrying the series of both these quanti- 
ties to 50% the table will be complete. 

^ XL. It is requisite, we say once more, to calculate sines with 
16 dedmals, that is, with five or six decimals beyond wittt we 
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mean to retidn in the tables, in order to make sure that no 
errors, though augmented in the course of 5000 operations, 
may influence the tenth decimal in the concluding results. 
When the calculation is finished, the superfluous decimals may 
be struck o£P, and only ten retained in the table. 

It is evident enough, that in executing so many calculations, we 
should endeavour to verify our results as often as possible. In 
the example, which we have exhibited, of a table calculated from 
minute to mmute, it would be requisite to calculate beforehand 
the sines and cosines from degree to degree, which would afford 
a very useful verification at the end of every 100 terms. Now, 
fpr calculating the sines from degree to degree, we have the for- 
mulas and vfiJues which follow : 

«in(a?+l®)— ^i» ^r!=m a?— rin (^p— 1**)— A sin w, 

C0tf(a?-|-1®)— cos OOzzjCOS X COS (iT— P) h COS Xy 

sin Vz=0 . 01570 73173 118^ 676, 

cos 1°=0 . 99987 66324 81660 599, 

A=2(l— CO* 1^)=0 . 00024 67350 36678 802. 

The sines, thus calculated from degree to degree, will themselves 
be verified at every tenth term, by the already known vjahies of 
nn 10^, sin 20^, &Ci And finally, when the whole table U con>. 
structed, it may farther be venfied in as many places as we 
choose, by the equation 

w»(100^-^)4^ii(20^a?)+M«(«0+a?)**iii(60°^+*&K60P--ir). 



*XLI. The sines, as they result frcnn the calculations here 
explflUDed, are expressed in parts of tbe radius, and called naitu- 
raL sines : but in practice it has been found, that great advan- 
tages result from using the logarithms of thosie sines instead of 
the sines themselves ; and accordingly our tables for the most 
part do not exhibit the natural sines at aU, but merely their log- 
arithms. It is easy to conceive how, when the sines are calea- 
lated, their logarithms may be found ; but as the supposition of 
radius =1 would make the logarithms of all the sines negative, 
it has been thought proper to take radius =10000000000, in 
other words, to multiply by 10000000000 all the sines found 
on the supposition of radius =1. By tins arrangement, the ra- 
dius or the sine of 100% which is often met with in calculation, 
has 10 units for its logarithm ; and scarcely any ai^le can oc- 
cur in practice so smafi as to have a negative logarithm for Us 
sine. 

The logarithmic sines being found, the logarithms of the 
tangents are easily deduced from them, by a series of operations 

11.. /»' 1 . R sin X 
m smiple subtraction : for, having tomg a?=- > we must 
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also have loff, iang xz=10+hg. ain a^'4og. cos no. As to the 

logarithms of the secants, they may be found in a manner still 

R 

more simple, by help of the equation sec xz=. . It is be- 

cos oc 

cause these deficiencies may be so easily supplied, that in the 
tables, no logarithms are inserted but those of the sines and tan- 
gents. 

We might now explidn the species of interpolation usually 
employed -for finding the logarithmic sines or tangents of sudn 
arcs as contain fractions of a minute ; or for finding the arc 
which corresponds to a given logarithmic sine or tangent, when 
the latter lies between two numbers given in the table. But 
for these details it is better to consult the explanations, with 
which the tables are always accompanied. 




raiMCIPLES FOB THE SOLUTION OF RECTILINEAL TRIAKGLES. 

XLII. In all rfgkt-a/ngkd iricmglesj ike radius isto 1h 
jsme of one of ike acute a/n^^j as the hypotenuse is toihe sid 
^opposite this angle. 

Let ABC be the proposed tri- 
angle right-angled at A : from 
the point C as a centre, with a ra- 
dius €D equal to the radius of 
the tables, describe the arc D£, 
which will measure the angle C ; 

on CD let fall the perpendicular ^^ rif 

EF, whidb will be the sine of the 

angle C. The triangles CBA, CEF are amilar, and give the 

propOTtion CE : EF : : CB : BA ; hence 

R : wn C : : BC ; BA. 

XL 1 11. In aU right-a/ngled tricmgles^ radios is to the tanr- 
gent of one of {he acute aangles as the side lying adjacent to this 
offigle is to the side lying opposite. 

Having described the arc DE (see the last figure), as in the 
preceding Article, draw DG perpendicular to CD ; it will be 
the tangent of the angle C. From the similar triangles CDG, 
CAB, we shall have the proportion CD : DG : C A : AB ; hence 

R: tangC : : CA: AB. 
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XLI V. In cmy recHUneal triangie, ike sines tf ike an^esare 
as the opposite sides. 

Let ABC be the proposed triangle ; AD 
the perpendicular, let fall from the vertex A 
on the opponte side BC : there may be two 
cases. 

First. If the perpendicular falls within 
the triangle ABC, therighUangled triangles b 
ABD, ACD (Art. 48.) will^e 

R : m B : : AB : AD. 
R : «i» C : : AC : AD. 

In these two proportions, the extremes are equal ; hence with 
the means we shall have 

m C : ^ B : : AB : AC. 

Secondly. If the perpendicular falls without the triangle 

ABC, (see the fig. in the next page) the right-angled trian^es 

ABD, ACD wilTsUll give the proportioi^ 

R : sin ABD : : AB : AD, 
B.:sinC : : AC : AD ; 

from which we derive sin C : sin ABD : : AB : AC. But the 
angle ABD is the supplement of ABC or B ; hence «m ABDr= 
sin B ; hence we again have 

^n C : ^ B : : AB : AC. 

XLV. In aU rectUineai triangtes, the cosine of one angle is 
to radius^ as the sum qf the squares of the sides which contain 
thai aangUj minus the sgiiare ^the third side is to twice the rect- 
angle qfihejbrmer two sides ; in other %vordsy we have 

C05 B : R : : AB»+BC«— AC« : 2AB . BC, or 

^ _ AB»+BC«— AC* 
co*B = Rx ^Afi.BC ' 

From the vertex A, let AD be again drawn perpendicular to 
the side BC. 

FirsL If this perpendicular falls within the triangle (see the 

preceding figure) we shall have AC*«AB*+BC^— 2BCxBD 

AB* I BC* • AC* 
(Prop. 31. II.); hence BD= q^C ' But in the right- 

angled triangle ABD, we have R : sin BAD : : AB : BD ; 
also the an^e BAD being the complement of B, we have 



i 
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RxBD 
fill B AlXseof B ; hence «bB = —^^, or by rabsdtofing 

die yalue of BD, 

^^^^^ 2ABxBC • 

Seamdhf. If the pefpendicubr falls A 

without the triangle, we diall hare 

AC?=AB«+BC?+«BCxBD (Prop. 

, „_ AC^-AB^-BC* 

18. IIL) ; hence BD= ^gg -' 

But in the right-angled triangle BAD, 

H. V BT) 
we rtill have mn BAD or coi ABD — ^ - ; and the angle 

ABD h&ng supplemental to ABC cmt B, we have cos B= — 

B. vBD 
co«ABD=— — T^5 — (Art. 11.); hence by substituting the 

AB 

value of BD, we shall again have 

^ « AB«+BC*— AC? 
«^®=^^ JiABxBC • 

* XLVI. Let A, B, C be the three angles of any triangle ; 
a^b^c the sides respectively opposite them : by the last Articlei 

we shidl have cos B=Rx — . And the swne prineipie 

when applied to each of the other two angles, will, in like 

manner give cos A=Rx — gr- — , and cos C=Rx — -^-: — . 

These three formulas are of themselves sufficient for scdviag 
all the problems of rectilineal trigonometry ; because^ when tfatee 
of the six quantities A, B, C, a, 5, cr, are given, we have by 
these formulas the equations necessary for determining the other 
three. The principles already explained, and whatever others 
may be added to them, can, taeref<»re, only he eonsequences of 
these three principal formulas. 

Accordingly the value of co^ B gives 
sm^ B=R*— c(w* B=R* . j--^ = 

-^ (2 o' y +2 a* C+2 b* c*— o^—^S— c*) : hence 

^^ B R ^«. ^ ,o ^ « « 

-y-= 2^V(2 a* 6*+2 o' c*+2 6* c'— fl*-rn6*-^*). 

The second member being a function of a, b, e. in whicb these 

5 
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ihree bttera all oeour under the very same form, we may 
eridently change two of these letters at will, and thus have 

dn B_sin A _sin C ,• u • ♦u - \ c k ^ ajl k a 

-^ — = ^ = :-- — ; which 13 the priaaple of Art. 44. And 

from this, the principles of Art 42 and 43 are easily dedudble. 

XL VII. In any rectilineal tria/ngle^ the sum of two sides is 
to their difference^ as the tangent of half the^ ^um of the amMes 
opposite those sides is to the tangent qfhatfthe difference of^me 
same an^s. 

From the proportion AB : AC : :sinC : sin B (see the figures 

in pp. 807, 308.) ; we deriye AC+ AB : AC— AB : : ^n B+ 

stn C : sin B— ^» C. But, according to the formulas of Art S9> 

we hav 

B+C B— C 

sin B+#tn C : wn B-^%mi C : : iang- ^ - - : tang -3 — I 

hence 

"Dip R— O 

AC+AB : AC — AB : : tam g - ^ : tang—^ ; 

which is the property we had to demonstrate. 

With this small number of principles, we are enabled to solve 
•U the cases of rectilineal tngonotnetry. 



SOLUTION OF BIGHT-ANGLED TRIANGLES. 

XL VIII. Let A be the right angle of the proposed right- 
angled triangle, B and C the other two angles ; let 9 be th<3 hy- 
potenuse, h the side opposite the angle B, c the side opposite 
the angle C. Here we must eoii8i<1er that the two angles A and 
/) j^ are complements of each other; and that consequently, ac* 
' cording to the diiFerent eases, we a^ entitled to assume sin G 
zzicos B, sin B=co* C, and likewise tang B==co# C, tang C===: 
cot B. This being fi^ed, the different problems concerning right- 
angled triangles are all reducible to the four following cases : 

FIRST CASE. 

* 

XLIX. Given the hypotenuse a, amd a side b, to find the other 
side and the acute aaigfes. 

For determining the an^e B, we have (Arf;. 49.) the prppop- 
tion a : 6 : : IJ. : *m B. Kno^ng the angle, we stall also know 
its complement 100° — ^B=rC; we might also find C directly by 
the proportion a : 6 : : R : co^ C. 

As to the third side c, it may be found in two ways. Having 
found the angle B, we can either (Art. 43 ) form the proportion 
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ti : cotB : : b : c; or the value of c may be obtained cMreetly 
from the equation c*=a'—^% which gives crsrVCo*--**)? ^*o« 
consequently 

togc=ilog(a+b)+ilog(a—b). 

SECOND CASS. 

L. Given the two sides h and c of the right angUy tojind the 
hypotenuse a, a/nd the cmgles. 

We shall have the angle B (Art 43.) from the proportion 
c : i : : R : tang B. Next we shall have C=100°— B. We 
mi^t also find C directly by the proportion d : c : : R : tang C. 

Knowing the angle B, we shall find the hypotenuse by the 
proportion sin B : R : : 6 : a ; or a may be obtained directly 
from the equation a3=^(6*+c*); but as V+(? cannot be decern- 
posed into factors, this expression is incommodious in calculating 
with logarithms. 

THIRD CASE. 

LI. Given the hypotenuse a and an angle B, to find the 
other two sides b and c. 

Make the proportions R :*sin B::a:d, R:ai«B::a:c;' 
they will give the values of b and c. As to the angle C, it is 
equal to the complement of B. 

FOURTH CASE. 

LII. Given a side h of the right an^ with one of the acute 
amgles, tofimd the hypotentise and the omer side. 

Knowing one of the acute angles, we shall likewise know the 
other ; hence we may look upon the side b and the c^ponte 
angle B as ^ven. To determine a and c, we shall then have 
the proportions 

sinB : ti : : b : a, H : cotB : : b : c. 



SOLUTION OF RECTILINEAL TRIANGLES IN GENERAL. 

Let A, B, C be the three angles of a proposed rectilineal tri- 
angle ; a, b, c the sides which are respectively opposite them : 
the different problems which may occur in determining three of 
these qilantities by means of other three, will all be reducible to 
UleTour following cases. 
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EiBST. CAsie.  •■ • : 

LIII. Given the side a and two angles qflite itiaiigle^ tofmd 
the two other sides b Ofnd c. 

Two of the angles being known will give us the third ; then 
the two sides h and c will result from the proportions (Art. 44.) 

sin A : sin B : : a : i, 
sin A : sin C : : a : c. 

SECOIID CASS. 

LIV. Given the two sides a a/nd b, with the ansie A opposite 
to one of them^ tojmd the third side c and the other two a/ngles 
B and C. 

The angle B may be ha4 by the proportion 

aib : I sin A : sin B. 

Let M be the acute ansle whose sine is ; from the va?- 

o a 

lue of sin B, we may either take B=M, or B=200<» — ^M. This 

ambiguous solution will not occur, however, except we have at 

once A an acute angle and bz^a. If the angle A is obtuse, B 

cannot be so; hence we shall have but one solution ; and if, A 

being acute, we have b:^a^ there will equally be only one solu- 

tion? because in that case we shall have M.^A, and by making 

B=20(K— M, we should find A+Bz^^-^OO*^ ; which it cannot be. 

Knowing the angles A and B, we shall also know the third 

angle C. Then we shall obtain the third side c by the proportion 

sin A : sin C : : a : c. 

cos -A. 
We might also deduce c directly from the equation — ^r-=^ 

J*+c* — a* , . , . bcosa , / « 6* ^w* A\ _ 

- 2bc ' '"^'''^ ^"^ ' = -B— - ^ \f 5^) ^"* 

this value will not admit of being computed by 'logarithms, ex- 
cept by help of an auxiliary angle M or B, which brings it back 
to the foregoing solution. 

TfllBD CASB. 

LV. Given two sides a, cmd b, with their included angle C, to 
find the o&ier two a/ngles A and B with the third c. 

Knowing the angle C, we shall likewise know the suiii of the 
other two angles A+B=200^— C, and their half-sum i(A+B) 
=100® — \C. Next we shall compute the half-difference of these 
two angles by the proportion (Axt. 42.) .', ^ 

a+6 : a — b : : ta/ng ^(A+B) or cot ^C : tang ^(A—- B), 
in which we consider aT^b^ and consequently A^=^B. 

2 
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Having found the half-diffei^noe, by adding it to the hal& 
sua i ( A+B), iv« shidl ha^e the greater angle A ; by sub- 
tracting it from the half-sum, we shaU have the smaller angle B. 
For, A and B being any two quantities, we have always 

A=i(A+B)+HA+B), 
B = i (A+B)— i (A — B). 

Knowing the angles A and B, to fiiid the third side c, we 
have the proportion 

sin A : sin C : : a : c. 

* LVI. In trigonometrical calculationSi it often happens that 
two sides a and o are known by their logarithms ; in that case^ 
to avoid the trouble of seeking the numbers which correspond 
to them, we need only seek the angle f by the proportion b : 
a : : R : ftangf. The angle 9 will be greater than 50% since 
we supposed a^^b ; subtract ^ from 50'' therefore, and form the 
proportioa R : tang (f — 50*") izcos^Ci ia/ng ^ (A -^^ B^ ; 
from which, as formerly, the value of i ( A — B) may be 
determined, and afterwards that of the two angles A and B* 

This solution is founded on the property, that^ tdng (50^-— f) 

^ R»^i^pR>^a^50° ^^^ tang,^^^^ and to^50-R; 
^^+t(mgftangSO° ^ 6 ' ^ 

hence tcmg (^-^0° = - ^^ s hence a+ J ; a— i : : B : tang 

(^— 60°)::co^i Citcmg^ (A — B), 
As for the third side c, it may be found directly by means of 



*i. ^. cos C o*+6^— c* t • 1 • 

the equation ~^-= — T 7^ , which give& 

jx ^ ab 

But this value is inconvenient for calculating with logarithms, 
unless the numbers which represent a, b, and co^ C are very 
simple. 

We may observe that the value of c might also be put under 
these two forms : c = 

y[(a - 6). = 4 a 6^ J=y|^(a+5)« ^+. _ 8. 

— r^ — J, which is easily verified by means of the formulas 

*in*iC=:iRf iRcMC,aj^*iC = iR»+|RcorC. These 
values will especially be useful, if it is required to compute c with 
great precision, the angle C and the Hne a — 6 bemg at the same 
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time very small. The latter value shews that e might be the 
hypotenuse of a right-angled triangle^ finrmed with the sides 

(o-l-d) — al — and a •— *-^^w — ; » truth of which we may cpn- 

vince ourselves by this very ajnple construction. 

Let CAB be the proposed >tri- e A o B 

angle, in which are known the two K l\ / ,--''/ 

sides CB = a, C A ==*, and the in- \ \ / Y .''' / 

duded angle C. From the point C \ \ / / \,^''' 
as a centre, with the radius CB e(]ual \*\ \/ y''' ^ 

to the greater of the two given siaes, ib ^— '''' 

describe a circle meeting the side 

CA produce in D and E ; join BD, BE ; and draw AP per- 
pendicufar to BD. The angle DBE inscribed in the semicircle 
IS a right-aagle ; hence the lines AF, BE, are parallel, and we 
have the proportion BF : AE : : DF : : AD : : co* D : R. In 
the right-angled triangle DEF, we shall in like manner have 
AF : DA : : ^n D : R. And substituting the values DA = 
DC+CA = a+b, AE r= CE — CA = a^b, D = i C, we 
shall have 

j^Y _ {axb) sin i C -gp^ ja — b) cosjC 

R R * ^ 

Hence AB the third side of the proposed triangle is actually 
the hypotenuse of the right-angled triangle ABF, the sides of 

which are (ax ft) —^ — and (a — 6) — ^ — . If in this same 

xC R 

triangle, we find the angle ABF opposite the side AF, and 
subtract from it the angle CBD = ^ C, we shall have the angle 
B of the triangle ABC. From which it appears that the solu- 
tion of the triangle ABC, wherein are known the two sides a 
and b and the included angle C, is immediately reducible to 
that of the right-angled triangle ABF, wherein are known the 
two sides containing the right-angle, namely, AF = («+&) 

— ^— , and BF = (a — b) ^^2L^ — . This coni^ruction might, 
therefore, supply the place of Art 47. 

FOURTH CASE. 

LVII. Given {ke three sides a^ by c> fc find, the three angles 
A, B, C. 

The angle A opposite to the ade a is found by the formula 
coj A=: R. — —^ ; and the other two angles may be de- 
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t^imried in the sAme way. But a different solution may be 
obtained by a fbrmula more ooounodious for computing with 
logarithms. 

Recurring to the formula R' — R cos A t^ 8 ^ ' i A, 
and substituting in it the value of cos A, we shall have 

S.en'iA = R' ^^ = R' ^^^^ 

R,,(a + &-c) (g-ft+c) jj^^^ 

¥bc 

For the sake of brevity, put 

i ( «+ * + c)=i^> ora + 6 + c = 2jp,' we shall have 

a + i — c = 2jt? — 2c, a — i + c = 2p — 2 6; hence 

A formula which also gives the proportion 

b c: (p — b) (p — c) : : R* : sin^ i A, 

and which it is easy to calculate by logarithms. Knowing the 
Ic^rithms of sin | A, we shall likewise know i A, the double 
of which will be the angle sought. 

There. are other formulas equally proper for solving the 
question. Thus, first, the formula R^ + R ^o^ A = 2 cor i A 

gives a«»iA = R'.:^±^+#A±=:^' = R'.(*+^=f= 

^, (b+c-a){b+c+d) 3^j ^jjjj ^^j^ ^ j^^ ^ g 

4sbc " '^ 

we have 6+c — a=:2jp — 2fl; hence 

And this value being afterwards combined with sin i A ¥rill 

give another formula ; for having tanff i A = I~a > ^^ 

obtain from it 
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Examples qfthe Sciution qfRecH^neai Triangies. 

LVIII. Example 1. Suppose the height of a building AB 
were required, the foot of it being inaccessible. 

On the ground which we 
suppose to be horizontal or very 
nearly so, measure a base AD, 
neither very great nor very 
small in comparison with the 
altitude AB ; then at D place 
the foot of the circle, or what* 
ever be the instrument, with 
which we are to measure the 
angle BC£ formed by the hori- 
zontal line C£ parallel to AD, 
and by the visual ray directed to the summit of the building. 
Suppose we find AD or CE = 67. 84 yards, and the angle 
BCE = 45° 64^ : in order to find BE, we shdl have to solve 
the right^ngled triangle BCE, in which the angle C and the ad- 
jacent side C£ are known. Here, £Kx:ordingto Case 4., we shall 
form the proportion R : tcmg 45® 64^ : ; 67 . 84 : BE. 




Log. tcmg 45® 64^ 
L^. 67 . 84 . 



9 . 9403363 
1 . 8S14858 



Sum— %. R 1.7718121. 

This logarithm corresponds to 69 . 130 ; hence we have BE = 
59 . 13 yards. To BE add the height of the instrument, which 
I suppose to be 1 . IS yds., we shall have the required height 
AB=:60.26yd8. 

If, in the same triangle BCE we would know the hypotenuse, 
form the proportion co* 46® 64^ : R :: 67 . 84 : BC. 

Zcg-. B. + Z(^67.84 . . , 11.8814858 
L^. CO* 45® 64/ 9 . 8772784 

Diflerence 1 . 9542074 = icg- . BC. 

Note, If only the summit B of the building or place whose 
height is required were visible, we should determine the distance 
BC by the method dbewn in the following example; this dis- 
tance and the given angle BCE are sufficient for solving the 
right-angled triangle BCE, whose side increased by the height 
of the instrument will be the height required. 
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AMB ; those of the arc AMC are the only ones from which 
AC can be seen under an angle equal to AMC : hence the 
point M, where those arcs intersect^ is likewise the only point 
from whidii AB and AC can at once be seen under the angles 
AMB, AMC. We are now to calculate the position of the 
point M trigonometrically, from this construction. 

Suppose the given quantities, A B =2500 yards, AC = 7000 
yds., BC=9000 yds., AMB = 30^ 80^, AMC = 121o W. 
In the triangle ABC, whose three sides are known, we shall 
find the angle B AC (Art. 57.) by the formula *in * i A = 

R2.5552i^g; from #hich we obtain 2 Icff 9m i A = 
2500x7000 ^ 

19.93844J83, log *m i A = 9. 9692241, iA = 76°3r.6, 
and, finally, A = 152* 68^. Draw the diameter AD, and jdn 
DB; in the triangle BAD, which is right^ngled at B, we 
shall have the side BA = 2500, and the opposite angle BDA = 
BM A = SO^ 8(y; whence results the hypotenuse AD s= 

5^_^ = 6874.6 yds. By drawing the diameter AE, in 
^i/iBDA J J 6 

like manner, and joining CE, we shall have ACE a right-«ngled 
triangle, in which are known the side AC = 7000, and the 
adjacent angle CAE = AMC — lOO* s 21'' 40^ ; whence, we 

ahall condude, that AE = ^ ^f ^ = 7416 yds. 

cos CAE -^ 

Now, if MD and ME are drawn, the two angles AM^^ 
AME being right, the line DME will be straight. It remuns 
then to resolve the triangle DAE in which the Tine AM^ whose 
magnitude and position we are required to determine, is perpen- 
dicular to DE. Now, in this triangle, we have the ^ven sides 
AD = 6374 . 6, AE = 7415, and the included angle DAE = 
BAC+CAE — DAB = 104* 83^. Hence we shall obtain the 
angle ADE = 50^93/; and, finaUy, by therigfat^ngled DAM, 
we shall have AM =:; 4190 . 88 yds. This distance and the 
angle BAM =z 112"* 27^ completely determine the poaiticMi of 
the point M.* 

* In order to compute these examples br means of the common tables, 
we have onlj to change the angles from the centesimal into the nonag0Bi- 
mal scale ; in other respects^ the calculation will be exactly the same. The 
easiest method of effecting this change, in other words^ of diminishing the 
given angles by one tenth of their amount^ is to subtract from e«ich^ ex- 

Sressed in degrees and decimals of a degree, the same expression having the 
ccimal point a place farther to the lefl. Thus the angle BAMal 12° 27'b 
n«°.2T lcentct.)^ll2^.27^n'', «2T=101^ 043=101^«' 34" 8. (nonages.) 

Ed. 
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PRINCIPLES FOB THE SOLUTION OF EIGHT-ANGLED SPHERICAL 

TRIANGLES. 

LXII. In every righUangled spherical triangle, radius is 
to the sine of the hypotenuse, as the sine of one of the oblique 
angks is to the sine of the opposite side. 

Let ABC be the proposed 
spherical triangle; Aitsri^t 
angle; B and C the other 
two angles, which we shall call 
oblique, although one or both 
of them may be right : we 
shall have the proportion 
R : svn BC : : svn B : sin AC. 

From O, the centre of the 
sphere, draw the radii OA, OB, OC; then take OF equal to 
radius in the tables, and from the point F draw FD perpen- 
dicular to OA : the line FD will be perpendicular to the plane 
OAB, because the angle A being ri^tit by hypothesis, the two 
planes OAB, OAC are thus perpendicular to c^ch other. From 
the point D, draw DE perpendicular to OB ; and join EF : the. 
line EF will also be perpendicular to OB, and thus the angle 
DEF will measure the inclination of the two planes OBA, 
OBC, and be equal to the angle B of the triangle ABC. 

This being proved, in the triangle DEF, nght-angled at D, 
we have R : sin DEF : : EF : DF ; now the angle DEF = B ; 
and dnce OF = R, we have EF = sin EOF = sin BC, DF = 
sin AC. Hence R : sinB : : sin BC : sin AC, or 

R : sin BC : : sinB : sin AC. 

If we designate by a the hypotenuse or »de oppoate the right 
angle A, by b the side opposite the angle B, by c the side oppo- 
^te the angle C, we shall thus have 

R : sin a : : sin B : sin b : : sin C : sin c ; 

a formula, which of itself furnishes two equations among the 
parts of the right-angled spherical triangles. 
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LXIII. In every righi-cmgled spherical triangle^ radius is 
to the cosine qf cm oblique cmgle^ as the tangent of the hjfpo- 
tentise is to the tangent qfthe side adfocefit to that cmgle. 

Let ABC again be the 
proposed triangle right-angled 
at A; we are to shew that 
R:co*B:: towg'BCitowg'AB. ^, 

For, performing the same 
construction as before, the 
right-angled triangle DEF 
gives the proportion R : 
cos DEF : : EF : ED. But 
we have DEF = B, EF = sin BC, OE =raw BC ; and m 
the triangle OED, right-angled at E, we have DE = 

OEto>^DOE^co.BCto^AB. henceR:««B: : «nBC: 

It XV 

COS "RC tcmff A^ R ^w BC . at» £ n 

f   y. y : : K7q— • • ^^»w^ AB ; or finally, 

R cosBC ^ "^^ 

R : COS B : : tcmg BC : ta/ng AB. 

Making, as above, BC = a and AB==:c, we shall have 

R : C09 B: : iomffaitanffc^ or cos B=s iL£=r---3Sl^f?L? 

^ ^ ianga R 

The same principle, applied to the angle C, will give cos^ C »= 

R tang b tang b cot a 

tang a R 

» 

LXIV. In every right-angled spherical triangle, radkus is 
tQ the cosine qfa side containing the rigM angle, a^ the cosine of 

the other side is to the cosine qf^ hypotenuse. 

* 

Let ABC (see the preceding fignre) be the pftoposed triangle 
right-angled at A ; we are to shew that R : cos AB : : 
cos AC : cos BC. 

For, the same construction remaining, the triangle ODF, 
which is right-angled at D and has the hypotenuse 0!P = R, 
will give 01>=co* DOF==caj AC : also the triangle ODE, right- 

angled at E, wiU give OE = ^^ ^P.9? = "^ ^^^ ^B 
But in the right^ngled triangle OEF, we have OE = cm BC ; 
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hence cos BCssi^ — J22f — , or what amounts to the 8ame» 

R : cos AC : : cos AB : cos BC. 

This third prindple is expressed by the equation TL cos a=i 
cos b cos c; it cannot form a second equation^ like the two pre- 
ceding principles, because a change of b for c in it would pro- 
duce no alteration. 

LXV. By means of these three general prindplesy^ three 
others may be found, which are requisite, for the solution of 
right-an^ed spherical triandes. They might be demonstrated 
directly, each oy a particiuar construction ; but it seems pre- 
ferable to deduce them, by way of analysis, from the tnree 
which are already proved. We shall now do so. 

The equations sm B^z^f^^^cos C = ^ ^^^^give,by 

sin a tang a 

their division, f?l^ = <?!^ . i!!liL = rt equal, by the 

s^nB sm b tcmga smb * '' . 

third principle, to -^5-. Hence we have this fourth principle^ 

sinB I cos C : I B '. cos Cy 

from which also, by chan^ng the letters^ there results^ 
sm C I cos B : iB I cos b. 

The first and the second prindple ^ve 
d« B = 5^, CO* B = 5Jf!?£f ; hence we deduce if!L; 



Sin a tcmg a cos 

or «?^^^«Lli^lf =-JL^L»_ equd, by the third 
R smatangc cos a tang c ^ ' -^ 

prindple, to r r --f-^SL . Hence for a fifth 

^ '^ cos b cos c tang c sine 

prindfJe, we have the equation ta/ng B s=s fLl^E^SL-^ or the 

analogy 

R : tofngB II sm c: tangb; 

from which also, by changing the letters, there results 

R : ta/ng C :: smb ; ta/ng c ; 

Lastly, these two formulas give ta/ng Bta/r^C=^ — T^ 1 ^^ a= 
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R* R^ 

equaf, by the third' prindple, to . Hence 



COS c COS a 

R' = cay a toTig* B ^owg* C, or co^ B co^ C = R cew a ; or 

tanff 3 : cotC :: B, : cos a. 

This is the sixth and last principle : it cannot furnish another 
e<]^uation, because the change of JJ for C in it produces no alter- 
ation. 

We subjoin a recapitulation of these six principles, ^^hereof 
four give each two equations :-— 

I, R sin b == sin a sin B, R sin c = sin a sin C. 
11. R tcmff b = tang a co^ C, R tcmg c = tcmga cos B. 
III. R cos a ■:= cos b cos c, 

IV. R aw B = sifi C CO* 6, R cos C _. sin B cay c. 
V. R ta/nff b = sin c ta/ng B, R tangc = sin b tang C. 
VI. R CO* a == co^ B cot C. 

From these are obtained ten equations including all the rela- 
tions that can exist between three of the five e^ments B, C, 
a, by c ; so that two of these quantities with the right angle 
being given, the third will immediately be discovered in the form 
of its sine, cosine, tangent, or cotangent. 

LX VI. It is to be observed, that when any element is dis- 
covered in the form of its sine only, there will be two values for 
this element, and consequently two triangles that will satisfy the 
question ; because, the same sine which corresponds to an angle 
or an arc, corresponds likewise to its supplement. This will 
not take place, when the unknown quantity is determined by 
means of its cosine, its tangent, or cotangent. In all these 
cases, the sign will enable us to decide whether the element in 
question is less or ^eater than 1 00" ; the element will be less 
than 100% if its cosine, tancent, or cotangent has the sign + ; 
it will be greater if one of £ese quantities has the agn -^ On 
this point, likewise, some general principles might be estab^ 
lishea, which would merely be consequences of the six equa- 
tions demonstrated above. 

From the equation R co* a = cos b cos c, for example, it re» 
suits, that either the three sides of a right-angled spherical tri- 
angle are all less than 100° ; or that of those three sides, two 
are greater than 100^, while the third is less. No other com- 
bination can render the sign of cos b cos c like that of cos a, as 
the equation requires. 

In like manner, the equation R tang c = sin b tang C, in 
which sin b is always positive, proves that tang C has always 
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tb? same sign, with tang c. Hence m ev^ righi^ngied spheric 
col triangk, an oblique angie and the side opposite to it are al* 
ways of the same species ; in other words j are both greater or 
both less tJian 100°- 

SOLUTION OF RIGHT-ANGLED SPHERICAL TRIANGLES. 

iiXVII. A spherical triangle may have three right angles, 
and then its three sides are each 100" ; it may have only two 
right angles, in which case, the opposite sides are both 100^ 
each, and there remains an angle widi its opposite side, both of 
which are measured by the same number of degrees. These 
two kinds of triangles can evidently give rise to no problem ; 
we may, therefore, leave them out of view entirely, and limit 
our attention to such triangles as have only one right imgle. 

Let A be the ri^ht an^e, B and C the other two anglea 
which are called oblique ; let a be the hypotenuse oppodte the 
angle A ; 5 and c the sides opposite the angles B and C. Two 
of the five quanties B, C, a, 6, c, being given, the solution of 
the triangle will always be reducible to one of the six following 
cases. 

FIRST CASE. 

LXVIII. Given the hypotevmse a, and a side b, the two a/ng^s 
B a/nd C with the third side c may bejbfwnd by the eqiuitionSf 

, _ R sin b _ ta/nff bcot a R cos a - 

^t9s B= — : , awC= — ^-^5 cos c= t-« 

stn a it cos o 

The angle C and the side c have in them no uncertainty as to 
their signs ; the angle B must be of the same species with the 
side b. 

SECOND CASE. 

LXIX. Given b and c the two sides containing the rtght 
angiCf tlie hypotentise a and the cm^s B and C may be found 
by the equations^ 

cos b cos c ^ ^ R tanff b ^ ,-, R ^^ c 

cos a= =s 9 tanffB= — . ^ -, tcmff C== — . ? -> 

R ' ^ sin c ^ ^ stn b 

There is no ambiguity in any of these values. 

THIRD CASE. 

LXX. The hypotenuse a and an angle B being given^ we 

shall obtain the two sides b and c, xiuith me other angle C, by the 

equationSy 

sinasin B tans acosB ^ ^ cosatangB 
sinb=^ g^ , tang c = ^ j^ , cot 0*= g-^ — * 
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The elements c and C are detennined without ambiguity by 
these ibrmuks; die side h will be of the same spedes with tte 
angle B. 



FOURTH (3ase. 

de qf ihe right angle 




of^&B, v)e shall find (he three (me 
ihejormvlas^ 

^ einb tanffbcotB . _ Rco^B 

In this case, the three unknown elements beiiu; determined 
by means of their sines, the question is susceptible of two 
lutions. It is evident^ accordingly, 
that the triangle ABC and the tri- 
angle AB'C, are both right-angled at 
A, and have both the same side AC= 
bf and the same oppo^te angle B=:B^. 
It only remains for the double values 
to combine so that c and C shall be of j^ 
the same species ; then the species of 
e and b will determine that of a, ac- 
cording to the formula cosb cos c=^ 
^cos (h The value of a may also be derived immediately 

- - . . l^sinb 

from the equation stn a= — ; — «-• 

FlFTfi CASE. 

LXXII. diven b a side of the right angle afid the adjacent 
angle C, the other three elements a, c, B, may be found by the 
JbrmvkbSj 

cot b COS C sin b tans C _ cos b wn C 
cot a=a p , ta/ng c = «--2 — ^ cos jd=» — ^   > 

There is no uncertainty, in this case, with regard to the fipe<^ 
c^ the unknown elements. 

SIXTH CASE. 

LXXIII. The oblique amgUs B amd C b&mg given^ the three 
sides a, b, c xenU result Jrom thejbrmtdasj 

cotBcotC . RcosB R aw C 

cos a=— 5 f cos 0= 1 — rT', COS C:^=— ■: — «— • 

R ' Stn C stn B 

In this case, agun, there is no ambiguity. 

1 
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REMARK. 

LXXIV. The spherical triangle, whose angles are A, B, C, 
the sides opposite them being a, 6, c, always corresponds to another 
polar triangle whose angles are supplements of the sides a^b^ c, 
while its sides are supplements of the angles A, B, C ; so that, 
calKng the angles of the polar triangle A', B', C', and the tfides 
opposite them of, 6^, {/, we shall have - . 

A^ = 200" _ a, B/ = 200^ — ft, C = 200° —c 
d = 200" _ A, 6^ = ^OO^* — B, c' = «00<'— C 

This being settled, if a spherical triangle has one of its. §ides a 
equal to a quadrant, the corresponding angle A' of tl]|e Dolar 
triangle will evidently be right, and^^thus that ^iangle. ,wiU be 
right-angled. Hence the two data which, in, addition to.. the 
side of 100% we must have before, solving the proposed taci- 
angle, will likewise serve for solving the polar triangle, and 
consequently for solving the proposed triangle From this 
property, we derive formulas similar to the foregoing, for the 
direct solution of spherical triangles which have one fide of 100^. 

An isosceles triangle divides itself into two; right-angled tri- 
angles which are equal in all their parts ^' hence the solu&n'of 
isosceles spherical triangles likewise depends ,pn tbat^oi^ right- 
angled spherical triangles. . , .;^» 

Let ABC be a spherical triangle ^^^ ^ 

such that the two sides AB, BC 
are supplements of each other; the ^^ 
sides AB, AC being produced till 
they meet, it is evident that BC 
and. BD will be equal, since they are supplements of the same side 
AB ; also it is plain that the parts of the triangle BCD being 
known, those of the triangle ABC^ which is the remainder of 
the'lune AD, are likewise Known, and mce verscL Hence the 
solution of the triangle ABC, whereof two sides together make 
200% is reducible to that of the isosceles triangle BCD, or.to 
that of the right-angled triangle BD£, which is the half of 
BCD. 

When the two sides AB, BC are supplements of each other, 
the opposite angle ACB, BAC must also be supj^ementB of 
each other; for BCD is the supplement of BCA, and 
BCD=D=A. Hence we cannot have a+c=^SO0° without at 
the same time having A+C=200% which is a reciprocal pro- 

Thus it appears that the solution of the right-angled spheri- 
cal triangles includes, Jirst, that of spherical triangles having a 
side equal to a quadrant; secondly ^ that of isosceles spherical 
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triangles ; thirdly, that of spherical triangles in which the sum 
of two sides and also of the opposite angle is 200°. 

FEIVCIPLES FOB THE SOLUTION OF SPHEEICAL TBIAVGLES IN 
GENEBAL. 

LXXV. In every spherical triangle the sines of the angles 
are a>s the sines of me opposite sides. 

Let AB be any spherical 
triangle; we are to shew 
that ^nB:^nC::^nAC: 
rin AB. 

From the vertex A, draw 
AD perpendicular to the 
opposite side BC; the right- 
angled triangles ABD, ACD will give the proportions^ 

mi B : R : : sin AD : sin AB 
R : m C : : sin AC : sin AD 

Multiplying together the terms of these two proportions, omit- 
ting the common factors ; we shall have 
sin B : sin C : : ^n AC : ^ AB. 

If the perpendicular AD falls 
without the triangle we shall 
have the same two proportions, 
in one of which sin C will de- 
signate sin ACD ; but the angles 
ACD and ACB being supple- 
mental to each other, their smes 
are equal, and we shall still 
have sin B : sin C : : sin AC : 
sin AB. 

Let a, 6, be the sides respectively equal to the angles A, B, 
C ; by this proposition, we shall have sin A : sina: : sinB: 
sinb: : sin C isinc; which gives the double equation 

sin A sin B sin C. 

sin a svn b sin c 

LXXVI. In every spherical triangle the cosine of an angle 

is equal to the square of the radius multiplied by the cosine qf 

the opposite side, minus the product qf the radius by the cosines. 

of the adjacent sides , the wliole divided by the product qf the 

sines qf those sides: in other wards, we shaU have^Jbr an angle C, 

,^ n R^cosc — Rcosacosb ,. ^, , ^. •, 

cos u -. ; — |- •- ; for the two other anmcs^ wc 

sm a sm b '^ e > 

7 
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I „ . ,.| , -n R*cosb— Rcosacosc, 

^hau zn hke mamier have cos B = ^ : 

sin a sin c 

J . R* cos a — R cos b cos c. 

arul cos A= r-? — ; — - 

smb sine 

Let ABC be the proposed tri- 
an^e, in which BC=a, AC==^, 
AB==c. From O, the centre of 
the sphere, draw the indefinite* 
straight lines OA, OB, OC ; as- 
sume OD at will ; and through 
D draw DE in the plane OCA, 
and DF in the plane OCB, both 
perpendicular to OD, and meet- 
ing the radii OA, OB produced 
in £ and F ; lastly join EF. 

The angle D of the triangle 
EDF is, Dy construction, the 
measure of the angle which is 
fcMrmed between the planes OCA, 

OCB ; hence the ande EDF is equal to the angle C of the 
spherical triangle ACB. Now (Art. 45.) in the triangles DEF, 
OEF^ we have 

cos EDF_DE^+DFg— EFg , 

R 2DE.DF 

cos EOF _ OEg+OF«— EF^ 

R ~ !s5 OE . OF 

Taking the value of EF^ in the second, and substituting it 
in the first, we shall have 

cos EDF DE«+ DF*— 0E«— 0F^+ 2 OE . OF ^^^Q^ 

R 

R 2DE.DF 

But 0E«— DE«=0D2,and OF*— DF2=OD2, hence we have 

OE.OF.cewEOF— OD2.R. 




CO* EDF= 



DE.DF 



We have now only to substitute the values which relate to the 
spherical triangle : but here 

EDF = C, EOF = AB=c, S|= . Sm7 ==^> 

DE stn DOE stn b 
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OF^ K^ _ R 0I> ^ cosI>OE _cosb 
Ti^ ~ mnTSOF ~ sin a' UTi^ sin DOE sin b' 

O D cos DOF cos a ij 
D F ^iw DOF ^i7^ a 

^ R^cos c — "Rcosaqosb 

cos C = -. -, — f 

sin a sin b 

This principle, which, being applied suqces^vely to the three 
angles, affords three equations, is sufficient for solving all the 
problems of spherical trigonometry : it has the same g&nerality 
of application in regard to spherical triangles, that Art. 45. has 
in regard to rectilineal ones. For, since we have always, three 
^ven elements, by means of which the other three are to be jder 
termined, this principle will evidently furnish the eiquations 
necessary for solving the problem ; equations which it is ;the 
province of analysis to develope still farther, in order to deduce 
from them, according to the different cases, the fonnulas which 
are most simple and best adapted for logarithmic calculations. 

LXXVII. The prindple in question being absolutely ger 
neraJ, it must include all the o^her principles relating to spherical 
triangles, and particularly the principle explained in Art. 75. Of 
this it will be easy to satisfy ourselves. 

A J- 1 .I .• W T^? cosc-'^Rcos acosb 

Accordmely, the equation cos C = r-* ; — 5 . 

^ ^ ^ S'm fL sin b 

gives R^ — cos^ C or sin^ C = , , 

• » 

R* sin^ a sin^ b — R^cos^a cos^ b + 9»R^ cos a cos b cos c — ^R*cq^^ c 

sin^ a sHvr b ' 
Now sin^ a sin^ b={W — co^ a) (R^ — co^ b) = R**- R* «m* a 
-!- R* co^ b + co8^ a cos^ A. . JJence, by substitiHing :and ex- 
tracting the root, we shall have sin C=l 

-z ^, (R*-R2 cos* a-W cos^ fr-R^ cos^ c+ 2R cosn cos b cos c). 

smasvnb » , . i 

For the sake of brevity, put Z =;= 

V( R^ — R^ cos'^ a — R* cos^ i— R* cos^ c + ^Rcosa cos b cos c), 

«re shall then have ;. . . 

. ^ RZ sinC RZ 

sm C = : — r» or 



sin a sin b sin c sin a sin b sin c. 
The values of co^ A and cos B would, in like manner, give - 

sin A RZ sinB RZ r .i_ 

-: =—, . , • . — , -: — i=— : . , . — ; for the quan- 

sin a sin a sin b sin c' sin b sin a sin o sin c ^ 
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tity a doe» not change when a permutation is inade between 

two of the quantities a, 6, c ; hence we have — ; — = — ; — r= 

sm a etn b 

— ; — , which is the principle of Art. 75. 
9tn c 

LXXVIII. The values we have just found forco^Cand 
9m C, may serve for discovering the angles of a spherical tri- 
angle, when its three sides are known ; though some other for- 
mulas are more convenient for logarithmic calculation. 

Thus, if in the formula R' — R co5 C = 2 sin^^ C, the value 
of cos C is substituted, we shall have 

St sin^ ^ C ^ cos C cos a cos i+sin a sin b — R cos c 

R* . R si/nasmb 

The numerator of this expression is reducible to R cos (a — b) 
— cos c; now by the formula (Art. 28) Rcos q — B,cQsp=^ 
2sin i (p + J) sin^ {p — y), we find Rcos {a — b) — Rcosc = 
2«wi (c— o+a)^m^(c — a + ft); hence 

. /c + b — a\ , /c + a''^b\ 
stn ( —  ]svn ( ' 1 

sin^jc V g / \ a y 

R sin a sin b ' 

or^niC^RyJ^^ T^*"* g [ 

^ sin a sin b J 

We might evidently obtain similar formulas for expressing 
sin i A and sin i B, by means of the three sides a, 6, c. 

LXXIX. The general problem of spherical trigonometry 
consists, as we have already said, in determining thiree of the 
six quantities A, B, C, a, 6, c, by means of the other three. To 
effect this, we miist have equations among four of those quaitti- 
ties taken in every possible order : now six quantities, when 

fi V /? 

combined four by four, or two by two, give = — 5 or 15 com- 

1 X *^ 

binations ; hence there will be fifteen equations to form : though 
considering only such of the combinations as are essentially dif- 
ferent, these fifteen equations are reduced to four. Thus, 

1. We have the combination abc Ay which, by chan^ng the 
letters, includes abcAjabcB^abcC. 

2. The combination a 6 A B, from which there result a 5 A B, 
bcBC^acAC. 



\ 
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S. The combination a 6 A C, which includes the 8xx a 6 A C, 
aJBC, acAB, acBC, 6cAB, 6cAC. 

4. Lastly the combination a A B C, which includes the three 
aABC, 6AB C, cABC. 

In all, therefore, we have fifteen different combinations, but 
only four of them essentially different. 

▼ ^tr-xr-xr mi. *.• a B»^ ^OS a — R COS b COS C 

LXXX. The equation co* A = : — =-— 

sm sin c 

without any change, represents the first combination a d r A, and 
those which depend upon it. 

To form the equation corresponding to the combination 
db AB, we must eliminate c from the two formulas, which give 
the values of co9 A and cos B. This elimination has already 

been performed (Art. 77.)» and the result was — ; — = .  ^ . 
^ svna stub 

The third combination is formed of the relation which sub- 
asts among a, 5, A, C. Here having the two equations 

cos A sin b sin c=R' cos a— R cos b cos c, 
cos C sin b sin a=:R* cos c— R cos b cos a^ 

we shall firsteliminateco^c from them; which will giveRco^Amc 
+ cos C sin a cos b zz B^cos a sinb: then inserting ia this 

the value sin c=z : — r — , we shall have for the third com- 

stn A ' 

bination, 

cot A sin C+cos C cos b^zcot a sin b. 

Finally, in order to discover the relation between A, B, C, a, 
we consider that, in the preceding equation, the term cotasinb 

zrR cosa^, — =R cos a —, — r- ; hence, multiplyine^ this equation 
sma s%n A ' r/& *^ 

by sin A, we shall have 

R cos A sin C=R cos A sin B— ^n A cos C cos b. 

If in this equation we mutually change the letters A and B, and 
also a and ft, we shall have 

R co^ B ^n C=R cos b sin A — sin H cos C cosa. 
And from these latter two, excluding cos 6, we deduce 
R* cos A sin C+R cos B sin C cos C=cos a sin B sin^ C. 
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Hence finally 

R^cosA+RcosBcasC 



cosa= 



sin B sin C 



which is the rec^uired relation between A, B, C, a, or the fourth 
equation requisite for solving spherical triangles. 

LXXXI. This last equation between A, B, C, a presents a 
striking analogy with the first between a, d, c, A ; the reason 
of which must be sought for in the properties of polar or 
supplemental triangles. We have already seen that the tri- 
angle having A, B, C for its angles, and a, d, c for its opposite 
sides, always corresponds to a polar triangle whose sides are 
200°— A, 200^— B, 200°— C, its opposite angles being 200°— a, 
200*>— A, 200°—^. Now the principle of Art 76, when applied 
to this latter triangle, gives 

R^cos (200°— A>-R cos (200<^— B) cos (200°-C ) 
cos (200°— a)— ^^ (200°— B) sin (200°— C) ' 

which may be reduced to 

R' cos A+R cos B cos C 

cos CL — — • TO ""• /-« • 

svn B stn C ' 

as we have found by another method. 

This formula immediately solves the case where it is required 
to determine a side by means of three angles ; but, in order 
to obtain a formula more suitable for logarithmic calcula- 
tion, we may substitute the value of cos a in the equation 

cos a 2 sin^ ^a ... .„ . sin^ ia = 

1 — -w— = — ^ — , which will give us ^^ 

sin B sin C— co5 B cos C— R cos A__— R co*(B4-C)— R cos A 
2 sin B sin C & sinB sin C ' 

And because (Art. 28.) we have generally R cos p+K cos q= 
2cos i {p+q)cos ^(p — j), this equation is reducime to 

sin^ \a_ —cos j (A+B+C) cos ^(B+C— A) , 

R* sin B sin C 

where it must be observed that the second member, though under 
a negative form, is nevertheless always positive. For, generally, 

1 . , -t^r^x sinx coslOO°^''Cos X sinlOOP 
we have stn (^—100°)= ^ zz^-^osx^ 

hence 

m KA+B+C)=^7fc(^^^t|±£_ioOo), 
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a quantity which is always positive, because A+B+C h&xig 
always included between 200° and GOO', the angle i(A+B+C) 
— 100** isincluded between zeroand 200°: likewise co*i(B+C— A) 
is always positive, because B+C — A cannot exceed 20(y ; for, 
in the polar triangle, the side 200°-^A is less than the sum of 
the other two 200"— B, 200°— C ; hence we have 200°— A-^40ff* 
_B— C, or B+C— A^200°. 

Being thus assured that our result will always be positive, 
{or determining a side by means of the angles we shaU have the 

formula 

A+B+C B+C— A 

sin B sin C 

LXXXII. Before proceeding farther, it may be observed, 
that from these general formulas we might deduce the formulas 
which relate to right-angled spherical triangles. For this purpose, 
we shall make A=100°, both in the four principal formulas 
and in the formulas derived from them by permutation of the 
letters. And in the first place, by this suDstitution, the equa- 
tion cos A sin b sin C=^R* cos a — R cos b cos c will give 

R cos a=cos b cos c (1) 

. The equations derived from this general equation do not con- 
tain A, and therefore do not give any new relation in the case 
ofA=100^ 

The equation --t ==—, — ; , in the case of A=100°, gives 

^ sm a sin b ' ° 

R ^nB 

stna sinb ^ ^ 

And the derived equation -. — ==— ; , would, in like manner, 

^ sin a sm c ' 

R- sinG ' 1 . -, • . 1/. 1 • 1 

give ;ir-:;='Tj— . ; but this latter is itself denved from the 
^ stn a, sin c 

equation (2). 

The equation cot A sin C+cos C cos b=cot a sin 5, in the 
case of A=rlOO°, gives cos C cos b^=cot a sin b, or 

cos C tang a=R tangb (8) 

The derived equation cot C sin A+c(W A cos b==^cot c sin 6, io 
the same case, ^ves R cot C:=cot c sin 6, or 

R tariff c=sin b tang C. (4) 

Lastly, the fourth principal equation si/n B sin C cos a — 
R' cos A+R cos B cos C J and its derived equation sin A. sin C 



TRIGONOMETRY. 886 

ccw.toB^ awt Bvf R e^^ cos G^ in the ease of AwlOO?, give 
siai B^ C cQiS fbfssiR cos B co«. G, and dn C cos b=iR^os'B^ 

cot B co^ C=5:R CO* a, , (5) 
^71 C cos 6=B aw B. (6) 

These are tfaie six equations upon which the solution of spheric 
cal triangles depends. 

LXXXIli. We shall terminate these principles by demon- 
strating Napier^s Ancdogies which serve to simplify several cases 
in the solution of spherical triangles. 

By combining the values of cos A and cos C expressed in 
terms of a, &, c, we have already (Art 80.) obtained the equa^ 
tion 

R cos A sin c=R cos a sin h — cos C sin a cos b. 

By a ^mfde permutation, this gives 

R cos B sin c=R cos b sin a-r-^ios C sin b cos a. 

Hence by adding these two equations, and reducing, we shall 
have 

sin c {cos A+cos B)=(R— co* C) sm {a+h). 

_^ . sin c sin a sin 6 . 

But since . ^ -; — r=-r-^, we have 

sinKj stnA stnB^ . 

. ^ ,. sin C (sin A+5i7jB)==^w C (sin a+sin ft), 

and sin C (sin A — sin B)=wn C (sin a-'-^n b). > 

Dividing thp3^ two equations successjivelj by the preceding one ; 
we shall have ; 

sin A+sin B sin C sin a+sin b 

cos A+cos B"~"R— aw C* sin(a+b) 

' - sin A — sin's sin C sin ci—sin b 

ib^A+ws B R-^-K»5 C* sin{a+b) * 

And reducing «hese 4)y the fofmulai^ in Articles '29. and 86., 

there will result ' 

,>. -.^v 1^ cosUa-r^b^ 

<a«gi(A+B)=co^iC. ^^1^5 ^ 

' ^ "s^v- -^ » inni(a + b) 

Hence, two sides a and b with the included angle C bein^ given, 
the two other angles A and B may be fbund by the ansuogies, 

cos^(a+b) : cos\(a — b) : : cot^C : tQjng^(A+B)^ 

*iwi(a+6) : *iwi(a— A) : : co^^C \ t(mg^(A^*^'B): 

If these same analo^es are applied to the polar triangle of ABC, 
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we shall have to put 200<w.A, aOO<>«— B, 200<^— a, aOO<>— 6, 
200^<— c, instead of a, 6, A, B, C respectively ; and fw the re- 
sult, we shall have these two analogies, 

awi(A+B) : cosi{A — B) : : tcmg^c : tangi{a+b) 

^ni(A+B) : *ini(A— B) : : tamg^c : to7^(a-— 5), 

by means of which, when a i^de c and the two adjacent angles 
A and B are given, we are enabled to find the two other aides 
a and b. These four proportions are known by the name of 

Napier's Aitahgtes, 

SOLUTION OF SPHERICAL TRIANGLES IN GENERAL. 

The solution of spherical triangles includes six general cases, 
which we shall now explain in succession. 

FIRST CASE. 

LXXXIV. The three sides a, b, c beinffgiven^ cmy angle^ 
for example the angle A opposite the side a, wiU be found by the 
Jbrmula : 

a+b — c . a+c— .J 

St7l ::r: — SlTl^ 




siniA—R^/i 2' 2 



sin b sin c 

LXXXV. Given two sides a and b with the anMe A oppo- 
site to one of them, to Jind the third side c, and the other two 
angles B and C. 

First. The angle B is found from the equation ^in B= 
sin A sin b ^ 

sin a 

Secondly. To find the angle C, we must solve the equation, 
cot AsinC + cosCcosb^zcotasinb. 
For this purpose, take an auxiliary angle f , such that we may 

haveto;^»= ^^g^^ orco<A=fg^tggg»; this value 

Iv stn^ 

of cot A, being substituted in the equation to be solved, gives 

cos b 

{cosfsinC+sinfcosC)=cotasinb; whence we obtain 



stnf 



•^ /n I ^\ tam^bsin f 

sm (C+*)= —f^ '. 

tang a 



By this artifice, the two unknown terms of the equation are now 
reduced to one, from which it is easy to find the angle C. 



^ 
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Thirdly^ The Ai^cvnSX be fimnd by dve equation 

', sin a sin C 

SSmC=: : — T— . 

Sin A 
It might also be ddi^nined directly, by isblving the equation 
R'cosbcosc+cds Asinbsinc==t(?dasa. 

For this purpose, put cos A sm o^r= ^* or tang p = 

cosAtanjo^b tut 
_-2— ; we shall have 

cos b . ^ . • • ^\ T» 
(«w c cos ^+s%n c stn ^) = R ccw a. 

cos f^ ^ 

Hence, by first seeking the auxiliary quantity f from the equa- 
tion Xomg* ^= .. — a , we shall have the side c by the 

equation 

/ ^\ f^osa cosp 
cos (c— ^) == = — T. 

^ cosb 

This second Case may have two solutions, like the analogous 
Case in rectilineal trianglf^s. . 



YHIllD CASE. 

LXXXVI. Given two sides a emdhj with the included angle 
C, tojind the other two amgles A cmd B ami the Mrd side c. 

First. The angles A and B are found by these two equa- 
tions 

^ w . eat a sin b^-^-cos Ccosb 

ctdA= : 7= -J 



cotli= 



sin C 

cot b sin a--^os C cos a 

stn C 



in which the second members may be reduced to a single term, 
by means of an auxiliary quantity. It is simpler, however, in 
this case, to make use of Napier's analogies, which give 

A — B ^ 1 o *^^ i(<^ — ^0 
tanff -— = coti L —, — —; -ij 

^ J85 sin^{a+b) 

A+B ' _. 1 r» cay i(a — b) 

^2 cos \{a+b) 

Y 
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Secondhf, Knowing the angles A and B, the third side c may 

be computed by the equation stnc=^ sin a . -^ — ^ ; but for de- 

stnA 

termining c directly, we have the equation 

IBi^cosc^^sinasinhcos C+R co&acosb. 
Assume the auxiliary quantity ^ such that sin b cos C = 

cos h tang ^ or tangf''= ;|^ ^ . ; we shall have 

cosb . . 

cosc= cos (a— ^) 

cos^ 

FOURTH CASE. 

LXXXVII. Given two angles A and B Toith the adfa^ent 
side c, tojind the other two sides a and h with the third angle C. 

First The two ^des a and b are given by the formulas 

. cot AsinH+cos^cosc 

cota= ~ 

sine 

.1 cotB sin A+cos A cos c 

sine 

They may, however, be computed more easily by Na[uer^s ana- 
logies, namely, 

. A+B . A— B . , ^ a — 6 

sin — ^ : sin — - — : : ta/ng i c : ta/ng , 

A+B A— B ^ , ^ a+b 

cos — ^ — : cos — - — : : ta/ng ^ c : taaig — ! — . 

Secondly, Knowing a and ^, we shall find C by the equation 
sin C = — ; ; but C may also be found directly, by the 

equation 

R^ cos C=coscsin Asin B — R cos Acos B. 

Assume the auxiliary quantity ^, such that 

cos c sin B = co^ B cot ^, or cot 9 = ^.2i! — ; we shall 

R 

have 

sin P 
This case and the preceding one offer no ambiguity. 
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LXXXVIII. Given two angles A cmd B, wiA the side a 
opposite one ofthemy to find the other two sides b and c and the 
third a/ngle C. 

First The •side b is found by the equation 

. . . sin B 
sinb=^svna. i — r-. 

sin A 

Secondly. The side c depends on the equation 

cot a sin C'-'^os Bcosc=zcotA sin B. 

Put cot a = cosB -T— ?* or tanff p = _ ^ ; we shall have 

sin p R 

-; — (sin c cos ^-^H^os c sin p)=cot A sin B ; hence 

sinP ^ 

• r \ tanff'BsinP 
sm (c— *) == — s J— . 

tang A 

Thirdly. The angle C is found by sol^g the equation 
cosasin'R sin C — R tos B co^ C=R* cos A. 

T, . . . , . ^ "RcosBcos^ . ^ 

For this purpose^Hnake co; a sm B = ; , or cot f = 

* sin 9 

cos a tanff B u n u co* B . . ^ ^ i-« • \ 

=-S — ; we shaU have —, — (sin C cos 9"^ cos L sin « )=: 

R sin9 ^ 

T^cos A; hence 

. ^f>t V cos A sin A 
sin (C— ^)= =-Jr. 

cosB 

This fifth Case, like the second, is susceptible of two solutions, 
as happens in like manner in the analogous Case of rectilineal 
triangles* 

SIXTH CASE. 

LXXXIX. The three angles A, B, C being given^ we can 
find any side^ Jbr example the side opposite the angle A, by the 
formvla 

^ni« = R yr-co. i (A+B+C) «^ HB+C-AK 

^ \ Sin B sin C J 

It may be observed, that of these six general Cases, the last 
three might have been deduced from the first three, by the pro- 
perty of polar triangles ; so that, properly speaking, there are 
but three difterent cases in the general solution of spherical tri- 
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angles. The first Case is solved by a single analogy, as in right- 
angled triangles ; the third is solved in a manner almost equally 
simple, by means of Napier''s analogies. As for the second, it 
requires two analogies ; and also it sometimes admits of two 
solutions, while the first and third never admit of more than one. 

XC. To distinguish whether, in the second Case, for the single 
given values of A, a, 6, there are two triangles which satisfy the 
question or only one, let us first suppose the angle A ^^ 100°, 




and let the two sides AC, AB be produced till they meet again 
in A'. If we take the arc AC-«2=::100°, and draw CD perpendi- 
cular to AB, the sides AD, CD of the right^ngled triangle 
ACD will be each less than 100° ; the line CD will be the shortest 
distance from the point C to the arc AB; and taking DB'=DB, 
the oblique lines CB', CB will be equal, ai|d the longer the 
more they diverge from the perpendicular. Put AC = b^ 
CB=a ; it appears then that a triangle which has A-^100°, 
J-^100°, and cudb^ must necessarily admit of two solutions 
ACB, ACB' : but if, A and h being still supposed less than 
100% we have a:^^6, in that case the point b' would pass be- 
yond the point A, and there would be only one solution repre- 
sented by ABC. 

Next suppose AC'::^100°: if CD' is drawn perpendicular to 
ABA', we shall as before have C'D'^:::A'C' ; and the arc C^B'" 
drawn between D' and A'' will be greater than CD' and less 
than C'A': hence making AO=b, C/B"=C'B'" =o the suppo- 
sition A-r^l00° and bT^lOO"" will evidently give two solutions, if 
a+6 ^-r 200% and only one if a+h -^ 200°, because the point 
B^" would then pass beyond A'. 

By examining upon the same principles the case where the 
angle A is greater than 100°, the circumstances which deter- 
mine, if in Case second, the question admits of two solutions 
or only of one, may be established as follows. 
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A^100o.J^100» j*^** oiiesolation. 

' \a.^o two solut^onsk 

A ^ 100», 6 ^ 100» I '^ t J ^2J?: °°« ^'l"?™' 
' ( a + 6.*^ 200° two solutions. 

A ^ 100», 6 ^ 100» I " + J ^ J!SI *''° '°)"?°°'' 
' 1 » + 6-^200'' one solution. 

A::^100°,6p-100°|«^J two solutions. 

' ( a -.2;:: o one solution. 

There will only be one solution if A = 100°, whether a = 6, 
or a + b= 200°. There will be two if 6 = 100°. 

XCI. These same results may be applied to the fifth Case 
by means of the polar triangle ; and the following circumstances 
may be deduced from it, to shew whether for given values of 
A, B, a, there are two triangles which satisfy me question or 
only one. 

a^lOO%B:7-IOO=|^^S onesolotion. 

 ' |A^^B two solutioDs. 

a ^ lOOo B ^ 100» / -^ + B^aOO" one solution. 
a^iw,a^iw I A + B p- 200° two solutions. 

« ^itwo ti^^inf\o f A + B-<i: 200° two solutions. 
a-s^l00P,Bp^l00 I A+B;:^ 200° one solution. 

« ^ 100°, B .^ 100° 1 1 -==^ 5 *^° ^'J"^^™- 

' \A:p^B one solution. 

There will only be one solution, if any of the following equali- 
ties have place, a = 100% A = B, A+B = 200°. There will 
be two, if B =100°. 

I^CII* In every case, to avcnd all useless or false solutions, 
we must consider 

Firsts that every angle or every side must be less than 200° ; 

SecoTtdly^ that the greater angles lie opposite the greater 
sides ; so that if we nave A :::^ B, we must likewise have 
az^b^ and vice versa. 
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Example9 of the Solution of Spherical Triangles. 

XCIII, Example 1. Let O, 
M, N be three pcnnts situated 
in a plane inclined to the horizon : 
if from these three points, the 
perpendiculars OD, sJlm^^n ^ ^^b 
are drawn to the horizontal 
plane DEF, the objects situated ^ 

m O, M, N will be represented ^ . n»^^— -^E 

on the horizontal plane by their 
projections D, m, n ; and the 
an^Ie MON by mUn. This 
being granted, suppose the angle rv 

MON, and the incUnations of 
its two ades OM, ON to the ^ 

vertical OD were given ; and that we had to find the angle of 
projection m D n. 

From the point O as a centre and with a radius = 1, describe 
a spherical surface, meeting the sides OM, ON and the vertical 
OD, in the points A, B, C ; we shall have a si)herical triande 
ABC whose three sides are known ; we shall therefore be able 
to determine C equal to m D n, by the formula Case first. 

Suppose, for example, the angle MON=AB=64'' 44/, 6(y^, 
the angle DOM=AC=98° 12^, and the angle DON=BC= 
105® ^9/\ by the formula referred to w^e shall have 

• 2 1 n T.^ sin 28® Br 3(y^ sin 35® 87^ 3(y^ 

* ^n 98® 12^ ^71 106® 42/ 

A value which may be computed thus : 

L.wt28®5r30'^.. .9. 6373956 L.sin 98® 12^... 9. 9998106 
L. sin 35® 87' 30^^ . . .9 . 7276562 L. sin 105° 42^ . . .9 . 9984242 

Sum + 2 L . R 39 . 8650518 19 . 9982848 

19 . 9982348 

^L.sini C 19.3668170 

L.siniC ...9.6884085 | *c = 6f9 4?*^ 

Hence the angle 64® 44' 60", measured on a plane inclined to 
the horizon, is reduced to 64® 9' 41" when it is projected on the 
plane of the horizon. 

This problem is useful in the art of taking plans, when the 
surface to be operated on ]3resents any sensible inequalities, and 
it is at the same time required to determine the principal posi^ 
tions with great accuracy. 



i 
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XCIV. Example 2. Knowing the latitudes of two noints 
on the globe, and their difference of longitude, to find the 
shortest distance between them. 

Conceive a spherical triangle 
ACB to be formed by the North 
Pole C and the two places A 
and B, whose distance we are 
required to find. In this tri- 
angle we shall know the angle at 
the Pole ACB, since it is the 
difference in longitude of the two 
points A and B ; we shall like- 
wise know the two including ades AC, CB, since they are the 
complements of the latitudes of the points A and B. Thie"* third 
side AB may therefore be determined by the formulae of Case 
third. 

Let A and B, for example, be the Observatories of Paris and 
Pekin : the north latitude of the one of th^se places is 54"* S& 
36'', that of the other is W 20/ 73'', and their difference in 
longitude is 126^ 9V S&'. Thus we shall have 

a= «**78'64" 
i=« 65 66 27 
C=ia6 80 56 

According to these data, for determining c we shall have the* 

-. I ^ cos C tanff b cos b cos (a -^^ ^ 

formulas tans^ ^ = ^ , cos c = 1. » 

^ R cosf 

which are computed thus : 

I..COS C . . . 9.6114858 
Ij.tangb. . . 10.0776707 

L. tang 9. . . . 9^.6801069 

The angle 9 answering in the tables to this logarithmic tangent 
is 38" 94' ^/' We must consider, however, that co^ C is nega- 
tive, and that tcmff p being consequently ne^tive, we must take 
^ x=: — ^o 94^ 9§\ Having settled this, aiid observing that 
cos ( — ^)=cra^ ^, we shall finish the ealculatioh thus: 

L. co*(a — ^) . . 9.5880938 
Ij.cosP.. . . 9.8071953 — 



19 . 3952891 
I,, cos 9 9.9554823 



'L.cosc 9 . 4418068 



i. V 
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Hcaoe the required ^Btanoe c^SSt!' l& OB". This same dis- 
tance may also be expressed in myriametres by 821 . 605 ; for 
a myriametre is the length of an arc measuring ten minutes^ a 
metre being that of an arc measuring one-tenth of a second. 

XCV. Examjile 3. To give an example of Case fifth, let us 
undertake to solve the spherical triangle, wherein are known the 
two angles A = 78° 50', B = 54*" C, and the side opposite one 
of them a = 99° 2Qf 17". By means of this, we find from the 
Table in Art 91., that there can be only one solution, since 
we have at the same time a .^rrrlOO^, B.^100^ and A:::^B. 
This solution is computed as follows : 

First. The side b will be found by the formula 9m A = 
^. • m B 

l,.isna .. / . . 9.9999659 

Ia.sinB .... 9.8751256 

10 — L.tfi7»A. . . . 0.0258525 



Ij.sinb . . . . 9.9003440 

Which pves b = 58° 50^ 14", or its supplement 141° 49^ 86" ; 
but since the angle B is less than A, the side b must also be 
\e9B, than a ; hence the fii^st value is thei ^y prq)er one. 

Secondly. To find the side c we must put tang ^ = 

C09 B tang a • • ^^ \ tcrngB sin p tanff B cot A sin ^ 

R '**^H^ V tmiffA R« 

It. sin P 9.9999220 

L. sin B 9 * 8204068 L. tang B~ LR...0 . 0547193 

L. tong-a— LR..1 . 9016731 L. cot A 9. 5465236 

> i <■« Il l I *i . II 

L.tang(p 11.7280794 L. otw (c — ^).... 9. 6001649 

^>=98* 7^ 26^' . 8 c — P^^'T iO" . 6. 

Here we have iigain the choioe of taking for o -^ ^ the value 
26'' r 7(y^ . 6, or its supplttPent 173' 92' 29" . 5 ; but by 
adopting the second value, ,W^ ,>bQUl<Jt have € z^ 100° ; therefore 
we must keep by the first, which gives c = 124° 81' 99" . 3. 

Thirdly. In fine, to calculate the angle C directly, we shall 
take the formulas cot ^ =^^^g^°, ^n (C — >J. ) = 

cos PLsm'^ 
cos B 
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L. sin '4^ 9 . 9999668 

L. cos a 8 . 098^^ L. cos A 9 . 5202711 

L. te^B — LRO . 0647193 L. R — Lco*B...O . 1795937 

L,.cot4^ 8.1630121 L. *in(C--^J/) 9.6998211 

4'=99"9'46" .6 C— 4^ = 33° 40' 54". 6 

^....99 9 45 . 6 



C = 132 50 0.0 



We could not take the supplement of 33"^ 40' 54'' . 6 as the 
value of C -*-4' ; because this would have given us C ^^ 200. 
It is plain, therefore, that the proposed problem admits only of 
one sdution.* 



* Such as wish to know the most useful applications of Trigonometry, 
cannot do better than consult M. Puissant's Traits de Topographic, d^Arpen* 
tage et de NiveUement (Treatise on Topography, Surveying and Levelling), 
Paris, ISOr. 



END OF THE TRIGOMOMETftY. 



/ 



APPENDIX, 

Containing the Solution of various partictdar Cases in Trigonomdty. 

XCVI. The manner of solTing triangles, which has now been ex^ 
plained, leaves nothing to desire in regard to the universality of its ap 
plication. There are some cases, however, in which it might be advan- 
tageous to employ particular solutions in place of the general ones, either 
for the purpose of abridging the calculation, or of rendering the results 
more accurate and more independent of errors in the tables. We shall 
now exhibit a few of these cases, selecting such as are of most frequent 
use, or as lead to the most remarkable formulas. 

We shall, as formerly, designate the angles of the proposed triangle, 
spherical or rectilineal, by A, B, C ; the sides which lie respectively op- 
posite them by a, b, e. We shall likewise suppose the radius of the 
tables = 1, an hypothesis, which cannot affect the universality of the 
results. The angles A, B, C are expressed in calculation, either by 
the degrees or the absolute lengths of the arcs which measure them, 
these arcs being taken in a circle whose radius is 1. If an angle or 
arc X is very small, then in place of sin x, and cos x, their values ex- 

pressed in series may be employed, namely, sinx=z a?— -|- &c. 

X* 

COS x=zl — --- + &c; but in that case, x must be expressed in parts 

of the radius. An arc being found in parts of the radius, to obtain its 
value in minutes, it must be multiplied by the number of minutes con- 

soooo 
tained in the radius ; which number is = 6366.1977237, its 

logarithm being 3.80388012297. 

§ I. Of rectilineal irianglesy two of whose. angles are very small. 

XCVI I. Suppose two angles A and B to be very acute, and conse- 
quently C to be very obtuse ; we may put «« A =: A — J A', sin B = 
B — J B5, and sin C = sin (A + B) = A+B — J (A+B)^ Hence 
if the side c with the adjacent angles A and B are known, the other 

t* SIM. JK. 

two sides may be found by the formulas a = -: — /a ; px ^ * = 

stn (A + Jo) 

c stn B 
' (A 4- K ' ^^*^^» ^y substituting the preceding values, and reduc- 

2 



TRIGONOMETRY. S47 

ing, become 

c A / , . 2AB+B« 



a = 



6 = 



/"i . 2AB+Bg \ 
A+Bi,^+ 6 ) 

cB /, . A«+2AB\ 
\^' + 6 > 



A+B 

and from this, results a + b^-^cz^^c AB. These values are accurate, 
excepting such terms as contain four dimensions in A and B. 

XCVIII. In the second place, suppose that we have the two sides 
a and b giren, with the contained angle C = «• — ^, ^ being very small. 
Wc shall first have c« ==:a«+6«+2a6 cof ^=a«+6«+2a6 (i — J ^ «) 
= (a+ 6)« — fl^ ^« ; hence 

Next, the angle A will be found by the equation sin A == -sinC= 

- sin i, from which, by substituting the value of c, and that of sin t, we 

c 

deducemA=^(^+J-^^^^'-J^') = 
at / ab—a^^b^ ^\ 

Hence A = ««A+i«»' A = — r-r+ > . TTci •'^- Hence also 

° a+b {a + by 6 

we might deduce the value of B, by interchanging the letters a a^d bi 
but A being known, we have immediately B = ^ — A. If ^ is given 
in minutes, in order to obtain A likewise expressed in minutes, we must 

A 6 
substitute^ in the preceding formulas, the ratios t^-, :^ in place of A 

and ^, R being the number of minutes contsdned in the radius. We 
shall thus have 

^, lab f ^ y 

^- a+b\J^ 6{a + by\ix) J 

XCIX. To give an example of these formulas, put a = 1000 yds., 
6 =2400 yds., C = 199® 32' or ^ = 68'; we shall have a+i — -c = 

i^^?-. r^Y = 0.037806, whence c = 3399- 962194 yds. Then 
by a first approximation, we have A = —jTh ~ ^^'' ^^^ B = ^ — A= 
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C 2400 X 1400 /68\ « "1 
1 — fi(s4aQ^g vbTJ I 

= 19' . 99988946, and consequently B=48' . 00011054, ralaes which 
aie correct to the last decimal. 

§ II. Solution of the third case of rectilineal triangles, by the method 
of series. 

C. The two sides a and b, with the included angle C being given, to 
find the angle B, we have the proportion &: a : :^ B : m (B + C), 
which gives a «» B = 6 («» B awC + c<w B «« C), and consequently 

ic = ; 7^. If in this equation, instead of the sines arid cosines, 

cos D a — bcosC ^ 

we insert their values in imaginairy exponentials (Art. 35.), we shall 
have 



e 

e +e ^ 2a — 6 \e +e ^ ) 

Whence we obtain 



2BV — 1 = 



. — CV— 1 



a — be ^ 

Taking the logarithms of each member, and expanding the second into 
a common series by the formula 

L(a— «a7)=;:La"-- ►-—_—,—-—-•-. &c. we shall have 

a 2 a" oa^ 

^ a ^2fl« ^ 3a^ 

_:^e-CV-l_i!_e-2CV-l *l.g-3CV-l « 

^ 2a« 3a^ — ^c. 

Hence, dividing by 2^^ — 1, and observing that 

mC^ — 1 —mC^—l 

^ — « = 2 V — 1 «» m C, we shall have 

„ b . ^  b^ .. ^^ . b^ . ^ 6* 

B = - «n C + -g-^ ^»2C+ — — «» 8 C + — — sin 4 C+ &c. 
a ^ «* Sa^ 4 a* 

This is the value of the angle B, expressed jn parts of the radius, by a 
series, the law of which is very simple, arid which will cdnverge the 
faster, the leas 6 is in proportion to a. 

The value just found must likewise satisfy the equatioa, 

a-^-b ' 

tang ( B+ J C ) = T iang J C, which is the same as 

a ' • 
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tang J (A — B) = 7 cot ^ C, and differs only in form from the 

sin B b sin C 

equation =r = j — . 

^ cos B a — o cos C 



y 



CI. The angle B being known, we shall have the third angle A = 
200® — B — C. As for the third side c, it depends on the equation 
c^ = a^ — 2ab cos c + b^, which by extracting the root gives 

b^ 6^ . 

c =: a — 6 CO* C + -— «»* C + -77— s- *'w« C CO* C — &c. 

But this series has not & regular movement, and cannot be continued 
at will. On the other hand, a very simple series may be found for the 
value of the hyperbolic logarithm of c. Thus, it is manifest that the 

qusjititYa^—2abcosC + b^ = (a—be'^~^){a—be ~'^~^y 
for the developed product of these two factors gives 

a^ —abie '^~^ + e~^'^'^^) +b^, or a^ — 2 ab cos C + b^. 

Hence we have c^ zzi\a — be ) \a — be '' 

Taking the logarithm of each member, there will result 

aLc = L«-^ CV-l__i-Le2CV-l_*l-e3CV--l_&c. 

a 2 a 2 3^5 

a 2 a * Sa^ 

Hence, by again reducing^ according to the formula 

e ^ +^ = 2 CO* w C, we shall have 

b 5 « b^ 

Li c •rz'L a co*C — - — - cos 9. C — -^ — =- co* 3 C — &c. 

a 2a * Sa^ 

a series not less degant than thi6 one which gives the value of B. If 
the logarithms are required to be those of the common tables, we have 
only to multiply the difierent terms by the modulus 0*43429448. 

§ III. Solution of the third case of spherical triangles by means of 
series* 

CII. In the preceding paragraph^ we have shewn, that the value of 
X drawn from the equation tang x = tang ^ C may be expressed 

by this series, 

n n ^ n ^ 

.riC-| sin C + - — - sin 2 C + - — - sin 3 C + &c. 

N<nv, in a spherical triangle, when the two sides a and b, and the in- 
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eluded angle C are known, by Ni^ier's Analogies (Art 86) we have 
A — B sinUa+lb . ,^ 

gin I aco9 j b+cos ^ a sin I b , p 

sin I a cot ^b ~^cas ^ a sin ^ b ^ 

2 cos (J a— J /)) ^ * 

cof ^ a CO* ^ b — sin I a sin ^ b ^^ 

cof J a CO* 4 ^ + sin ^ a sin I b ^ * 

Hence, applying the preceding formula, and ttill supposing b .^^a,we 
shall have 



3 tong ' ^ a 



2 * co^ja 2co<«5a 

two series, the law of which is very simple, and which are the more con« 
vergent the less b is. The first is always oonvei^^ent, became we sup- 
pose b.t^a; the second will be so likewise, if we have tang J b ..^ cot } a, 
QT a'\'b .i^ 200^. It would be divergent and fiadse, if we had a-^-hz^ 
200*' ; but this case may always be avoided, because the solution of the 
triangle BCA (see the fig. of Art. 71) when it hasCA + CB::5^200o,mav 
always be reduced to that of the triangle A'CB', whidi has CA'+ClS' 
^^ 200^. We may also observe, that this second series is most converg- 
ent when a and b are both very small ; in which case, the third side c 
will be very small likewise, because we must have c ^li^ a+^j and the 
spherical triangle will differ very little from a plane triangle. The ex- 
cess of the sum of its three angles abdve two right angles will then be 
expressed thus : 

A + B + C— 200°==f/flngiate«gJ6«nC--f teiig«5atoiig« J6m2C 

+ 1 ^^^S ^ 3 « '<»wg* ' J 6 «» 3 C — &c 

cm. To find the third side c of the proposed triangle, we have the 
equation cos c =: cos a cos b-]- sin a sin o cos C, from which it is easy 
to deduce the two following : 

sin^i c=:sin^^ acos^^ b — 2 sin ^a cos |6 cosi^ asin \bcosC+ cos^^asin'^^b 

cos^^z=.cos^^acos^\b + 9.cos^acos\bsin^sin^bcosC'\-8m^^asin'^^. 

By the form of these values it is manifest, that sin i c may be regard- 
ed as the third side of a rectilineal triangle, in which the two sides 
sin Xacos^b and cos^a sin 4 b, with the included angle C, are known ; 
in like manner, cos^cw the thinl side of a rectilineal triangle, whose two 
sides are cos ^acos ^ b and sin ^ a sin^ b, the inchidea. angle bring 
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200^ •— C. Hence by the formula for rectiliDeal triangles (Art. 101,) 
we have 

log sin A c=log(sin it a cos ib)'^ ^ ^* cosC — ^^^ j, cQg2C— &c. 
, o V » « / tang ^ a 2tang^^ 

log€osic=ilog{eosiacosib) +^^p- «^C— ^^'|^ cQg2 C+&c. 

It is farther to be observed, that as each of the rectilineal triangles in 
question may be solved by means of a right-angled rectilineal triangle, 
the solution of the proposed spherical triangle may be directly reduced 
to that of a right-angled rectilineal triangle. 

By this means, we find that sin ^ c is the hypotenuse of a right-an- 
gled triangle, whose sides are sin i(a+b) sin ^ C and sin ^ {a — b) cos ^C. 
In like manner, cof ^ c is the hypotenuse of a right-angled triangle, 
whose sides are cosi^(a'^b) cos^C, and cos^ (a+b) sin ^ C. 

Also, if the angle lying opposite the side sin ^ (a •— 6) cof ^ C 
in the first triangle is called M, the angle lying opposite the side 
cos ^ (a ''^b) cos ^C in the second triangle being called N, it follows, from 

Napier's Analogies, that we shall hare — *—- = M, and — ~— = N 

or = 2000 — N; namely : ^^^i"" = Nif a+6 -^200o,and ^-i-? 

= 200® — N if a+6 ::x^ 200 o. Hence, in every spherical triangle 
where two sides, a and by with the included angle C, are known, each 

A4-B A — B 
of the quantities ^ c, — J—, — 3 — may be found directly, by the so- 

2 2 

lution of a right-angled rectilineal triangle, in which the two sides and 
the right angle are known. 

A •*— B 

It follows, likewise, that after having found the angle M, or — , 

by the formula tangr M = . f v — r~ coi i C, the third side may be 
^ ^ stni{a + b) ^ ' 

. J 1 .1. r 1 • 1 sinlCa — b)cosiC sini(a+b)siniC 
computed by the formula »» A c= — "^ . J, — 2—— — 1^ — L--1 — a- . 
*^ ' * stn M. cosM 

Note. The formulas exhibited in this paragraph will easily apply to 
the solution of the fifth case of spherical triangles, because this case may 
be referred to the third, by the property of the polar triangle. 

§ IV. Solution of a spherical triangle, two of whose sides are little dif 
ferentfrom 100°. 

CIV. Let a and b be the two given sides differing little from 100® ; 
we propose to determine the angle C, by means of the three sides a, b, c. 

If the sides a and b were exactly equal to 100^, we should have C =c ; 
therefore, since a and b differ very little from 100®, the angle C will be 
measured by an arc very little difrerent from c. Put a = 100® -}- «, 6 = 
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100^ +C> C =r c+a, ; 8ub6titntiDg.thete TaluM in the equation eatC^sz 

cos c ^-^ cos a cos b t,, i /. n cwc — «»««»C _ ^ 

; r-7 , we shall nave coi (c+x)=: ^ . But 

stnastnb ^ cos»coi^ 

since « and ^ are supposed to be very small, by merely neglecting the 
terms in which « ana ^ rise to the fourth degree, we may put 

sin « «» ^ = « C, cos «€0*C=:1— — — — , whidi will gi?e 

cw(c+J?)== j^"1^7IIig^ = (^+t*'' + i^^)«^g~*^- Butne. 

glecting the square of x, we have cos (c+x) =z CQs c ^-^ x sin c ; hence 

»C—i(^^ + C^)cosc 

sine 

And since .r is of the second order in comparison with « and ?, it is 
plain that no quantities have been neglected in this value, except 
quantities of the fourth degree. Put \ («+^) =i>> J (« — = ?* ^^ 
• :=zp+q, ^ •=zp — g;we shall have, under a simpler form, 

af^ COSC\ ^/l+C0SC\ -^ , a ^1 

This value is expressed in parts of the radius ; but as in practice p and 
q are given in seconds, if we require x Skewise to be exprened m .se- 
conds, we must put 

xz=:^tanglc—^4;f}t^c, 

R being the number of seconds contained in the radius, a aunber whose 
logarithm = 5 . 8038801. Knowing or, we shall have the required 
angle C =:c+^« 

The formula we have just foiuid is of use, in geodesical operations, 
for reducing to the horizon such angles as have been observed od in- 
clined planes ; it is more expeditious, and requires less extensive jtables, 
than the formulas of Case First in spherical triangles, an example of 
which was given in Art. QS. Yet if the elevations or degressions « and 
C were more than 2 or 3 degrees, it would be better to make use of the 
general method. 

§ V. Solution of spherical triangles, whose sides are very smaU m 
comparison with the radius of the sphere. 

CV. When the sides a, h, c, are very small in comparison with the 
radius of the sphere, the proposed triangle differs little from a rectUineal 
one ; and considering it as such, a first approximate solution of it may 
be obtained, in which, however, the excess of its three angles above two 
right angles is neglected. To obtain a more approximate solution, this 
excess must be taken into account, as may be done very easily by means 
of a general principle which we stiall now demonstrate. 

1 
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Let r be the radius of the sphere in which the proposed triangle is 
tttuated ; if a similar triangle is conceived to be traced on the sphere 
whose radius is 1^ the ddes of this triangle will be 

a be 

- cos - tmmcos -cos - 

-, -, -, and we shall hare cos A=- --^ — . But since r is 

sin — sin — 
r r 

Fory great in comparison with a, b, c, we shall hare (Art 35,) very 

approxinately aw - = 1 — -—-- + — 3-. coy - = 1 *^ -r— r- + 

b* c , c« . c* . b b 5» 



S.3.4r*' r ~ 2ra ^ 2 . 3. 4r*' r ""r Z.Sr^' 



r 



c C*' 

- — o g ^ > Substituting these values in the preceding equa- 

tiottj and neglecting the tenns of more than four dimensions in a, b, c« 
we shall have 



2ra • 24 r* 4.r* 

cof A= 









5« 4- c* 
Multiplying the two terms of this fractiDn by 1 + — J^^ -^ after re- 

ducing^ we shall have 

^ _ 6« + c^— flg , o^+M+c* — 2a^&«— 2gg<?g~26«cg 
^^•" Tbc~"^ 24ibcr» 

Now let A' be the angle opposite the side a, in the rectilineal tri- 
angky whose sides are equal in length to the arcs a, b, c; we 

shall have cos A' = '^fl "^ ^* , and 4A « c « m « A' = 2'a « 5 « + 

2a«c«+2 5«c« —a * —6 *. Hence 

CO* A = CO* A' — 2-^ m« A'. 

or* 

Put A =:: A' + ^ » r^ecting the square of x, we shall have cos A=l 

be 
corA'— -«mA^; whence it appears that or = ^—^ m A'; and or being 

b c 
of the second order in comparison with - and -, this result must be ac- 

T T 

curate, as £Eur as the quantities of the fourth order. Hence we shall 
have 

A = A'H-^««A'. 
r* 
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P tlie rectilineal triangle baving a, 6/cfor 
■endl^ differ from tliat of tne proptmA 
itlier or these areas, being dei^iiuted hf «^ 



we shall have A 15: A*4- r-^, or A' = A — g-^. We may likewise 
have B'=:B—.^,C' = C-.^^, and en results A' + B' + C 

or 200^ cA + B + C-^-r-. We may, therefore, oonuder ^- as the 

excess of the three angles in the proposed spherical triangle above two 
right angles ; and this being granted, we have ^e fblloninff remarkable 
theorem, which reduces the solution of very small spherical triangles to 
that of rectilineal triangles. 

A spherical triangle, whose sides are very small in comparison tvith 
the radius of the sphere , heins proposed, if each of Usances be diminish-' 
edhy a third part of the difference between the sum of its three miglet 
and two right andes, the angles so diminished may be taken as the andes 
of a rectilinetd triangle, whose sides are equal in length to, those of the 
proposed spherical triangle; or in other terms : 

The very slightly curved spherical triangle, whose angles are A, B, C, 
and whose opposite sides are a, b, c, always corresponds to a rectilineal 
triangle, whose sides a, b, c are of the same length, and whose opposite 
angles are A — ^f^B— |sC— -^1, t being the esecess of the sum if 
all the angles in the proposed spherical triangle, above two right an^* 

CVI. The excess • or -^, which is prop(ntional to the area of the tri- 
angle, may always be calculated a priori from the data of the spherical 
triangle considered as rectilineal. If two sides h,e, and the included 
angle A are given, we shall have the area *s: J 6c m A ; if the side a, 
and the two adjacent angles B, C are given, we shall have the area • = 

J «® . rr> . i^v - We shall then have « = ^ R, R bein«: the number 
^ «»(B+C) r* - ^^ 

of seconds included in the radius; and « will thus be expressed in 
seconds. 

In applying these formulas to triangles, drawn upon the mxthod d 
the earth considered as spherical,* the sides a, b, c, and likewise r tlie 
radius of the earth, must be considered as expressed in metre8.'t Now 
since the fourth part of the meridian l*r\s equal to 10000000 metres, 

* In geodesical operations, the triangles are most fipequently formed between thrpe 
stations unequally distant from the centre of the earth : but, by suitable xedudioDS, 
the observed triangles are changed for those triangles, which result from projectiqgaB 
the three stations on the same spherical suifiice, peipenclicujar to the direction of 
gravity. 

t The metre, or base of the new French system of measoies. Is equal to 39.371 
English inches.— .Ed. 
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we find hgr BZ& 8038801 ; oa the other hand^ the radim R express- 
ed in seconds has 5. 8038801 for ^ts logarithm. Hence, if to the lo- 
garithm of m, the area expressed in square metres^ we add the constant 
logarithm 2. 1 96 llp^ ana take ten units from the sum> we shall have 
the logarithm of the excess « expressed in seconds. 

Knowing *, we subtract h s or suppose it to be subtracted from each 
angle of the proposed spherical triangle ; after which, in the rectilineal 
triangle foraged by the sides a, b, c, and the angles A' z= A — - ^ i, B^ 
= B — i «, C' = C — i «, we shall have the necessary data for deter- 
mining ail its parts. Hence we shall^ at the same time, know those of 
the proposed spherical triangle. 

CVII. Example. Suppose the angle C were given, and the two sides 
a and b, namely : 

C = 1280 19' 99" . 23, 

^ /eg a = 4 . 5891 503, 

fog 6 = 4 . 5219271. 

The quantity i^ a b sin C, which represents the area of the triangle, 
will have for its logarithm 8.78055 ; to which adding 2.19612, we shall 
have % « = 0.97667 : hence • = 9" . 48 and J • = 3" . I6. This being 
determined, we are next to solve the rectilineal triangle which has two 
sides, a and b, given as above, and the included angle C = 123^ 19^ 
96" . 07. We shall follow the method explained in Art. 56. 

a . . . . 4.5891503 tang (^^ 500) 8.8878392 

6 . . . . 4.5219271 cot^C . 9-8381110 

/ang ^ ... 0.0672232 ^^ A^JIl^ _ ^^^^ 

^ = 540 90' 74" . 72 A' — B' _ 

iC'=6l 59 98 .03 —2— - ^ ^® ^^ • ^^ 

lMo_iC'=38 40 1.97 ^L±l'= 38 '40 1 .97 

2 

A' = 41 78 41 . 24 
B' = 31 1 62 . 70 

We have yet to determine the third side c ; for which there is the 

a sin C 
equation c = — : — r-r* 
^ stn A 

a 4 • 5891503 

*t» A' . . . . 9 . 7854893 

difference . . 4 . 8036610 4 . 8036610 

sin a 9. 9705008 sinW . . . . 9.7I8266I 

fogc = . . . 4.77416I8 fog6= . . . 4.5219271 

2 
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flence in the proposed ^herkal triaogley the elementt eoogfat are, 

A = 410 78' 44". 40 
B = 35 1 65 . 86 
fog- c = 4 . 7741618, or c = 59451.256 metres. 

I^ote. The method explained in this paragraph, may likewise senre 
for solving triangles which have two sides nearly equal to 200°, and 
the third side very small. For, producing the long sides NL, NM, 
(see the next fig.), we shall have a spherical triangle LKM, whose three 
sides are very small. 

§ VI. Of spherical triangles which have two very acuU^ingles. 

CVIII. Let ABC be the proposed spheri- 
cal triangle, in which A and B are two very 
acute angles ; let LMN be its polar triangle ; 
so that MN =: 200® — A and LN = 200® 
— B. Producing: the arcs NM, NL, till 
they meet in K, it is evident that we shall 
have KM = A, and KL = B ; the triangle 
LKM will therefore have its sides very small, 
and may consequently be solved according 
to the method of the last paragraph. Let 
A', B', O, be the three angles, and a', 6', c, 
the three sides of the triangle LKM ; we 
shall have 

A'= MLK = a a' = KM =: A 

B' = LMK = 6 6' = LK = B 

C = LKM = 2000 —c </ = LM = 200° — C. 

Hence, three known elements in the triangle ABC will give three in 
the triangle LKM, and, consequently, three likewise in the rectilineal 
triangle to which the triangle LKM is to be reduced. Now, the latter 
being solved, we shall have the solution of the triangle LEIM ; and 
hence that of the proposed triangle ABC. 

CIX. Suppose, for example, that A = 3^, B = 2^, and the adja- 
cent side c = 150® ; the data of the triangle LKM, or rather of A'B'C, 
will be fl/ = 30, 6' = 20, and the included angle C = 150o. By 

means of these data, we find the spherical excess • = * = 

= 333'^ 21, and the third of 1 being taken away from C, the remain- 
der will be 49° 98' 88" . 93. Hence we are to solve a rectilineal tri- 
angle, in which are given the two sides a' =: 30000", 6' = 20000^, 
and the included angle C = 4>g^ 98' 88" . 93. We shall find the other 
two angles A' = 103^ 64' 86' . 33, B" = 46® 3& 24" . 75, and the 
third side & =21244" . 36; hence, adding J • to the angle A B of 
the rectilineal triangle, in order to obtain the angles A', B' of the spheri- 
cal triangle> we shall have for the required solution 

5 
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A' = a = 1030 65^ 97". 40 
B = i = 46 37 35 . 82 
C = 2000 — c' = 197 87 55 . 64. 

§ VII Of the regular polygon having sevefdeen sides* 

ex. We shall terminate these applications of the trigonometrical 
calculus^ by exhibiting (from the excellent work of Gauss^ mentioned 
in the note to Prop. 5. IV.) the method of inscribing a regidar polygon 
of seventeen sides, by merely resolving equations of the second aegree. 

200 
Put the arc = ^ ; then first we shall have the equation 

CQgP+cos3f+cos5P+cos7^+cos9^+cosll^+coslSp+cosl5^=z^. 

For^ calling the first member P^ and multiplying all its terms hj^cosp, 
then changing each product of two cosines into cosines of simple arcs 
by the formuk 

2cosAeosBz=:eos (A+B)+cos (A — B), 
we shall have 

2Pawf=l+2aw2^+2cw4^+2co#6f+ +Zcosl4ip+cosl5P. 

Now since 17 f = 200o, we have cos ^ ^ ^ cos (200^ — 15 ^) = 
•— cgifl5^^cof4^r=cotf (200^ — i 13 ^) = -^ C09 13 f, and so on, 
to coff l6 ^ = — cof f. Hence 

2Pc(W^=l — 2cosl5p — 2c(wl3^ — 2 CO* 11 f... — 2co*3^ — cosP, 
or 2 P CO* ^ = 1 + CO* ^ — 2 P, or 2 P (1 + co* ^) = 1 + co* f. 
Hence P = i- 

This bdng settled, we divide the sum of the terms composing P into 
two parts, namely, 

xzzLCOs S p+cos 5 p+cos 7 P+cos 11 p 
y=zcos ^+€08 9 ^+cos 13 p + cos 15 ^. 

We shall then have, in the first place, a? +^ = 4 ; next we multiply 
Uie four terms of x by the four terms of ^ ; and changing the products 
of oostnes into cosines of simple arcs, we obtain, after all those reduc- 
tions, 

- «^= 2 (co* 2^+co*4 ^+co* 6^... + cw 16 ^) 
ora?y = — 2 {cosl5p-\-cos 13 P+cos 11 ^... + co* ^) 
or, lastly, ar y = — 1. 
By means of these equations, we find 

a? = 4 + JVl7; ^ = 4 — iV17. 
Now, if we agsdn divide the sums x and y, each into two parts, namely, 
x=is+t y=:u+z 

s=^cos3 P+cos 5 ^ u 1=: cos P+cos 13 p 
t z=,cos7 p+cos 11 ^ 2 = co*9^+co»15f. 
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we shallj id like manner^ find 

*/ = — J «« = — J. 

So that we shall be able to determine the four numbers, s, iy u, z, 
by means of two equations of the second degree. 

In fine, knowing casf + cMl8 0:=:u and cos ^ cos 13 ^ = 

^ (cos 12 ^+cos 14 ^) = — i (cos 3 ^+cos 5 ^) = — ^ *, by a fourth 
equation of the second degree, we shall obtain the value of cos ^, and 
m)m it the value of a side of the proposed polygon, which value is 
2 sin ^, or 2 ii/ (1 — cos ^ ^). 

As for the method which has guided us in separating these various 
equations, it belongs to a Very delicate theory, founded ij^n the inde- 
terminate analysis, and for the developement of which we refer to the 
work oi Gauss, or to the Essai sur la Th^orie des Nombres-, second edi- 
tion. The reader will there find the complete d^nonstratioti of this 
very beautiful and very general theorem : 

^^ If the number n is prime, and if ;i — 1 result from the product of 

*' the prime factors S 3 5^ &c., the division of the circle into n equal 

'' parts may always be reduced to the solution of » equatums c^ the 
" second degree, C of the third> r of the fifth, and so on." 
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